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1^    It    E    f    A    C    £. 


THE  Opinions  of  the  Moderns  concerning  the  Author  of 
the  Elemems  of  Geometry,  which  go  tinder  Euclid's 
tiamcy  arc  very  different  and  contrary  to  one  another.     Peter 
Ramus  afcribes  the  Propofitions,  as  well  sis  their  Demonilrd-i 
tionSf  to  Theoh ;  others  think  the  Pro)>ofitions  to  be  Euclid's^ 
but  that  the  Demonftrations  are  Theon's ;  and  others  main- 
tain that  all  the  Propodtions  and  their  Demonftrations  are 
^   Euclid's  own.     John  Buteo  ahd  Sir  Henry   Savile   arc  the 
O    Authors  of  greateft  Note  who  affert  this  laft,  dnd  the  greater 
^   J>art  of  Geometers  have  ever  fincc  been  of  this  Opinion,  as 
«>  they  thought   it  the  moft  probable.     Sir  Henry  Savile,  after 
^  the  feveral  Arguments  he  brings  to  prove  it,  makes  this  Con* 
7  clufioii  (Page  13.  Praeleft.)    "  That,  excepting  a  tery  few 
•f  *<  Interpolations,  Explications,  and  Additions,  Tlieoil  altered 
•*  nothing  in  Euclid."    But,  by  often  conGderlng  afad  cona- 
paring  together  the  Definitions  and  Demonftrations  aft  they 
are  in  the  Greek  Editions  we  now  haVe,  I  found  that  Theon, 
or  whoever  was  the  Editor  of  the  preftnt  Greek  Text,  by 
addine  fome  things,  fuppreffirtg  others,  and  mixing  his  own 
ivith  £uclid's  Demonftrations,  had  changed  more  things  to 
the  worfe  than  is  commonly  filppofed,  ana  thofe  hot  cf  fmall 
moment,  efpecially  in  the  Fifth  and  Eleventh  Books  of  the 
Elements,  which  this  Editor  has  greatly  vitiated  ;  for  inftance^ 
by  fubftituting  a  fhorter,   but  infufficient  Denfionftration  of 
the  18th   Proip.  of  the  5th  Bock,  in  place  of  the  legitimate 
one  which  Euclid  had  given  ;  and  by  taking  out  of  this  Book^ 
befides  other  things,  the  good  Definition  which  Eudoxus  or 
Euclid  had  given  of  Compound  Ratio,  and  giving  an  abfurd 
one  in  place  of  it  in  the  5th  Definition  of  the  6th  Book, 
which  neither    Euclid,    Archimedes^   Apt)ollonius,   nor   an^ 
Geometer  before  Theon's  time,   ever  made  ufe  of,  and  of 
which  there  is  not  to  be  found  the  leaft  appeafance  in  any  of 
their  Writiilgs ;  and,  as  this   Definition  did  much  embaraf^ 
Beginners>.and  is  quite  ufelefs,  it  is  now  thrown  out  of  the 
Elements,   arid  another,  which  without    doubt    Euclid   had 
giveni  is  put  in  its  proper  place  among  the  Definitions  of  tHe 


\  c 


PREFACE.^ 


5th  B60I4  ^y  ^^ich  the  Do£lrine  of  Compound  Ratios  is  reli« 
dered  plain  and  eafy.    Befides,  among  the  Definitions  of  the! 
nth  Book,  there  is  this,  which  is  the  lOth,  viz.    **  Equal 
*^  and  fimilar  folid  Figures  are  thofe  which  are  contained  by 
**  fimilar  Pianes  of  the  fame  Number  and  Magnitude.**  Now^ 
this  Propofitibn  is  a  Theorem^  not  a  Definition ;  becaufe  the 
equality  of  Figures  of  any  kihd  muft  be  demonftrated,  and 
not  aflumed  ;  and,  therefore,  though  this  were  a  true  Propo- 
fition,  it  ought  to  have  been  demonftrated.    But  indeed  this 
Propofition^  which  makes  the   loth  Definition  of  the  nth 
Book,  is  not  true  univerfally,  except  in  the  cafe  in  which  each 
of  the  folid  Angles  of  the  Figures  is  contained  by  no  more  than 
three  plane  Angles ;  for,  in  other  Cafes,  two  folid  Figures  may 
Be  contained  by  fimilar  Planes  of  the  fame  Number  and  Mae- 
:liitude,  and  yet  be  unequal  to  one  anothef ;  as  ihall  be  made 
evident  in  tne  Notes  fubjoined  to  thefe  Elements.     In  like 
manner,  in  the  Demonftration  of  the  26tb  Prop,  of  the  i  ith 
Book,  it  is  taken  for  granted,  that  thofe  folid  Angles  are  e- 
qual  to  one  another  which  are  contained  by  plain  Angles  of 
the  fame  Number  and  Magnitude,  placed  in  the  fame  Order  | 
but  neither  is  this  univerfally  true,  except  in  the  cafe  in  which 
the  folid  Angles  are  contained  by  no  more  than  three  plain 
Angles ;  nor  of  this  Cafe  is  there  any  Demonftration  in  the 
Elements  we  now  have,  though  it  be  quite  neceiTary  there 
fhould  be  one.    Now,  upon  the  loth  Definition  of  this  Book 
depend  the  25th  and  28th  Propofitions  of  it  ^  andy  upon  the 
ajth  and  26th  depend  other  eight,  viz.  the  27th,  31(1,  32d9 
33^9  34th,  36th,  37th,  a|}d  4odi  of  the  fame  Book;  and  the 
1 2th  of  the  1 2th  Book  depends  upon  the  eighth  of  the  fame, 
and  this  8th,  and  the  Corollary  of  Propofition  17th,  and  Prop^ 
1 8th  of  the  1 2th  Book,  depend  upon  the  9th  Definition  of  the 
1  Ith  Book«  which  is  not  a  right  Definition  ;  becaufe  there  may 
b&Sofids  contained  by  the  fame  number  of  fimilar  plane  Figures, 
WTiich  are  not  fimilar  to  one  another,  in  the  true  Scnfe  of  Simi- 
larity received  by  all  Geometers;  and  all  thefe  Propofitions 
have,  for  thefe  Reafons,  been  infuificiently  demonftrated  fince 
Theon's  time  hitherto.    Befides,  there  are  feveral  other  things, 
^hich  have  nothing  of  Euclid's  Accuracy,  and  which  plainly 
fliew,  that  his  Elements  have  been  much  corrupted  by  unfkil-* 
fuJ  Geometers ;  and,  though  thefe  are  not  fo  grofs  as  the  o- 
thers  now  mentioned,  they  ought  by  no  means  to  remain  uu- 
€orre£led» 

Upon  tbefe  Accounts  it  appeared  necefiary,  and  I  hope  will 
prove  acceptable  to  9il  Lovers  of  accurate  neafoning,  and  of 

Ma- 


P   k    E    V    A    C    t. 


Mathematical  Learning,  to  remove  fuch  Blemiflies,  and'  re- 
fiore  the  principal  Books  of  the  Elements  to  their  original  Ac*^ 
curacy)  as  far  as  I  was  able ;  efpecially  fince  thefe  Elements 
are  the  Foundation  of  a  Science  by  which  the  Inveftigation  and 
Difcovery  of  ufeful  Truths,  at  leaft  in  Mathematical  Learn** 
ing,  is  promoted  as  far  as  the  limited  Powers  of  the  Mind  al-* 
low ;  and  which  likewife  is  of  the  greateft  Ufe  in  the  Arts 
Both  of  Peace  and  War,  to  many  of  which  Geometry  is  abfo** 
lutely  neceflary.  This  I  have  endeavoured  to  do,  by  taking  a<* 
way  the  inaccurate  and  falfe  Reafonings  which  unflcilful  Edi- 
tors have  put  into  the  place  of  fome  of  tne  genuine  Demonftra- 
tions  of  Euclid,  who  has  ever  been  ]uftly  celebrated  as  the  mott 
accurate  of  Geometers,  and  by  reftoring  to  him  thofe  Things 
which  Theon  or  others  have  fupprefied,  and  which  have  thefci 
many  Ages  been  buried  in  Oblivion. 

In  this  fifth  E^ion^  Ptolemy's  PropoCtion  concerning  a  Pro^ 
p^r^  of  miadrUateral  Figures  iff'^aX^^rcle  is  added  at  the  Knd  oi 
ihel^ttg&ooKT  AlfD  thV^te  t»n  the  29th  Prop.  Book  ift,  is 
altered,  and  made  more  explicit,  and  a  more  general  Demon-* 
ftration  is  given,  inftead  of  that  which  was  in  the  Note  on  the 
icth  Definition  of  Book  nth  ;  befides,  the  Tranflation  is  much 
amended  by  the  friendly  Afliftancebf  a  learned  Gentleman. 

To  which  arealfo  added,  theEIementsof  Plane  and  Spherical 
Trigonometry^  which  are  commonly  taught  after  the  Elements 
of  £uclid. 
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BOOK       L 

DEFINITIONS. 


I. 

A  Point  is  that  which  hath  no  paitS)  or  which  hath  no  mag*  See  HMtfc 
nitude. 

IL 
A  line  is  length  without  breadth. 

m. 

The  extremities  of  a  line  are  points. 

IV- 
A  ftraight  line  is  that  which  lies  evenly  between  its  extreme 
points.  •  ♦  #  " 

V. 
A  fuperficies  is  that  which  hath  ofily  length  and  breadths 

VI. 
The  extremities  of  a  fuperficies  are  lines* 

vn. 

A  plane  fuperficies  is  that  in  which  any  two  points  being  taken.  See  Ki^ 
ue  ftraight  line  between  them  lies  wholly  in  that  fuperficies. 

vm. 

'^  A  plane  angle  is  the  inclination  of  two  lines  to  one  another  See  N; 

*'  in  a  plane,  which  meet  together,  but  are  not  in  the  fame 

««  direaion.*" 

IX. 
A  plane  redilineal  angle  -is  the  inclination  of  two  ftraight 

lines  to  one  another,  which  meet  together,  but  arc  not  in 

the  fame  ftraight  line. 


M 
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«  N.  B,  When  fcvcral  angles  arc  at  one  point  B,  any  one 
^  of  them  is  exprefled  by  three  letters^  of  which  the  letter  that 

<  is  at  the  vertex  of  the  angle,  that  is,  at  the  point  in  which 

*  the  ftraight  lines  that  contain  the  angle  meet  one  another^  is 

f'  >ut  between  the  other  two  lettersy  and  one  of  thefe  two  is 
bmewhere  upon  one  of  thofe  ftraight  lines,  and  the  other 

*  upon  the  other  line :  Thus  the  angle  which  is  contained  by 

<  the  ftraight  lines  AB,  CB  is  named  the  angle  ABC,  or  CBA  i 

*  that  which  is  contained  by  AB,  DB  is  named  the  angle 

*  ABD,  or  DBA  ;  and  that  which  is  contained  by  DB,  CB  is 

<  called  the  angle  I3BC,or  CBD;  but,  if  there  be  only  one  angle 
^  at  a  point,  it  may  be  exprefled  by  a  letter  placed  at  that  point; 

*  as  the  angle  at  £.' 

X. 
When  a  ftraight  line  ftanding  on  ano- 
ther ftraight  line  makes  the  adjacent 
angles  equal  to  one  another,  each  of 
the  angles  is  called  a  right  angle  i 
and  the  ftraight  line  which  ftiands 
on  the  other  is  called  a  perpendicular 


to  It. 


XL 


An  obtufe  angle  is  that  which  is  greater  than  a  right  angle. 


xn. 

An  acute  angle  is  that  which  is  lefs  than  a  right  angle* 

xm. 

*<  A  term  or  boundary  is  the  extremity  of  any  thing.*' 

XIV. 
A  figure  is  that  which  is  iadofed  by  one  or  more  boundaries 

XV. 


OF   ETJCLlDi  -n 

XV.  ,      .        .      SflrtcT. 

A  circle  is  a  plane  figure  contained  by  one  fine^  which  i$  cal- 
led the  circumference,  and  is  fuch  that  all  ftraight  lines 
drawn  from  a  certain  point  within  the  figure  tp  the  circuxni* 
ference,  are  equal  to  one  another : 


XVI. 
And  this  point  is  called  the  centre  of  the  ciicle*  ^ 

xvn. 

A  diameter  of  a  circle  is  a  ftraight  line  drawn  througti  tte  s«  N4 
centre,  and  terminated  both  ways  by  the  cin:utn£ermce« 

xvm. 

A  femicircle  is  the  figure  contained  by  a  diameter  and  the  part 

of  the  circumference  cut  off  by  the  diameter. 

XIX. 
'<  A  fegment  of  a  circle  is  the^igure  contained  by  a  ftraighc 

**  line  and  the  circumference  it^uilis  off." 


ReAilineal  figures  are  thofe  which  are  contained  by  Araighl 
lines. 

XXI. 
Trilateral  figures,  or  triangles,  by  three  ftraight  liycs* 

Quadrilateral,  by  four  ftraight  lines. 

xxin. 

Multilateral  figures,  or  polygons,  by  more  than  four  ftraight 
lines. 

XXIV. 
Of  three  fided  figures^  an  equilateral  triangle  is  that  which  has 
three  equal  fides. 

XXV.  , 

An  ifofceles  trianglCi  is  that  which  has  only  two  fides  equal.    ' 

SKXvr. 
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XXVI. 

A  fcalene  triangle^  is  that  which  has  three  uneqaal  ftdds. 

XXVII. 
A  rieht  angled  triangle,  is  that  which  has  a  right  angle. 

XXVIII. 
An  obtufe  angled  triangle^  is  that  which  has  an  obtufe  angld 


An  acute  angled  triangle,  is  that  which  has  three  acute  angl^^ 

XXX. 
Of  four  fided  figures,  a  fquare  is  that  which  has  all  its  fides 
equal,  and  all  its  angles  right  angles. 


XXXI. 

An  ohlong,  is  that  which  has  all  its  angles  right  angles,  but 
has  not  all  its  fides  equal. 

xxxn. 

A  rhombus,  is  that  which  has  all  its  fides  equal,  but  its  angles 
are  not  right  angles. 


xxxm. 

lieKf  A  rhomboid,  is  that  which  has  its  oppofite  fides  equal  to  one 
another^  but  all  its  fides  arc  not  equalj  nor  its  angles  rigtit 

angles* 

XXXIV. 
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>U1  Other  four  fided  figures  befidea  thefe^  are  called  Trapeliums* 

XXXV. 

Parallel  ftraight  lines,  are  fuch  as  are  in  the  fame  planiCt  and 

which,  being  produced  ever  fo  far  both  ways,  do  not  meet* 


POSTULATES. 

I, 

LET  it  be 'granted  that  'a  ftraight  line  may  be  drawn  from 
any  one  point  to  any  other  point. 
n. 

That  a  terminated  ftraight  line  may  be  produced  to  any  length 
in  a  ftraight  line. 

in. 

Apd  that  a  circle  may  be  defcribed  from  any  centre,  at  any 
diftance  from  that  centre* 


AXIOMS. 

I. 

THINGS  which  are  equal  to  the  fame  are  equal  to  one  an- 
other. 
n. 

If  equals  be  added  to  equals,  the  wholes  are  equal. 

m. 

If  equals  be  taken  from  equals,  the  remainders  are  equal. 

IV. 
If  equals  be  added  to  unequals,  the  wholes  are  unequal. 

V, 
If  equals  be  taken  from  unequals,  the  remainders  are  unequal. 

VI. 
Things  which  are  double  of  the  fame,  are  equal  to  one  another. 

VII. 
Things  which  are  halves  of  the  fame,  are  equal  to  one  another. 

vm. 

I^agnitudes  which  coincide  with  one  another,  that  is,  which 
exa^y  fill  the  fame  fpace^  are  equal  to  one  another. 

IX. 


THE   ELEMENTS 

IX. 

ii  greater  dian  its  part* 

Two  ftraiglit  lints  cannot  inclofe  a  fpace* 

XI. 

All  right  angles  are  equal  to  one  another* 

XIL 

**  If  a  ftraight  line  meets  two  ftraight  lines^  fo  as  to  make  the 
'*  two  interior  angles  on  the  fame  fide  of  it  taken  together 
^'  lels  than  two  right  angles^  thefe  ftraight  lines  being  con* 
^*  tinnally  produced,  fliau  at  length  meet  upon  that  fide  on 
^^  which  are  the  angles  which  are  lefs  than  two  right  angleSf 
i[  See  the  notes  on  rrdp*  29*  <tf  Book  V[ 
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OF    EUCLID. 
PROPOSITION  h     PROBLEM, 
rrtO  dcfcribe  an  equilateral  triangle  upon  a  given  fi- 
J^    nite  ftraight  line. 

Let  AB  be  the  given  ftraight  line  j  it  is  required  to  defcribe 
an  equihteral  triangle  upon  it. 

From  the  centre  A,  at  the  di- 
ftancc  AB,  defcribe  •  the  circle 
BCD|  and  from  the  centre  B^  at 
the  diftance  BA,  defcribe  the 
circle  ACE ;  and  fipom  the  point 
C,  in  which  the  circles  cut  one 
another,  draw  the  ftraight  lines  *> 
C A,  CB  to  the  jpoints  A,  B ;  ABC 
ihall  be  an  equilateral  triangle.  

Becaufe  the  point  A  is  the  centre  of  the  circle  BCD,  AC  is 
equal  *  to  AB ;  and  becaufe  the  point  B  is  the  centre  of  the  ^^J^- 
circle  ACE,  BC  is  equal  to  BA:  But  it  has  been  proved  that  CA  ^*^ 
js  equal  to  AB  ;  therefore  CA,  CB  are  each  of  them  equal  to 
AB;  but  things  which  are  equal  to  the  fame  are  equal  to  one 
anodier^i ;  therefore  CA  is  equal  to  CB ;  wherefore  CA,  AB^^  iftA]^ 
BC  are  equal  to  one  another ;  and  the  triangle  ABC  is  there-  ^"* 
fore  equilateral,  and  it  is  deicribed  upon  the  given  ftraight  line 
AB.    Which  was  required  to  be  done. 

PROP.  IL    PROB. 

ROM  a  given  point  to  draw  a  ftraight  line  equal  to 
a  given  ftraight  line* 

Let  A  be  the  given  point,  and  BC  the  given  ftraight  line ;  it  is 
required  to  draw  from  the  point  A  a  ftraight  line  equal  to  BC. 

From  the  point  A  to  B  draw  * 
the  ftraight  line  AB ;  and  upon  it 
defcribe  ^  the  equilateral  triangle 
DAB,  and  produce  ^  the  ftraight 
lines  DA,  DB,  to  E  and  F ;  from 
the  centre  B,  at  the  diftance  BC, 
defcribe  ^  the  circle  CGH,  and 
from  the  centre  D,  at  the  diftance 
DG,  defcribe  the  circle  GKL.  AL 
be  equal  to  BC. 

iSccautC 
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Book  L       Becaufe  the  point  B  is  the  centre  of  the  circle  CGH^  BC  Im 

^^Y>^  equal  ^  to  BG  ;  and  becaufe  D  k  the  centre  of  the  circle  GK1JL» 

c  15.  Def.  DL  is  equal  to  DG,  and  DA,  DB,  parts  of  them^  are  equal  ^ 

I,  3.  A3U    therefore  the  remainder  AL  is  equal  to  the  remainder^  BG  : 

But  it  has  been  {hewn,  that  BC  is  equal  to  BG ;  wherefore  AL 

and  BC  are  each  of  them  equal  to  BG  ;  and  things  that  are 

equal  to  the  fame  are  equal  to  one  another ;  therefore  the 

ftraight  line  AL  is  equ^  to  BC,    Wherefore  from  the  given 

point  A  a  flxaight  line  AL  has  been  drawn  equal  to  the  given 

ftraight  line  BC.    Which  was  to  be  done, 

PROP.  ra.    PROB. 

FROM  the  greater  of  two  given  ftraight  lines  to  cut 
off  a  part  equal  to  the  lefst 

Let  AB  and  C  be  the  two  gi- 
ven ftraight  lines,  whereof  AB  is 
the  greater.  It  is  required  to  cut 
off  from  AB,  the  greater,  a  part 

M*  equal  to  C  the  lefs. 

^4,  X.  From  the  point  A  draw  ■  the 

ftraight   line  AD  equal  to  C ; 
and  from  the  centre  A,  and  at 

^  3.  Poft*  the  diftance  AD,  defcribe  *>  the 
circle  DEF ;  and  becaufe  A  is 
the  center  of  the  cirple  P.EF,  A£  {hall  be  equal  to  AD }  but  the 
ftraight  line  C  is  likei^e  equal  to  AD ;  whence  AE  smd  C  are 
<Bch  of  them  equal  to  AD  ;  wherefore  the  ftraight  line  A£  is 

<  I.  Ax.  equal  to  ^  C,  and  from  AB,  the  greater  of  two  ftraight  lines* 
a  part  Ali  has  been  cut  off  equal  to  C  the  lefs.  Which  was  to 
be  done. 

PROP.  IV.     THEOREM. 

TF  two  triangle^  have  two  fides  of  the  one  equal  to  two 
fides  of  the  other,  ejich  to  each;  and  hav^e  like  wife 
the  angles  contained  by  thofe  fides  equal  to  one  an- 
other ;  they  fliall  likcwile  have  their  bafcs,  or  third fides^ 
equal ;  and  the  two  triangles  fhail  be  equal ;  and  ttoir 
other  angles  fhall  be  equal,  each  to  each,  viz.  thofe  to 
which  the  equal  fides  are  oppofite. 

Le  ABC|  DEF  be  two  triangles  which  have  the*  two  fideij 
AB,  AC  equal  to  the  two  fides  D£,  DFj  each  to  each,  vizJ 


/ 
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iB  tD  DE,  and  Ad  to  DF;  _  .  ?<»*^  ^• 

and  the  angle  BAC  4squal 

to  the  angle  £DF,  the  bafe 

BC  fliall  be  equal  to  the 

tafe  £F}  and  the' triangle 

ABC  to  the  triangle  DBF; 

and  the   other  anglesy  to 

irhich  the  ec^ual  fides  are 

oppofite^  Ihall  be  equal  each  ^ 

to  each,  viz.  the  angle  ABG  -A  ^  -^  ^iri 

to  the  angle  DEF,  and  the »  ^  ^  ^ 

angle  ACB  to  DFE. 

For,  if  the  triangle  ABC  be  applied  to  DEF,  fo  that  the  point 
A  may  be  on  D|and  the  ftraignt  line  AB  upon  I)£  ;  the  point 
B  QkM  coincide  with  the  point  £,  becaufe  AB  is  equal  to  D£  ; 
and  AB  coinciding  with  D£,  AC  Aall  coincide  with  DF,  be- 
caufe the  angle  BAC  is  equal  to  the  angle  EDF ;  wherefore 
alio  the  point  C  (hall  coincide  with  the  point  F,  becaufe  the 
ftraight  line  AC  is  equal  to  DF :  But  the  point  B  coincMes  with 
the  point  E ;  wherefore  the  bafe  BC  ihall  coincide  with  the  bafe 
£F,  becaufe  the  point  B  coinciding  with  £,  and  C  with  F,  if 
the  bafe  BC  does  not  coincide  wiui  the  bafe  £F,  two  (Ira  ght 
lines  would  inclofe  a  fpace,  which  is  impoffible*.  Therefore  ^  10.  Ax» 
the  bafe  BC  ihall  coincide  with  the  baie  £F,  and  be  equal 
to  it.  Wherefore  the  whole  triangle  ABC  ihall  coincide  with 
^e  whole  trian^^le  DEF,  and  be  equal  to  it ;  and  the  other 
SLBf^es  of  the  one  ihall  coincide  with  the  remaining  angles  of 
.  the  other,  and  be  equal  to  them,  viz.  the  angle  ABC  to  the 
angle  DEF,  and  the  angle  ACB  to  DFE.  Therefore,  if  two  tri- 
aagieshave  two  fides  of  the  one  equal  to  two  iides  of  the  other^ 
eadi  to  each,  and  have  likewile  the  angles  contained  by  chofe 
fides  equal  to  one  another,  their  bafes  ihall  likewife  be  equal, 
and  the  triangles  be  equal,  and  their  other  angles  to  which  the 
.,  equal  fides  are  oppofite  ihall  be  equal,  each  to  each.  Which 
was  to  be  demonftiated. 

» 

PROP.    V.      T  H  E  O  R. 


\ 


THE  angles  at  the  bafe  of  an  Kofcclcs  triangle  are 
equal  to  one  another ;  and,  if  the  equal  fides  be 
produced,  the  angles  upon  the  other  fide  of  the  bafe 
Aall  be  equal. 

Let  ABC  be  an  Ifofcelcs  triangle^  of  which  the  fide  AB  is  e* 

B  qual 
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Book  I.    qual  to  AC,  and  let  the  ftraight  lines  AB,  AC  be  produced  M 

Vri^»V^J  D  and  £,  the  angle  ABC  (hall  be  equal  to  the  angle  ACB,  and 
the  angle  CBD  to  the  angle  BCE. 

lii  BD  take  any  point  F,  and  from  AE,  the  greater,  cut  off 

t  3. ».       AG  equal  •to  AF,  the  lefs,  and  join  FC,  GB. 

Bccaufe  AF  is  equal  to  AG,  and  ABi  to  AC }  the  two  fides 
FA,  AC  are  equal  to  the  two  GA,  AB,.cach  to  each ;  and 
they  contain  the  angle  FAG  com- 
mon to  the    tifro   triangles    AFC, 
AGB  5  therefore  the  bafe  FC  is  e- 

b  4. 1.       qual  ^  to  the  bafe  GB,  and  the  tri- 
angle AFC  to  the  triangle  AGB ; 
and  the  remaining  angles  of  the  one 
are  equal  ^  to  the  remaining  angles 
,       of  the  other,  each  to  each,  to  which 
the  equal  fides  are  oppofite  *,  viz. 
the  angle  ACF  to  the  angle  ABG,   j^ 
and  the  angle  AFC  to  the  angle   X  j 
AGB :  And  becaufe  the  whole  AF  is 
equal  to  the  whole  AG,  of  which  the  J^* 
parts  AB,  AC  are  equal;  the  re- 

c  J.  Ax.  mainder  BF  fiiall  be  equal  ^  to  the  remainder  CG ;  and  FC  was 
proved  to  be  equal  to  GB  ;  therefore  the  two  Gdes  BF,FC  are 
equal  to  the  two  CG,  GB,  each  to  each  ;  and  the  angle  BFC  is 
equal  to  the  angle  CGB,  and  the  bafe  BC  is  common4o  the  two 
triangles  BFC,  CGB;  wherefore  the  triangles  are  equal ^^ 
and  their  remaining  angles,  each  to  each,  to  which  the  equal 
fides  are  oppofite;  therefore  the  angle  FBC  is  equal  to  the  angle 
OCB,  and  the  angle  BCF  to  the  angle  CBG :  And,  finceit  has 
been  demonftrated,  that  the  whole  angle  ABG  is  equal  to  the 
whole  ACF,  the  parts  of  which,  the  angles  CBG,  BCF,  are  alio 
equal ;  the  remaining  angle  ABC  is  therefore  equal  to  the  re- 
maining angle  ACB,  which  are  the  angles  at  the  bafe  of  the 
triangle  ABC  :  And  it  has  alfo  been  proved  that  the  angle  FBC 
is  equal  to  the  angle  GCB,  which  are  the  angles  upon  the  o- 
tber  fide  of  the  bafe.  Therefore  the  angles  at  the  bafe,  &c« 
Q.  E.  D. 

Corollary.  Hence  every  equilateral  triangle  is  alfo  equi* 
angular. 

•  P  R  O  P.    VI.      T  H  E  O  R. 

IF  two  angles  of  a  triangle  be  equal  to  one  another^  / 
the  fides   alfo  which  fubtcnd,  or  are  oppofite  to^  thc^ 

equal  angles  Ihall  be  equal  to  one  another.  / 

Le 
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JLet  Ai3Ci»e  a  triangle  having  the  angle  ABC  equal  16  the    gook  L 
tingle  ACB  ;  the  fide  AB  is  alfo  equal  to  the  fide  AC. 

For,  if  AB  b?  not  equal  to  AC,  one  of  them  is  greater  than 
ihc  other :  Let  AB  be  the  greater,  and  from  it  cut*  off  DB  c-  1 3.  t^ 
qual  to  AC,  the  lefs,  and  join  DC ;  there- 
fore, becaufe  in  the  triangles  DBC,  ACBj 
DB  is  equal  to  AC,  anaBC  common  to 
both,  the  two  fides  DB,  BC  are  equal  to 
the  tWo  AC,  CB,  each  to  each ;  and  the 
angle  DBC  is  equal  to  the  angle  ACB  • 
therefore  the  4>afe  DC  is  eqiial  to  the 
bafe  AB,  and  the  triangle  DBC  is  equal 

to  the  triangle  *>  ACB,  the  lefs  to  the        /  \/^  b4.ti 

greater  i    which  is   abfurd.     Therefore  D 
AB  is  not  unequal  to  AC,  that  is,  it  is 
equal  to  it      Wherefore,  if  two  angles,  &c.  Qj^E.  D- 

Cor.     Hence  every  equiangular  triangle  is  alfo  equilaterah 

* 
P  R  O  iP.    VH.      t  H  E  O  R. 

UPON  the  iame  bafe,  and  on  the  fame  fide  of  it,  Scc  N* 
there  cannot  be  two  triangles  that  have  their  fides 
\vhich  are  terminated  in  one  extremity  of  the  bafe  equal 
to  one  another,  and  like^ife  ttiofe  ^hlch  ire  terminated 
in  the  other  extremity^ 

if  it  bepoftible,  let  there  be  two  triangles  ACB,  ADB,  up* 
on  the  fame  bafe  AB,  and  upon  the  fame  fide  of  it,  Ivhich  havd 
their  fides  CA,  DA,  terminated  in  the  citrcmlty  A  of  tht 
bafcj  equal  to  one  another,  and  like* 
wife  their  fides  CB,  DB  that  are  ter- 
minated in  B* 

Join  CD }  then,  in  thfe:  cafe  ui 
inrhich  the  vertex  of  each  of  the  tri- 
angles is  without  the  other  triangle, 
becaufe  AC  is  equaltoAD^  the  angle 

ACD  is  equal "  to  the  angle  ADC  :      //  ^\       a  ^.^  <* 

But  the  angle  ACD  is  greater  than 
the  angle  BCD;  therefore  the  ingle 
ADC  is  greater  alfo   than  BCD  ; 

much  more  then  is  the  angle  BDC  greatei-  than  the  angle  BCI). 
Again,  becaufe  CB  is  equal  to  DB,  the  angle  BDC  is  equal '  to 
the  angle  BCD  ;  but  it  has  been  dcmohltrated  to  be  greater 
than  it  |  which  is  impoflible. 

Ba  But 
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U  Biit  if  one  of  the  vertices*  as  0|  Le  within  t1i6  6t{ief  t!ri« 
Mgle  ACB ;  produce  AC,  AD  to  £,  ^^ 
tbeteforc,  becaufe  AC  is  equal  to  AD 
in  the  triangle  ACD,  the  angles  £CD| 
FDC  upon  the  other  fide  of  the  bafe 
t  f.  !•  CD  are  edual  ^  to  one  another  ;  but  the 
angle  BCD  is  greater  than  the  angle 
BCD;  whcrcfcfre  the  angle  FDC  is  like* 
wife  greater  than  BCD;  much  more 
then  is  the  angle  BDC  greater  than  the 
angle  BCD.  Again,  becaufe  CB  is  equal 
to  nB,  the  angle  BDC  is  eoual*  to  the 
angle  BCD;  but  BDC  has  been  proved  to  be  greater  than  the 
fame  BCD,  which  is  impoffiblc;.  The  cafe  in  which  the  ver* 
tez  of  one  triangle  is  upon  a  Ade  of  the  otheir  needs  no  de- 
mon ftration. 

Therefore  upon  the  fame  bafe»  and  on  the  fame  (ide  of  it^ 
there  cannot  be  two  triangles  that  have  their  fides  which  are 
terminated  in  one  extremity  of  the  bale  equal  to  one  another^ 
and  likewife  thofe  which  are  terminated  in  the  other  extremity^ 
Q^E.  D. 


/ 


PROP.  VIII,    THE  OR.     . 

TF  two  triangles  have  two  fides  of  the  one  equal  to  t^?o 
-■-  fides  of  the  other,  each  to  each,  and  have  likewife 
their  bafcs  equal ;  the  angle  which  is  contained  by  the 
two  fides  of  the  one  fliall  be  equal  to  the  angle  con- 
tained by  the  two  fides  equal  to  them,  of  the  other. 

Let  ABC,  DEF  be  two  triangles  having  the  two  fides  AB, 
AC  equal  to  the  two  fides  D£,  DF,  each  to  each>  viz.  AB  t» 
DE,  and  AC  to  A  r\  r 

DF ;  anA  alfo  the  ^^  ^ 

bafeBC  equal  to 
the  bafe  EF.  The 
angle  BAC  is  e- 
qual  to  the  angle 
EDF. 

For,  if  the  tri- 
angle   ABC    be 
applied  to  DEF, 
fo  that  the  ^point  B  be  on  E,  and  the  ftraiglit  line  BC  npon 
£F  i  the  point  C  fiiali  alfo  coincide  with  the  point  F,  becaufe 

BC 
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BC 18  equal  to  EF ;  therefor^  BC  coinciding  with  EFj  B  A  and    pook  T. 
AC  fhall  coincide  ^ri^h  ED  and  DF ;  for,  it  the  bafe  BC  coin- 
cides with  the  bafe  EF,  bat  tht  Gdes  BA,  CA  do  not  coin- 
dde  with  the  fides  £D,  FD,  but  hate  a  different  fituation,  as 
£Gj  F6 ;  then,  upon  the  fatne  bafe  EF,  and  upon  the  fame 
fide  of  it,   there  can  be  two  triangles  that  have  their  fides 
which  are  terminated  in  one  extremity  of  the  bafe  equal  to  6ne 
another,  and  likewife  their  fides  terminated  in  the  other  eztre* 
mity :  But  this  is  impoffiblc*;  therefore,  if  the  bafeBC  coin*  • 
cides  with  the  bafe  EF,  the  fides  BA,  AC  cannot  but  coincide 
with  the  fides  ED,  DF ;  wherefore  likewife  the  angle  BAC 
coincides  with  the  angle  EDF,  and  is  equal  ^  to  it.    Therefore  ^  >•  Ax. 
if  jtwo  triangles^  &c.    Q«  £•  P* 


M. 


PROP.    IX.      PROB, 

r)  bifi^  a  given  re^lin^  angle,  that  is^  to  dividp 
k  into  two  e^ual  angles. 

l>tBAC  be  the  givtfi  Fe(Ulin|al  angle,  it  is  required  to  bit 
fc&  it. 

Take  atiy  point  D  in  AB,  and  from  AC  cu^^  off  AS  e-^  3.^. 
qual  to  AD  $  join  DE,  and  ^poti  if 

defcribe ^^  an  equilateral  triangle  DEF;  A  h  x.  # • 

then  join  AF ;  the  ftraight  line  AP 
bifefb  the  angle  BAC. 

Becaufe  AD  is  equal  to  AE,  and 
AF  is  common  to  the  two  triangles 
DAF,  EAF;  the  two  fides  DA^  AF, 
are  equal  to  the  two  fides  EA,  AF, 
fach  to  each ;  and  the  bafe  DF  is  e- 
qoal  to  the  bafe  EF;  therefore  the 
•agle  p  AF  is  equal  <  to  the  angle 

fi^ ;  wherefore  the  given  reailmeal  angle  BAC  is  biie^M 
t^  liie  Araight  line  AF.    Which  was  -to  be  done. 

P  R  O  P,    X.      P  R  O  B. 

r)  bi^d  a  given  finite  ftraight  line,  that  is,  to  divide 
it  into  two  equal  parts. 

Let  AB  be  the  givea  ftraiigb|  line;  it  is  required  to  divide  it 
into  two  equal  parts. 

Defcribe  *  upon  it  an  equilateral  triangle  ABC,  and  bifed<  i- 1. 
>  the  angle  ACB  by  the  ftraight  line  CD.    ^B  is  cut  into  two  b  f.  i, 

«pdi  parts  ia  the  point  D. 

9  9  ^ecaufis 
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^ok  L  Becaufe  AC  is  equal  to  CB,  and  CD 
^'^'V^^  jcomirion  to  the  two  triangle?  ACDj, 
BCD }  the  two  fides  AC,  CD  are  e- 
qual  to  BC,  CD,  each  to  each ;  and  the 
^gle  ACD  is  equal  to  the  angle  BCD  '^ 
therefore  the  bafe  AD  is  equal  to  the 
c  4r  I.  bafe^  DB,  and  the  ftraight  line  .aB  is 
divided  into  two  equal  parts  in  the 
point  p,     'VV^hich  was  to  be  dqne. 


P  R  O  P.    XI.      P  R  O  B. 


SecN. 


a  3. 


c  8.  t. 


O   draw  a  ftraight  line  at  right  angles  to  a  given 
ftf aight  line,  from  a  givei^  point  in  the  fame^ 


T 

Let  AB  be  a  given  ftraight  line,  and  C  a  point  given  in  it  i 
it  is  required  to  draw  a  ftraight  lipe  from  the  point  C  ^t  light 
angles  to  AB. 

Take  any  point  D  in  AC,  and  maH^  *  CE  equal  to  CD,  and 
upon  DE  defcribe  *>  the  equila- 
teral triangle  DF£,  and  join 
FC  5  the  ftraight  line  FC  drawn 
from  the  given  point  C  is  at 
right  angles  to  the  given 
ftraight  line  AB. 

Becaufe  DC  is  equal  tp  CE, 
and    FC  common   to  the  two 
triangles  DCF,  ECF;  the  two  ^ 
fides  DC,  CF  are  equal  to  the 

two  EC,  CF,  each  to  each ;  and  the  bafe  DF  is  equal  to  the 
bafe  EF ;  therefore  the  angle  DCF  is  eiqual  ^  to  the  angle  ECF ; 
and  they  are  adjacent  angles.  But,  when  the  adjacent  angle( 
which  one  ftraight  line  makes  with  another  ftraight  line  arc 
4  «o. Def.  equal  to  one  another,  each  of  them  is  called  a  right <*  angle; 
I.  therefore  each  of  the  angles  DCF,  .ECF  is  a  right  angle. 
Wherefore  from  the  given  point  C,  in  the  given  ftraight  line 
AB,  FC  has  been  drawn  at  right  angles  tp  AB.  Which  was 
to  be  done. 

CoR.  By  help  of  this  problem,  it  may  be  dcmonftrated,  that 
two  ftraight  lines  cannot  have  a  common  fegment. 

If  it  be  poffible,  let  the  two  ftraight  lines  ABC,  ABD  have 
the  fegment  AB  common  to  both  of  them.  From  the  point  B 
cjraw  BE  at  right  angles  to  ABj  and  bccaufq  ABC  is  a  ftraight 

line. 
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Iine»  the  angle  CBE  is  equal  * 
to  the  angle  EB A ;  in  the  fame 
manner,  becaufe  ABD  is  a 
fbaight  line,  the  angle  DBE  is 
equal  to  the  angle  EB  A ;  where- 
fore the  angle  DBE  is  equal  to 
the  angle  CBE,  the  lefs  to  the 
greater ;  which  is  impoffible ;  ,^_«^,.,«^ 
therefore  two  ftraight  lines  can-  A. 
not  have  a  common  fegment.j 

PROP.    XII.      P  Jl  O  B. 

TO  draw  a  ftraight  line  perpendicular  to  a  given 
ftraight  line  of  an  unlimited  length,  from  a  given 
point  without  it. 

• 

Let  AB  be  the  given  ftraight  line,  which  may  be  produced 
to  any  length  both  ways,  and  let  C  be  a  point  without  it.    It 
is  required  to  draw  a  ftraight 
line  perpendicular  to  AB  from 
the  point  C. 

Take  any  point  D  upon  the 
other  fide  of  AB,  and  from 
the  centre  C,  at  the  diftance 
CD,  defcribe<» the  circle  EGF 
meeting  ABin  F,  G;  and  hi-  /^ 
fca  «  FG  in  H,  and  join  CF, 
CH,  CG  5  the  ftraight  line  CH,  drawn  from  the  given  point  C% 
is  perpendicular  to  the  given  ftraight  line  AB. 

Becaufe  FH  is  equal  to  HG,  and  HC  common  to  the  two 
'  triangles  FHC,  GHC,  the  two  fides  FH,  HC  are  equal  to  the 
two  GH,  HC,  each  to  each ;  and  the  bafe  CF  is  equal  ^  to  the  d  <  ?.  Dcf. 
bafe  CG  ;  therefore  the  angle  CHF  is  equal*to  the  angle  CHG  5       *• 
and  they  are  adjacent  angles ;  but  when  a  ftraight  line  ftanding  c.  St  i. 
on  a  ftraight  line  makes  the  adjacent  angles  equal  to  one  ano- 
ther, each  of  them  is  a  right  angle,  and  the  ftraight  line  which 
ftands  upon  the  other  is  called  a  perpendicular  to  it;  therefore 
from  the  given  point  C  a  perpendicular  CH  has  been  drawn  to 
the  given  ftraight  line  AB.    Which  was  to  be  done* 

PROP.    Xim      T  H  E  O  R. 

TIE  angles  which  one  ftraight  line  makes  with  an- 
other upon  one  fide  of  it,  are  either  two  right 
angles^  or  ^re  together  equal  to  two  right  angles. 

B4  let 


b   3.  Pdftc 


c  lo.  I. 
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Let  the  ftrai^t  line  AB  make  t^ith  CD,  upoii  one  tid^  b£ 
it,  the  angles  (%A,  ABD  ;  thefe  are  eithef  two  right  angles^ 
or  are  together  equal  to  two  right  angles* 

For,  if  the  angle  CBA  be  equal  to  ABD,  each  of  them  is  a 

A  '  *^     A 


D 


B 


C 


P 


C  ».  Ax. 


d  t.Az. 


a  Def.  to.  right »  angle ;  but,  if  not,  from  the  point  fe  driw  BE  at  right 
b  "•  I-  angfes  «>  to  CD  ;  therefore  the  angles  CBE,  EBD  ai'e  t#o  right 
angles  * ;  and  becaufe  CBE  is  equal  to  the  two  anglesCB  A,  ABE 
together,  add  tlie  angle  EBP  to  each  of  tbefe  equals  (  there* 
fore  the  angles  CBE,  EBD  are  equal  5  to  the  three  angles  CBA^ 
ABE,  EBD:  Again,  becaufe*  the  angle  DBA  is  equal  to  the 
two  angles  DBE,  EB  A,  add  td  *  thefe  equals  the  angle  ABC  % 
therefoie  the  angles  DBA,  ABC'  are  equal  to  the  three  anglea 
DBE,  EBA,  ABC  y\mt  the  angles  CKE,  EBB  have  been  dc^ 
monftrated  to  be  eqiikl  to  the  ftone  three  angled  ;  and  things 
that  are  equal  to  the  fame  are  equal  ^  to  one  anodier ;  therefore 
the  angles  CBE,  EBp  are  equal  to  ihe angles PB A,  ABC*, but 
CBE;  EBD  are  two  right  angles  j  therefore  DBA,  ABC  are 
together  equal  to  two  right  angles.  Wherefore,  when  a  Araight 
line,  &c.  C^E.  D.  ^    -      -^ 

PROP.   «IV.      T  d  E  O  k. 

IF,  at  a  point  in  a  (Iraight  line^  two  other  ftrJuight  lines^ 
upon  the  opf^fite  fides  6f  it^  make' the  adjacent  amogie^ 
together  equal  to  two  right  angles,  thefe  two  ftra^ght 
lines  Ihall  be  in  one  and  the  fame  ftraight'linc.  ' 

At  the  point  B  in  the  ftraight 
line  AB,let  the  two  ftraight  lines 
BC,  BD  upon  the  oppofite  fides 
of  AB,  make  the  adjacent  angles 
ABC..  ABD  equal  together  to 
two  right  angles.  BD4s  in  the 
fame  (braight  line  with  CB.  /  jB 

For,  if  BD  be  not  in  the  fame 


{traight  line  with  CB,  let  B£  be  () 


tmmamtn 


m 
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j0  the  iame  ftraight  line  wkh  it  %  therefore^  becaafe  the  ftraight  i^ok  r. 
line  AB  makes  angles  with  the  (Iraight  line  CB£,  upon  one  V 
fide  of  k,  the  aitgles  AfiC,  ABE  are  together  b)iiai  ^  to  two  « 
right  aiigles ;  bat  the  angles  ABC,  ABD  are  likewife  tx)gether 
ieqoal  to  two  right  angles  ;  therefore  the  angles  CBA,  ABE  are 
equal  to  the  angles  CB  A,  ABD ;  Tak^  aw^y  the  common  atigle 
ABC,  the  rematoitig  an^le  ABl^  is  equal  ^  to  the  remaining  b  3«  Ax. 
angle  ABD|  the  left  to  the  greater,  wUch  is  iiqpoflible ;  there-* 
fore  BE  is  not  in  the  fame  ftraight  line  with  BC*  And,  in  like 
manner,  it  may  be  demonftrated,  that  no  othev  cai^  he  in  the 
fame  ftraight  line  with  it  but  BD ,  which  therefere  is  \n  the  {am^ 
ftraight  line  with  CB.    Wherefore,  if  at  a  pointy  &c.  Qlc&*  X>* 

P  R  O  P.    XV.     t  H  1  O  R. 

IF  two  ftraight  lines  cut  one  anothif ,  the  tetdC^  9^  ^ 
fofite^  angles  ihall  be  equal. 

Let  d(||h^o  ftraight  lines  AB,  CD  cut  dat  ^iix^tr  iH  <th^ 
point  £ ;  the  angle  AEC  ihall  be  equal  to  the  angle  i>19,  aft4 
C£B  to  AED. 

Becaufe  the  ftraight  line  AE 
isdbes  with  CD  the  ongMs  CEA 
AED,  theft  angles  are  toge* 

ther  eqvaM  tb  two  r^ht  angles.  ^V,^^  ^     »  »5«  *» 

Again,  becalife  the  ftnjght  fine  r^ 
Dfi  makes  #ith  AB  the  angles  a. 
AED,  DEB,  thefe  alfo  aie 
together  equal  *  to  two  right 
angles ;  and  CEA,  AED  have 
bera  demonSl-aced  to  be  equal  t6  ttt>  right  Agfts ;  wherefore 
the  angles  CEA,  AED  are  equal  to  the  angles  AED,  DEB. 
Tatfe  away  die  commtm  an^e  AEDv  ftfid  the  nefliluning  al>gle 
CEA  is  equal  ^  to  the  remaining  anglle  DEB.  fat  the  YaJtte  b  3.  Asr 
manner  it  can  be  demonfhated  that  the  angles  CEB,  AED  are 
equal.    Therefore,  if  two  ftraight  lines,  &c.  Q^E.  D. 

Cor.  I.  From  this  it  is  manifeft,  that.  If  two  ftraight  lines 
cut  one  another,  the  angles  they  make  at%e  point  where  th^ 
cut,  are  together  equal  to  four  right  angles. 

Cor.  a.  And  confequently  that  all  the<aiigles  made  by  anjr 
number  of  lines  meeting  in  one  poink  kre  togethet  equal  to 
'  ur  rieht  asff les* 


f?!" 
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PROP.    XVI.     T  H  E  O  R. 

IF  one  fide  of  a  triangle  be  produced,  the  exterior 
angle  is  greater  than  either  of  the  interior  oppofite 
angles. 

Let  ABC  be  a  triangle!,  and  let  its  fide  BC  be  produced  to  D,- 
the  exterior  angle  ACD  is  greater  than  either  of  the  interior 
oppofite  angles  CBA,  BAG* 

Bifca*ACinE,joinBE 
and  produce  it  to  F,and  make 
£F  equal  to  BE ;  join  alfo 
FC,  and  produce  AC  to  G. 

Becaule  AE  is  equal  to 
EC,  and  BE  to  EF  -,  AE,  EB 
are  equal  to  CE,  EF,  each  to 
each  ;  and  the  angle  AEB  is 
equal ^to  the  angle  C£F,be- 
/caufe  they  are  oppofite  ver- 
tical angles;  therefore  the 
bafe  ABis  equal  ^  to  the  bafe 
CF,  and  the  triangle  AEB  to 
the  triangle  CEF,  and  the 
remaining  angles  to  the  remaining  angles,  each  to  each,  to  which 
the  equal  fides  are  oppofite  ;  wherefore  the  angle  BAE  is  equal 
to  the  angle  ECF ;  but  the  angle  ECD  is  greater  than  the  angle 
ECK  ;  therefore  the  angle  ACD  is  greater  than  BAE  :  In  the 
fame  manner,  if  the  fide  BC  be  bife£led,  it  may  be  demonftrated 
that  the  angle  BCG,  that  is<^,  the  angle  ACD,  is  greater  than 
the  fkpgle  ABC.    Therefore,  if  one  fide,  &c«  Q^E.  D. 

PROP.    XVII.      T  H  E  O  R. 

ANY  two  angles  of  a  triangle  arc  together  left  than 
two  right  angles. 


Let  ABC  be  any  triangle; 
any  two  of  its  angles  together 
are  lefs  than  two  right  angles. 

Produce  BC  to  D ;  and  be- 

Caufe  ACD  is  the  exterior  angle 

of  the  triangle  ABC,«ACD  is 

greater  *  than  the  interior  and 

,QPP9fi|c  liligle  ABC ;  to  each  of 
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«> 


i  3«l* 


fliefe  add  the  angle  ACB ;  therefore  the  angles  ACD»'ACB  are    Bodk  i; 
greater  than  the  angles  ABC»  ACB  ;  but  ACD,  ACB  are  to-   V^v>j 

f  ether  equal  ^  to  two  right  angles ;  therefore  the  angles  ABC  b  13.  i« 
.  C A  are  lefs  than  two  right  angles.  In  like  manner,  it  may  hf 
demonftrated  that  BAC,  ACB,  as  alfo  CAB/ ABC  are  lefs  than 
two  right  angles.    Therefore  any  two  angless  &€•  Q^E*  D» 

PROP.    XVm.    T  H  E  Oil. 

nPHE  greater  fide  of  every  tri*inglc  is  oppofite  to  the 
greater  angle. 

Let  ABC  be  a  triangle,  of 
which  the  fide  AC  is  greater 
ihan  the  fide  AB*,  the  angle 
ABC  IS  alfo  greater  than  the 
angle  BCA. 

Becaufe  AC  is  greater  than 
AB,  make  •  AD  equal  to  AB, 
and  join  BD ;  and  becaufe  A  DB 
18  the  exterior  angle  of  the  tri-» 

angle  BDC,  it  is  gi^eater  ^  than  b  iS.  i. 

the  interior  and  oppofite  angle  DCB  ;  but  ADB  is  equal  ^  tp  c  5.  %% 
ABD,  becaufe  the  fide  AB  is  equal  to  the  fide  AD ;  there- 
JForc  the  angle  ABD  is  likewlfc  greater  than  the  angle  ACB; 
wherefore  mucH  more  is  the  angle  ABC  greater  than  ACB* 
Therefore  the  greater  fide,  &c,  (^  E.  D. 

PROP.    XIX.      T  H  E  O  R. 

'T'HE  greater  angle  of  every  triangle  is  fubtended  by 
*    the  greater  fide,  or  has  the  greater  ftde  oppofite  to  it. 

Let  ABC  be  a  triangle,  of  which  the  angle  ABC  is  greater 
than  the  angle  BCA ;  the  fide  AC  is  likewife  greater  than  tl^c 
fide  A  B. 

For,  if  it*  be  not  greater,  AC 
muft  either  be  equal  to  AB,  or 
Jefs  than  it;  it  is  nor  ^qual,  be- 
caufe then  the  angle  ABC  would 

be  equ:il*to  the  angle  ACBj         /  x^  ^  hu 

but  it  is  not ;  therefore  AC  is 
not  equal  to  AB ;  neither  is  it 
lefs^    becaufe   then  the  angle   jS^ 


/ 


ABC 
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goA  r;    AiC  MuM  be  left^ than  the  aAgle  ACB ;  but  it  is  not ;  thmre^ 
KgT^rsj  fore  the  fide  AC  is  not  lers  than  AB ;  and  it  has  been  (hewn 
%  i«. «.     that  it  ie  not  equal  to  AB ;  therefore  AC  is  greater  than  AB. 
Wherefore  the  greater  angle,  8^  O.  £.  D. 


e  If.  r 


PHOP.  XX.      THEOR. 
ten*         A  ^^  ^^^  ^^  ^^  ^  triangle  are  together  greater  than 


X\ 


the  third  fide. 


Let  ABC  be  a  triangle ;  any  two  fides  of  it  together  are 

S 'eater  than  the  third  fide,  viz.  the  fides  BA,  AC  greater  than 
e  fide  BC I  and  AB,  BC  greater  chaa  AC  i  and  BC«  CA 
greater  than  AB. 

^Produce  BA  to  the  point  D^* 
t  J.  1.       ^nH  make  •  X  D  equal  to  AC  ; 

jindjoinDC. 

bcc^ufe  DA  is  equal  to  AC, 
the  angle  ADC  is  likewife  equal 
^  *•  '•  P  to  ACD  X  but  the  angle  BCD 
is  greater  than  the  angle  ACD ; 
therefore  t^e  angle  BC  U  is  great- 
er than  the  angle  ADC ;  and  be» 

tiitife  die  f(ngle  BCD  of  the  trianrie  DCB  k  greater  than  its 
angle  BDC,  and  that  the  gieater  *  fide  is  of^fite  to  the  greater 
angle ;  therefitxe  the  fide  DB  is  greater  than  the  fide  BC  $  but 
DB  is  equal  to  BA  and  A(j  i  therefore  the  fides  BA^  AC  are 
greater  tpan  BC.  In  the  fame  manner  it  may  be  demonftrated, 
that  the  fides  A^,  BC  are  greater  than  CA,  and  BC,  CA 
greater  than  AB.    Therefore  any  two  fides^  &c  Q^£*  D, 

PROP.  2Ua.    THEOR. 

Sec  K.  TF9  froiH  tbe  ends  of  the  fide  of  a  triangki  there  be 
j[  drawn  two  ftrsdgfat  lines  to  a  point  within  the  triangle^ 
thefe  Ihall  be  left  than  the  other  two  fides  of  tlie  ttii* 
angle,  but  fhall  contain  a  greater  angle. 

I.et  the  two  Araight  linps  BD,  CD  be  drawn  fron  B»  C« 

.  die  ends  of  the  fide  BC  of  the  triangle  ABC,  to  the  point  D 

within  it  $  BD  and  DC  are  lefs  ^han  the  other  two  fides  B  A» 

AC  of  the  trianglei  but  contain  an  angle  BDC  greater  than  the 

angle  BAC. 

Produce  BD  to  E  ;  and  becaufe  two  fides  of  a  triangle  are 
freater  than  the  diird  fide,  the  two  fides  BA^  A£  of  the  tri^ 


6  IP  E  tr  c  L I  tK 

angle  ABE  are  greater  than  BE.  To  each  of  ihtCe  wiAECi  ^^  '• 
therefore  the  fidesBA^  AC  are 
greater  than  BE,  EC  :  Again, 
becaufe  the  two  fides  C£,  ED 
of  the  triangle  CED  are  great- 
er than  Ct>9  add  DB Jjjpeach 
of  thefc ;  therefore  tn^fidca 
CE,  EB  are  greater  than  CD, 
DB ;  but  It  has  been  ihewn  that 
BA,  AC  are  greater  than  BE, 
IC  i  miich  more  th^n  are  B A,  '  •  - 
AC  greater  than  BD,  DC. 

Again,  becaofe  the  exterior  angle  of  a  triangle  is  greater  than 
die  anterior  and  Op^ofite  dngle,  the  ettefior  angle  BDC  bf  the 
triangle  CD£  is  greater  than  GED ;  for  the  faitie  reafon,  the  ex- 
terior angle  CEBof  the  triangle  ABE  is  greater  that)  BAC;  and 
it  has  been  demonftrated  that  the  angle  BDC  is  greater  than 
the  angle  CEB ;  much  more  then  is  the  angleBDC  greater  than 
the  angle  BAC*    Therefore,  if  from  the  ends  of,  &c.  Q;^£  Di 

• 

PROP.    Xx£kPKOB.     , 

TO  make  a  triangle  of  which  the  fides  fliall  fee  equal  ^^«n; 
to  three  given  Itraight  lines ;  but  any  two  whate^t 
of  thefe  mull  be  greater  than  the  third  >• 

^    Let  A,  B,  C  be  the  three  given  ftraight  lines,  of  whieh  anf 
two  whatever  are  greater  than  the  third,  viz.  A  and  B  greater 
than  C ;  A  and  C  greater  than  B ;  and  B  and  C  than  A.    It  is^ 
required  to  make  a  triangle  Of  which  the  fides  ihall  be  equal  to 
A,  B,  C,  each  to  each- 
Take  a  ftraight  line  DE  terminated  at  the  point  D^  hpt  Uit* 
fiinited  towards  E,  and 
make*  DF equal  to  A,  FG 
to  B,  and  GH  equal  to  C^ 
and  from  the  ceiltre  F,  at 
the  diftance  FD,  defcribe 

*thc  circle  DKL;   andDI — ^'ttT  ^  r^"  I  'JtJC<         ^ 

from  the  ceiftre  G.  at  the     \       •  ^'  J*  \      Vi    /  /^Iw 

«(Unce   OH,  ibMhfi^ 

another  circle  HLK^^nd 

join  KF,   KCTi  the  tri-       /  >^      ^^  g 

angle  KFG  has  its  fides  Q  ■ 

equal  to  the  three  ftraight 

Unea,  A,  B,  C. 

Bocaufe  the  point  F  is  the  centre  of  the  circle  DKL|  FD  is 

equal 


•s^ao.  I0 


a  3.  z. 


ftfO? 


A 
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Book  I.    equal  .^to  FK;  but  FD  is  €qual  to  th^  ftraight  line  A :  therd^ 
•.^•VNJ  fore  FK  is  equal  to  A  :  Again,  hecaufe  G  is  the  centre  of  the 
c  is.Dcf.  circle  LKH,  GH  is  eqUaI<^  to  GK ;  but  GH  is  equal  to  C ; 
therefore  alfo  GK  is  equal  to  C ;  and  FG  is  cqiial  to  B  ;  there- 
fore the  three  ftraight  lines  KF,  FO,  GK  are  equal  to  the  three 
A,  By  C :  And  therefore  the  triangle  KFG  has  its  three  fides 
KF,  FG,  GK  equal  to  the  three  given  ftraight  lines  A»  B,  O 
.    Which  was  to  be  done. 

P  R  O  P.    XXIII.      PR  O  B. 

T  21  given  point  in  a  given  ftraight  line,  td  make  a 
reftilmeal  angle  equd  to  a  given  re&ilineal  angles 

Let  AB  be  the  given  ftraight  litle,  and  A  the  given  point  in  Itj 

and  DC£  the  given  redilineal  angle}  it  is  required  to  make  aH 

angle  at  the  given  point 

A  in  the  given  ftraight 

line  AB,  that  (hall  be 

equal  to  the  given  rec* 

tilineal  angle  DCE* 
Take  in  CD,  CE,  any 

points  D,  £,  and  join 
•  %%.  X,      DE  .  and  make  *  the 

triangle  AFGthe  fides 

of  which  fliall  be  equal 

to  the  three  ftraight 

lines  CD,  D£,  C£,  fo 

that  CD  be  equal  to  AF,  CE  to  AG,  and  DE  to  FG  ;  and  becauli 

DC,  CE  are  equal  to  FA,  AG,  each  to  each,  and  the  bafe  D£ 
\  ft.  1.        to  the  bafe  FG  ;  the  angle  DCE  is  equal  ^  to  the  angle  FAG* 

Therefore,  at  the  given  point  A  in  the  given  ftraight  line  AB, 

the  angle  FAG  is  made  equal  to  the  given  re£kilineal  angl€ 

DCE.    Which  was  to  be  done.  ^ 

PROP.    XXIV.     T  H  E  O  R. 

See  N.  •  TF  two'triangles  hayc  two  fides  of  the  one  equal  to  two 
.  fides  of  the  other ^  each  to  each,  but  the  angle  con- 
tained by  the  two  fides  of  one  of  them  greater  than  the 
'angle  contained  by  the  two  fides  equal  to  them,  of  the 
other ;  the  bafe  ot  that  which  has  the  greater  angle  ihail 
be  greater  than  the  bafe  of  the  other. 

Let  ABC,  D£F  be  two  triangles  which  have  the  two  fides 

AB, 
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AB,  AC  cqaal  to  the  two  DE,  DF,  each  to  each,  viz.  AB  equal    Book  l 
to  DE,  and  AC  to  DF ;  but  the  angle  BAC  greater  than  the  \^\^J 
angle  EDF ;  the  bafe  BC  is  alfo  greater  than  the  bafe  EF. 
Of  the  two  fides  DE,  DF,  let  DE  be  the  fide  which  is  not 

Beater  than  the  other,  and  at  the  point  D,  in  the  ftraight  line 
E,  make  *  the  angle  EDG  equal  to  the  angle  BAC ;  and  make  »  *3'  »• 
DG  equal  ^  to  AC  or  DF,  and  join  EG,  GF.  b  3.  u 

Becaufe  -AB  is  equal  to  DE,  and  AC  to  DG,  the  two  fides 
BA,  AC  are  equal  to  the  two  ED,  DG,  each  to  each,  and  the 
angle  BAC  is  equal 

to  the  an^le  EDG; A  I) 

therefore  the  bafe  BC tv^ 

18  cqiial  *  to  the  bafe  \    >^  \  vv  «  4«  «• 

EGi  and  becaufe  DG  I     X 
is  equal  to  DF,  the  I  >^ 

angleDFGiseqaaH  I  X  \        W        d  s-i- 

to  the  angle  DGF;  I  X 

but  the  angle  DGF  is   V  X  -g] 

frcatcr  than  the  angle  J^  C  *''"T'*'*-.^/& 

GF;  therefore   the  ^ 

angle  DFG  is  greater  than  EGF ;  and  much  more  is  the  angle 
EFG  greater  than  the  angle  EGF ;  and  becaufe  the  angle  EFG 
of  the  triangle  EFG  is  greater  than  its  angle  EGF,  and  that 
the  greater  ^  fide  is  oppofite  to  the  greater  angle  ;  the  fide  EG  e  ip.i« 
is  therefore  greater  than  the  fide  EF ;  but  EG  is  equal  to  BC  ; 
and  therefore  alfo  BC  is  greater  than  EF.  Therefore,  if  two 
triangles,  &c.  Q^E.  D. 


PROP.    XXV.     T  H  E  O  R. 

TF  two  triangles  have  two  fides  of  the  one  equal  to  two 
fides  of  the  other,  each  to  each,  but  the  bafe  of  the 
one  greater  than  the  bafe  of  the  other  ;  the  angle  alfo 
contained  by  the  fides  of  that  which  has  the  greater  bafe, 
jhall  be  greater  than  the  angle  contained  by  the  fides  c- 
qual  to  them,  of  the  other. 

Let  ABC>  DEF  be  two  trianeles  which  have  the  two  fides 
AB>  AC  equal  to  the  two  fides  DE,  DF,  each  to  each,  viz.  AB 
equal  to  DE,  and  AC  to  DF ;  but  the  bafe  CB  is  greater  than  the 
bafe  EF;  the  augle  BAC  is  Ukewife  greater  than  the  angle  EDF. 

F6r, 


it 


Bdokl. 
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For,  if  ft  btt  not  gftater,  it  muft  cither  be  equal  to  it,  or 
lek ;  but  the  aii^Ie  B AC  is  not  equal  to  the  angle  ftpP,  bo- 
caufe  then  tbe   oafe 

BC  would  be  equal  *    A  p 

to  £F;  but  it  is  not; 
therefore  the  angle 
BAC  is  not  equal  to 
the  an^le  £DF  $  nei* 
ther  is  it  lefs ;  becatrfe 
then  the  bafe  BC 
would  be  left  i>  than 

the  bafe  EF  5  but  it      B  C         D  ,  P 

is  not ;  therefore  the 
angle  BAC  is  Qot  lefs  than  the  ^ngle  EDF ;  and  it  Was  (hewn 
that  it  IS  ;iot  eoual  to  it ;  therefore  the  jingle  BAC  is  greater 
than  th^  angle  EDF.  Wherefore,  if  two  trianglcSj  &c.  (^E.D. 


i*  R  O  Pi    XXVI.      T  H  E  O  R. 


p 


two  triangles  have  two  angles  of  one  equal  to  two 
angles  <^  the  other,  each  to  each  ;  and  one  fide  e« 
qual  to  one  fide,  viz.  either  the  tides  adjacent  to  the  equal 
angles,  or  the  fides  oppofite  to  equal  angles  in  each;  then 
Aall  the  other  fides  be  equal,  each  to  eadi ;  and  alio  the 
third  angle  of  the  one  to  the  third  angle  c^  the  other. 

Let  ABC9  DEF  be  two  triangles  which  have  the  angles  ABC, 
BCA  equal  to  the  angles  DEF,  EFD,  viz.  ABC  to  DEF,  and 
BC  A  to  EFD  ;  alfo  one  fide  equal  to  one  fide ;  and  firft  let  thofe 
fides  be  equal  which  are  adjacent  to  the  angles  that  are  equal  ia 
the  two  triangles,  viz.     .  .-^ 

BC  to  EF;  the  other  A  U 

fides  ihall  be  equal,  wi 
each  to  each,vIz,AB^' 
toDE,andACtoDF; 
and  the  third  angle 
BAC    to   the  third 
angle  EDF. 

For,  if  AB  be  not 
equal  to  DE,  one  of 
them  muft   be    the 

freater.     Let  AB  be  the  greater  of  the   two,   and  make 
^G  equal  to  0£|  aUd  join  GC  $  therefore,  becaufe  BG  is 

equal 
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equal  to  DE,  and  BC  to  EF,  the  two  fides  GB,  BC,  are  equal    Book  i. 
to  the  two  DE,  EF,  each  to  each  ;  and  the  angle  GBC  is  equal  v,>^ 
to  the  angle  DEF ;  th/erefore  the  bafe  GC  is  e'qual '  to  the  bafc  a  4.  i 
DF,  and  the  tnai;igle  GBC  to  the  triangle  DEF,  and  the  other 
angles  to  the  other  angles,  each  to  each,  to  which  the  equal* 
fides  are  oppofitc ;  therefore  the  angle  GCB  is  equal  to  the 
angle  DFE ;  but  DFE  is,  by  the  hypothefis,  equal  to  the  angle 
BCA  ;  wherefore  alfo  the  angle  BCG  is  equal  to  the  angle 
BCA,  the  lefs  to  the  greater,  which  is  impoffible ;  therefore 
AB  is  not  unequal  to  DE,  that  is,  it  is  equal  to  it ;  and  BC  is 
equal  to  EF;  therefore  the  two  AB,  BC  are  equal  to  the  two 
DE,  EF,  each  to  each  ;  and  the  angle  ABC  is  equal  to  the  angle 
DEF;  the  bafe  therefore  AC  is  equal  *  to  the  bafe  DP,  and  the: 
third  angle  BAC  to  the  third  angle  EDF. 

Next,  let  the  fides  a 
which  are  oppofite  to 
e^ual  angles  in  each 
triangle  be  equal  to 
one  another,  viz.  AB 
to  DE;  likewife  in 
this  cafe,  the  other 
fides  (hall  be  equal, 
AC  to  DF,  and  BC 
to  FF ;  and  alfo  the 
third  angle  BAC  to  the  third  EDF. 

For,  if  BC  be  not  equal  to  EF,  let  BC  be  the  greater  of  them, 
and  make  BH  equal  to  EF,  and  Join  AH  ;  and  bccaufe  BH  is 
equal  to  EF,  and  AB  to  DE ;  the  two  AB,  BH  are  equal  to 
the  two  DE,  EF,  each  to  each  ;  and  they  contain  equal  angles ; 
therefore  the  bafe  AH  is  equal  to  the  bafe  DF,  and  the  triangle 
APH  to  the  triangle  DEF,  and  the  other  angles  fhall  be  equal, 
each  to  each,  to  which  the  equal  fides  are  oppofite ;  therefore 
the  angle  BHA  is  equal  to  the  angle  EFD ;  but  EFD  is  equal 
to  the  angle  BCA  ;  therefore  alfo  the  angle  BHA  is  equal  to 
the  angle  BCA,  that  is,  the  exterior  angle  BHA  of  the  triangle 
AHC  is  equal  to  its  interior  and  oppofite  angle  BCA  ;  which 
is  impoflible  ^ ;  wherefore  BC  is  not  unequal  to  EF,  that  is,  ^  "^►'' 
iX  is  equal  to  it ;  and  AB  is  equal  to  DE ;  therefore  the  two  AB, 
BC  are  equal  to  the  two  DE,  EF,  each  to  each  ;  and  they  contain 
equal  angles  ;  wherefore  the  bafe  AC  is  equal  to  the  bafe  DF, 
apd  the  third  angle  BAC  to  the  third  angle  £DF.  Therefore^ 
u  two  triangle&f  &c.  Q^E*  D, 
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»««k  T,  PROP.    XXVn.      T  H  E  O  R. 

TF  a  ftraight  line  falling  upon  two  other  ftraight  lines 
^  makes  the  alternate  angles  equal  to  one  another^  thefe 
two  ftraight  lines  fliall  be  parallel. 

Let  the  ftraight  line  EF,  which  falls  upon  the  two  ftraight 
lines  AB,  CD,  make  the  alternate  angles  AEF,  EFD  equal  to 
one  another;  AB  is  parallel  to  CD. 

For,  if  it  be  not  parallel,  AB  and  CD  being  produced  Aall 
meet  either  towards  B,  D  or  towards  A,  C ;  let  them  be  produced 
and  meet  towards  B,  D  in  the  point  G  j  therefore  GEF  is  a  tri- 
angle, and  its  exterior  angle  AEF  is  greater  *^  than  the  interior 
and  oppofite  angle  EFGs 
but  it  is  alfo  equal  to  it, 
which  is  impofllble ;  there-    A         17  /  t% 

fore  AB  and  CD  being  pro- ^^^  * 

duced  do  not  meet  towards 

B,  D.  In  like  manner  it  may  /  ^^^G 

be  demonftrated  that  they  do  q" 
not  meet  towards  A^  C ;  but 
thofe   ftraight   lines   which 
meet  neither  way,  though 
ft  3^  I>rf.  produced  ever  fo  far,  are  panllel  ^  to  one  another.    AB  therefore 
is  parallel  to  CD.    Wherefore,  if  a  ftraight  line,  ^c,  QJE  D. 


PROP.    XXVIII.      T  H  E  O  R. 

IF  a  ftraight  line  falling  upon  two  otlier  ftraight  linei 
makes  the  exterior  angle  equal  to  the  interior  and  op- 
pofite upon  the  fame  fide  of  the  line  ;  or  inakts  the  in- 
terior angles  upon  the  fame  fide  together  equal  to  two 
right  angles  j  the  two  ftraight  lines  fliail  be  parallel  to  one 
another.  '         ...:-.     ^ 

Let  the  ftraight  line  EF,  which      E 
falls  upon  the  two  ftraght'  Jinei 
AB»  CD,  n«akt  the  extcnor  nngle 
EGB  equal  to  the  sntrrior   and  A. 
oppofite  angle  GHD  upon  the 
fame  fide ;  or  make  the  interior 
angles  on  the  fame  fide  BGH;  Q 
GHD  togethc  r  equal  to  two  right  • 
angles ;  AB  is  paralJei  to  CD. 

Bccaufe  the  angle  EGB  is  e- 
qual  to  the  angle  GHD,  and  the 
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angk  EGB  equal  *  to  the  angle  AGH,  the  angle  AGH  is  equal    Book  i. 
to  the  angle  GHD ;  and  they  are  the  alternate  angles;  therefore  \^^>rs^ 
AB  is  parallel  ^  to  CD.  Again,  becaufeftbe  angles  BGH,  GHD  «<;•>• 
are  equal  ^  to  two  right  angles,  and  that  AGH,  BGH  are  alfo  ^  J^- '' 
equal  ^  to  two  right  angles ;  the  angles  AGH,  BGH  are  equal  4  x/ 1.'^ 
to  the  angles  BGH,  GHD:  Take  away  the  common  angh: 
BGHj  therefore  the  remaining  angle  AGH  is  equal  to  the  re- 
maining angle  GHD ;  and  they  are  alternate  angles ;  there- 
fore Afi  is  parallel  to  CD.    Wherefore,  if  a  ftraigfat  line,  &c. 
QJE.  D. 

PROP.    XXIX.     T  H  E  O  ft. 

TF  a  ftraight  fine  filU  upon  two  parallel  ftraight  lines,  it  ^  *^* 

makes  the  alternate  angles  equal  to  one  another  j  and  thu  propo- 
the  exterior  angle  equal  to  the  interior  and  oppofite  upon  ^^'^^ 
the  lanie  fide  j  and  likwife  the  two  interior  angles  uppQ 
^he  fame  fide  together  equal  to  two  right  angles. 

Let  the  ftraight  line  EF  fall  upon  the  parallel  ftraight  lines 
AB,  CD  ;  the  alternate  angles  AGH,  GHD  are  €;qual  to  one 
another ;  and  the  exterior  angle  EGB  is  equal  to  the  interior 
and  oppofite,  upon  the  fame  fide,  jf 
GHD  ;  and  the  two  interior  ^"^ 
angles  BGH,  GHD  upon  the  fame 
fide  are  together  equal  to  two  right 
angles. 

For,  if  AGH  be  not  equal  to  GHD, 
one  of  them  muft  be  greater  than  the 
other ;  let  AGH  be  the  greater ;  and 
becaufe  the  angle  AGH  is  greater 
than  the  angle  GHD,  add  to  each  of 

them  the  angle  BGH «  therefore  the  angles  AGH,  BGH  are 
greater  than  the  angles  BGH,  GHD ;  but  the  angles  AGH, 
BGH  are  equal  ^  to  two  right  angles;  therefore  the  anp^les  a  13. z. 
BGH,  GHD  are  lefs  than  two  right  angles ;  but  thofe  ftraight 
lines  which,  wi^h  another  ftraight  line  falling  upon  them,  maice 
the  interior  uigies  on  the  fame  fide  lefs  than  two  right  angles, 
do  meet  *  together  if  continually  produced ;   therefore  the  •  ,j|.  ^^ 
^aight  lines  AB,  CD,  if  produced  far  enough,  ihall  meet ;  but  see  the 
they   never  meet,  fince  they  are  parallel  by  the  hypothefis ;  »»t«  on 
therefore  the>ngle  AGH  is  not  unequal  to  the  angle  QHD,  '^^^^^ 
that  is,  it  i^  equal  to  it ;  but  the  angle  AGH  is  equat  ^  to  the  b  15. 1 
ll^O^  £00 }  therefore  ti^ewife  £G$  ia  equal  to  GHD  $  add  to 

^  '       C :;'  each 
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each  of  thefe  the  angle  BGH ;  therefore  the  angles  EGB,  BGH 
are  equal  to  the  angles  BGH,  GHD ;  but  EGB,  BGH  are  e«r 
qual  ^  to  two  risht  angles ;  therefore  ^alfo  BGH,  GHD  are  e« 
qual  to  two  right  angles.  Wherefore^  if  a  ftraight  line»  &c« 
Q.  £.  D. 


s 


PROP.    XXX.    THE  OR.    . 

Traight  lines  >vhich  are  parallel  to  the  fame  ftraight 
line  are  parallel  to  one  another. 

Let  AB,  CD  be  each  of  them  parallel  to  EF ;  AB  is  alfo  pa- 
rallel to  CD. 

Let  the  ftraight  line  GHK  cut  AB^  £F,  CD ;  and  becaaff 
GHI^  cuts  the  parallel  ftraight 
lines  AB^  £F,  the  angle  AGH 
is  equal  *  to  the  angle  GHF.  p 

Again,  bepaufe  the  ftraight  line  ^■■■^  %     /    ■  B 

GK  cuts  the  parallel  ftraight  lines 


EF,  CD,  the  angle  GHF  is  equal  jj 
*  to  the  angle  GKD ;  and  it  was 


Ihewn  that  the  angle  AGK  is  e-  n 

Jjual  to  tjie  angle  GHF  5  there-    - 
ore  alfo  AGK  is  equal  to  GKD; 
and  they  are  alternate  angles; 
therefore  AB  is  parallel  »>  to  CD,   VJTi^refore  ftraight  lines,  &c- 
(^E.D, 


PROP.    XXXL       P  R  O  B, 

TO  draw  a  ftraight  line  through  a  given  point  paral-. 
lel  to  a  given  ftraight  line* 

Let  A  be  the  given  point,  and  BC  the  given  ftraight  line ;  it 
is  required  to  draw  a  ftraight  line  p*  ik        TT 

through  the  point  A,  parallel  to  the  3I  iV       T 

ftraight  line  BC 

In  BC  take  any  point  D,  and  join 
AD;  and  at  the  point  A  in  the  _ 
a  23.  X.     ftraight  line  AJ)  make^  the  angle  D 
DAE  egual  to  the  angle  ADC ;  and 
produc?.the  ftraight  line  £A  to  F. 

Becaufe  the  ftraight  line  AD,  which  meets  the  two  ftraight 

lines  BC,  EF,  makes  the  alternate  angles  EAD,  ADC  eaual  to 

b  27.  i«     one  another,  $F  is  parallel  ^  to  BC.  Ther4ore  the  ftraight  line 

EAl? 
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EAF  is  drawn  through  the  given  point  A  parallel  to  the  given    Sook  i. 
ftraight  line  BC.    Which  was  to  he  done.  '    ' 


a9.11 


P  R  O  R    XXXii.     T?  H  E  O  R. 

TF  a  fide  of  any  triangle  be  produced^  the  exterior  angle 
18  equal  to  the  two  interior  and  oppofite  angles ;  and 
the  three  interior  angles  of  every  triangle  are  equal  to 
two  right  angles. 

Let  ABC  be  a  triangle,  and  let  one  of  its  fides  BC  be  pro- 
duced to  D  ;  the  exterior  angle  ACD  is  equal  to  the  two  inte- 
rior and  oppofite  angles  CAB,  ABC ;  and  the  three  interior 
angles  of  the  triangle,  viz.  ABC,  BCA,  CAB  are  together  e* 
qual  to  two  right  angles. 

Through  the  point  C  draw 
CE  parallel  *  to  the  ftraight  1  31-  '• 

liiie  AB ;  and  becaufe  AB  is  A. 

parallel  to  C£  and  AC  meets  y\  K 

them,  the  alternate  angles 
BAC,  ACE  are  equal ».  A- 
gam,  becaufe  AB  is  parallel 
to  C£,  and  BD  falls  upon 
them,  the  exterior  angle  BCD  ^ 
is  equal  to  the  interior  tind 

oppofite  angle  ABC;  but  the  angle  ACE  was  ihown  to  be  equal 
to  the  angle  BAC  )  therefore  the  whole  exterior  angle  ACD 
is  equal  to  the  two  interior  and  oppofite  angles  CAB,  ABC  ; 
tothefe  equals  add  the  angle  ACB,  and  the  angles  ACD,  ACB 
are  equal  to  the  three  angles  CBA,  BAC,  ACo  ;  but  the  angles 
ACD,  ACB  are  equal '  to  two  right  angles  ;  therefore  alfo  the  c  13. 
angles  CBA,  BAC,  ACB  are  equal  to  two  right  angles* 
Wherefore,  if  a  fide  of  a  triangle,  &c.  Q^E.  D. 

CoR.  I .  All  the  interior  angles 
of  any  redilineal  figure,  together 
with  four  right  angles,  are  equal 
tb  twice  as  many  right  angles  as 
the  figure  has  fides. 

For  any  re&ilineal  figure 
ABODE  can  be  divided  into  as 
Aany  triangles  as  the  figure  has 
fides,  by  drawing  ftraight  lines 
from  a  point  F  witliiu  the  figure 
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Book  r.  to  l^oth  of  its  ttAffes.  An^,  by  the  pftteeAing  propofittoO)  alf 
the  angles  of  thefe  tviatlgles  ai-e  eqtial  to  twice  as  many  righr- 
angles  as  there  are  triangles,  that  is,  as  there  are  (ides  of  the 
figure ;  and  the  fame  angles  are  equal  to  the  angles  of  the  fi*- 
gure,  together  urith  the  angles  at  the  point  F,  which  is  the  com- 
mon vertex  of  the  triangles  \  that  is ',  together  with  four  right 
togles.  Therefore  all  the  angles  of  the  figure,  together  witk 
four  right  angles,  are  equal  to  twice  as  maiiy  right  angles  as  ibt 
figure  has  (ides. 

Cor*  2.  All  the  exterior  angles  of  any  re£lilineal  figure^  are 
together  equal  to  four  right  angles. 

fiecaufe  every  interior  angle 
ABC,'with  its  adjacent  exterior 
ABD,  is  equal  *>  to  two  right 
angles ;  thereJFore  all  the  interi- 
or, together  with  all  the  exterior 
angles  of  the  figure,  are  equal 
to  twice  as  many  right  angles  as 
there  are  fides  of  the  figure;  that     _ 
289  by  the  foregoing  corollary,  T\ 
they  are  equal  to  all  the  inte-  ^ 
rior  angles  of  the  figure,  toge- 
ther with  four  right  angles  j  therefore  all  the  exterior  angles  arc 
equal  to  four  right  angles. 


PROP.    XXXm.      T  H  E  O  R. 

T*HE  ftraight  lines  which  join  the  extremities  of  two 
^  equal  and  parallel  ftraight  lines,  towards  the  ikme 
parts,  are  alfo  themfelves  equal  and  parallel. 

Let  AB,  CDbeequalandpa**  y 
rallel  ftraight  lines,  and  joined 
towards  the  fame  parts  by  the 
ftraight  lines  AC,  BD ;  AC,  BD 
are  aifo  equal  and  parallel. 

Join  Be  s  andbccaufe  AB  ispa« 
rallel  toCD,andBC  meets  them» 
the  alternate  angles  ABC,  BCD 

are  equal  ^;  and  becauie  AB  is  equal  to  CD,  and  BC  common 
to  the  two  triangles  ABC,  DCB,  the  two  fides  AB,  BC  are  e« 
qual  to  the  two  DC,  CB ;  and  thie  angle  ABC  is  equal  to  the 
angle  BCD ;  therefore  the  bafe  AC  is  equal  ^  to  the  b^fe  BD» 
and  the  triangle  ABC  to  the  triangle  BCD,  and  the  other  angles 

to 


fo  tlie  other  angles  ^9  each  to  each,  to  which  the  equal  fides  are    Boo^  j. 

4)ppofite ;  therefore  the  angle  ACB  is  equal  to  the  angle  CBD; 

and  becaufe  the  ftraight  line  BC  meets  the  two  ftraight  lines  b  4.  t. 

AC,  BD,  and  makes  the  alternate  angles  ACB,  CBD  equal  to 

one  another,  AC  is  parallel  ^  to  BD ;  and  it  was  fhown  td  be  c  27.  i, 

equal  to  it.    Therefore  ftraight  lines,  &c«  Q^E.  !)• 


PROP.    XXXIV.      T  H  E  O  R. 

THE  oppofite  fides  and  angles  of  paraHelograms  are 
equal  to  one  another,  and  the  diameter  bifcds  thcm^ 
that  is,  divides  them  in  two  equal  parts. 

N.  B.  A  farallelogram  is  a  four  fided  Jirun^  of  which 
the  oftojite fides  are  parallel  \  and  the  diameter  is  the 
firaight  line  joining  two  of  its  oppofite  angles. 

Let  ACDBJbe  a  paralIeloj!;ram,  of  which  BC  is  a  diameter  j 
the  oppofite  fides  and  angles  of  the  figure  are  equal  to  one  an- 
other ;  and  the  diameter  BC  bife^  it. 

Becaufe  AB  is  paiajlel toCD,  ^ 
and  BC  meets  them,  the  alter- 
Date  angles  ABC,  BCD  are  e- 

ijaal  *  to  one  another  \  and  be-      \  >^  \        %  29. 1, 

caufe  AC  is  parallel  to  BO,  and 

JBC  meets  them,  the  alternate  

angles  ACB,  CBD,  are  equal  *  C  I>  1 

to  one  another ;  wherefore  the  two  triangles  ABC,  CBD  uarc         ' 
two  angles  ABC,  BCA  in  one,  equal  to  two  angles  BCD,  CBD 
in  the  other,  each  to  each,  and  one  fide  BC  common  to  the 
two  triangles,  which  is  adjacent  to  their  equal  angles  }  there* 
fore  their  other  fides  /hall  be  equal,  each  to  each,  and  the 
third  angle  of  the  one  to  the 'third  angle  pt  the  other  ^,  viz.b  atf«s» 
the  fide  AB  to  the  fide  CD,  and  AC  to  BD,  and  the  angle 
BAC  equal  to  the  angle  BDC  :  And  becaufe  the  angle  ABC  is 
equal  to  the  angle  BCD,  and  the  angle  CBD  to  the  angle  ACB| 
the  whole  angle  ABD  is  equal  to  the  whole  angle  ACD  :  And 
the  angle  BAC  has  been  ihown  to  be  equal  to  the  angle  BDC  $ 
therefore  the  oppofite  fides  and  angles  of  parallelograms  are  e* 
qual  to  one  another ;  alfo,  their  diameter  bife£is  them  \  for 
AB  being  equal  to  CD,  and  BC  common,  the  two  AB,  ]^  ' 

are  egual  to  the  two  DC^  CB^  each  to  each  \  and  the>qgle  ABC 

C4  U 
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Book  T.    is  equal  to  the  angle  BCD ;  therefore  the  triangle  ABC  is  c^ 
V^v>U  quaPto  the  triangle  BCD,  and  the  diameter  BC  divides  the 
c  4*  >•       parallelogram  ACDB  into  two  equal  parts.     Q;^£.  D. 


PROP.    XXXV.      T  H  E  O  R. 


See  N. 


PARALLELOGRAMS  upoii  tlic  famc  bafc  and  between 
the  fame  parallels,  are  equal  to  one  another. 

Sec  the  ad       Let  the  parallelograms  ABCD,  EBCF,  be  upon  the  fainc 
and  3dfi-    jjjj-g  Bc^  2„^j  between  the  fame  parallels  AF,  BC ;  the  paralle- 
^"^^**         logram  ABCD  fliall  be  equal  to  the  parallelogram  EBCF. 
If  the  fides  AD,  DF  of  the  pa- 
ralleloerams  ABCD,  DBCF  oppofite  A  P  JF 

to  the  bafe  BC  be  terminated  in  the         ~ 
fame  point  D  ;  it  is  plain   that  each 
a  34.  I.      of  the  parallelograms  is  double  *  of 
the  triangle  BDC  ;  and  they  are  there- 
fore equal  to  one  another.  _ 
But,  if  the  fides  AD,  EF,  opporitei> 
to  the  bafe  BC  of  the  parallelograms 

ABCD,  EBCF,  be  nor  terminated  in  the  fame  point;  then, be* 

caufe  ABCD  is  a  parallelogram,  AD  is  equal*  to  BC;  for  the 

b  I.  Ax,    fame  reafon  EF  is  equal  to  BC  ;  wherefore  AD  is  equal  *>  to 

EF ;  and  DE  is  common  ;  therefore  the  whole,  or  the  remain- 

c  1.  or  3.     der,  AE  is  equal  ^  to  the  whole,  or  the  remainder  DF ;  AB  al- 

"^*'  fo  is  equal  to  DC  ;  and  the  two  EA,  AB  are  therefore  equal  to 

A         D  E  FA  E     D  F 


B  C  B 

the  two  FD,  DC,  each  to  each ;  and  the  exterior  angle  FDC 
d  29. 1.  is  equal  ^  to  the  interior  E  AB  ;  therefore  the  bafe  EB  is  equal 
C4.  X.         to  the  bafe  FC,  and  the  triangle  EAB  equaP  to  the  triangle 

FDC ;  take  the  triangle  FDC  from  the  trapezium  ABCF,  and 

from  the  fame  trapezium  take  the  triangle  EAB ;  the  remain*  . 
f  3.  Ax.      ders  therefore  are  equal  f,  that  is,  the  parallelogram  ABCD  is 

equal  to  the  parallelogram  EBCF.    Therefore  parallelogiamt 

tipon  the  fame  bafe^  &c.  Q^E*  D« 

PROP- 
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PROP.  XXXVI.      THEOR. 

PA^RALLELOGKAMs  upon  equal  bafes  and  between  the 
fame  parallels^  are  equal  to  one  another. 

LctABCD,EFGHbc  A 
paralldograms  upon  e-A 
qual  bafcs  BC,  FG,  and 
between  the  fame  paral- 
lels AH,  BG  i  the  paral- 
lelogram  ABCD  is  equal 
to  EFGH. 

Join  BE,   CH;    and-Q  '^        =w  ^ 

becaufeBC  is  equal  to-O  V/        J?  KJ 

FG,  and  FG  to  ■  EH,  BC  is  equal  to  EH  ;  and  they  are  pa-  *  34«  i. 
rallels,  and  joined  towards  the  fame  parts  by  the  ftraight  lines 
BE,  CH :  But  ftraight  lines  which  join  equal  and  parallel 
ftraight  lines  towards  the  fame  parts,  are  themfelves  equal  and 
parallel  ^ ;  therefore  EB,  CH  are  both  equal  and  parallel,  and     ^^  '' 
EBCH  is  a  parallelogram ;  and  it  is  equal  ^  to  ABCD,  becaufe  «  3S. ». 
it  is  upon  the  fame  bafe  BC,  and  between  the  fame  parallels  BC, 
AD :  For  the  like  reafon,  the  parallelogram  EFGH  is  equal  to 
the  feme  EBCH  :  Therefore  alfo  the  parallelogram  ABCD  is 
equal  to  EFGH.    Wherefore  parallelograms,  &c.  Q^E.  D. 


T 


PROP.    XXXVn.      T  H  E  O  R.. 

RiANGLEs  upon  the  fame  bafe,  and  between  the 
fame  parallels,  are  equal  to  one  another. 


Let  the  triangles  ABC,  DBC  be  upon  the  fame  bafe  BC  and 
between  the  fame  parallels  tji  A         TI  TT 

AD,  BC:  The  triangle  ABC  *"  t^^     j^    ,     , ,  ■  ^ 

is    equal    to    the    triangle 
DBC. 

Produce  AD  both  ways 
to  the  points  E,  F,  and  thro* 

B  draw  *  BE  parallel  to  C  A  •,  \£^ ^^  «  $t.  i; 

and  thro'  C  draw  CF  paral- 
lel to  BD :  Therefore  each 
of  the  figures  EBC  A,  DBCF  is  a  parallelogram  ;  and  EBCA  is 
equal  ^  to  DBCF,  bexaufe  they  arc  upon  the  fame  bafe  BC,  and  b  35.  r. 
between  the  fame  parallels  BC,  EF ;  and  the  triangle  ABC  is 

the 
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Book  I.    the  half  of  the  parallelogram  £BC  A,  becaufe  the  diameter  AB 
'  bifeds  ^  it ;  and  the  triangle  DBC  is  the  half  of  the  parallelo- 


d  7«  As. 


c  ]4*>< 


d  7.  Ax. 


«  3t»  i« 


Q.E.  D. 


PROP.    XXXVffl*      T  H  E  O  R. 


T 


Rr ANGLES  Upon  equal  bafes,  and  between  the  fame 
parallels,  are  equal  to  one  another. 

Let  the  triangles  ABC»  DEF  be  upon  equal  bafes  BC|  EFt 
and  between  the  fame  parallels  BF^  AD :  The  triangle  ABC 
is  equal  to  the  triangle  DEF. 

Produce  AD  both  v^ays  to  the  points  G,  H,  and  through  B 

n  3<«  ■•     draw  BG  parallel*  to  CA,  and  through  F  draw  FH  parallel  t# 
ED :  Then  each  of    ^  k  Tr%  tt 

the  figures  GBCA,    KJT  I\.  U  MTX 

DEFH  is  a  paralle- 
logram i    and  they 

h  jtf.i.  are  equal •>  to  one  an- 
other, becaufe  they 
are  upon  equal  bafes 
BC,EF  and  between 
the  fame    parallels 

BF,  GH )  and  the  triangle  ABC  is  the  half  ^of  the  parallelogram 
GBCA,  becaufe  the  diameter  AB  btfe£ls  it ;  and  the  triangle 
DEF  is  the  half  <"  of  the  parallelogram  DEFH,  becaufe  the  di- 
ameter DFbifeAs  it :  But  the  halres  of  equal  things  are  equaH ; 
therefore  the  triangle  ABC  is  equal  tO' the  xriangk  DEF.  Where- 
fore  triangles,  &c.  Q^  £.  D. 


E 


PROP.    XXXEK.     T  H  E  O  R. 

QITAL  triangles  upon  the  fame  bafe,  and  upon  the 
iame  fide  of  it,  are  between  the  lame  parallels. 

Let  the  equal  triangles  ABC,  DBC  be  upon  the  fame  bafe 
BC,  and  upon  the  fame  fide  of  it  ^  they  are  between  the  fame 
parallels. 

Join  AD ;  AD  is  parallel  to  BC ;  for,  if  it  is  not,  through 
the  point  A  draw  ^  A£  parallel  to  BC^  and  join  EC :  The  tri- 

an|[le 


OFEtrCLtO.  4§ 

angle  ABC  is  equal  ^  to  the  triangle  EBC,  hctivSc  it '  is  npod    Book  h 
the  fame  bafeBCt  and  between  the  fame    a  O 

parailels  BC,   AE  :  But  the .  triangle    ^^    i  \\^  b  37.  t. 

ABC  ta  equal  to  the  triangle  BDC ; 
therefore  sdfo  the  triangle  BDC  is  e- 
qual  to  the  triangle  £BC«  the  greater 
to  the  lefs,  which  is  impollibk :  There- 
fore A£  is  not  parallel  to  BC.  In  the 
iame  manner^  it  can  be  demonftrated 
that  DO  other  line  but  AD  is  parallel  to 
BC  I  AD  is  therefore  parallel  to  it*  Wherefore  equal  triangles 
upon^  &c.  C^£.  D. 

PROP.    XL.      THEOR. 

EC^AL  triangles  upon  equal  bafes,  in  the  fame 
Itraught  line,  and  towards  the  &n3C  parts,  are  be** 
rween  the  fame  parallels. 

Let  the  eqnal  triangles  ABC,  DEF  be  upon  equal  bafes  BC| 
EF,   iu  the  lame  ftiraight 
line  BF,  and  towards  the 
fame  parts  ;  they  are  be* 
tweeti  the  fame  parallels. 

Join  AD ;  AD  is  paral^ 
lei  to  BC  :  For,  if  it  is  not, 

through  A  draw  •AG  pa-    /  \         I  ""^^    «  3'.  »* 

xallel  to  BF,  and  join  GF  i-n  '  rt      P  '  -p 

Tketf  iMgle  ABC  is  equal  ^^  V^JCi  £b3«.t. 

to  the  triangle  GEF,  becaufe  they  are  apon  equal  bafes  BC, 
£F,  and  between  the  fame  parallels  BF,  AG :  But  the  triangle 
ABC  is  eqaal  to  the  triangle  DEF ;  therefore  alfo  the  triangle 
DEF  is*  equal  to  the  triangle  GEF,  the  greater  to  the  lefs,  which 
is  impoilible,:  Therefore  AG  is  not  parallel  to  BF :  And  in  the 
£ime  muneir  it  can  be  demonftrated  that  there  is  no  other  paral- 
lel to-it  bift  AD  %  AD  is  therefore  parallel  to  BF.  Wherefore 
equal  triangles,  &c.  (^E.  D. 


PROP.    XLI.     THEOR. 

IF  a  parallelogram  and  triangle  be  upon  the  fame  bafe, 
and  between  the  fame  parallels ;  the  parallelogram 

jhali  be  double  of  the  triangle. 

Let 


»  37. 1. 


a  to.  I. 


641.1. 
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Book  I.  Let  thi  parallelogram  ABCD  and  the  triangle  EBC  be  fip^ 
on  the  fame  bafe  BC,  and  between  the  fame  parallels  BC,  AE  ; 
the  parallelogram  ABCD  is  double 
of  the  triangle  EBC. 

Join  AC  ;  then  the  triangle  ABC 
is  equal  *  to  the  triangle  £BC|  be- 
caufe  they  are  upon  the  fame  bafe 
BC,  and  between  the  faihe  parallels 
BC,  AE.  But  the  parallelogram 
fc  ,4. 1.      ABCD   is  double  *>  of  the  triangle 

"     '      ABC,  becaufe  the  diameter  AC  di-  

vidcs  it  into  two  equal  parts ;  where-         ^  ^ 

fore  ABCD  is  alfo  double  of  the  tri- 
angle EBC.    Therefore^  if  a  parallelogram,  &c.  Q^E.  D. 


PROP.    XUI.      P  R  O  B. 

TO  defcribe  a  parallelogram  that  ihall  be  equal  to  a 
given  triangle,  and  have  one  of  its  angles  equal  td 
a  given  redtilitieal  angle* 

Let  ABC  be  the  given  triangle,  and  D  the  jgiven  re&ilineal 
angle.  It  is  required  to  defcribe  a  parallelogram  that  (hall  be 
equal  to  (he  given  triangle  ABC,  and  have  one  of  its  angles 
equal  to  D. 

BifeA  ^  BC  in  £,  join  AE,  and  at  the  point  E  in  the  ftraight 

b  aj.  I.     line  EC  make  ^  the  angle  CEF  equal  to  D ;  and  thro*  A  draw 

c  31. 1.  ^  AG  parallel  to  EC,  and  thro* 
C  draw  CG  ^  parallel  to  EF : 
Therefore  FECG  is  a  parallelo- 
gram :  And  becaufe  BE  is  equal 
to  EC,  the  triangle  ABE  is  like- 

4  38.  f .     wife  equal  ^  to  the  triangle  AEC, 
iince  they  are  upon  equal  bafes 
BE,  EC,  and  between  the  fame 
parallels  BC,  AG ;  therefore  the 
triangle  ABC  is  double  of  the  J3 
triangle  AEC :  And  the  paral- 
lelogram FECG  is  likewife  double  *  of  the  triangle  AEC,  be- 
caufe it  is  upon  the  fame  bafe,  and  between  the  fame  pa- 
rallels: Therefore  the  parallelogram  FTCG  is  equal  to  the 
triangle  ABC,  and  it  has  one  of  its  angles  CEF  equal  to  the 
given  angle  D :  Wherefore  there  has  been  defcribcd  a  paralle- 
logram 


OP    EUCLip. 


4* 


logram  FECG  equal  to  a  given  triangle  ABC,  having  one  of   Book  L 
its  angles  CEF  equal  to  the  given  angle  D.    Which  was  to  be  ' 
done. 

PROP.    XLIII,      T  H  E  O  R. 

THE  complements  of  the  parallelograms  which  are 
about  the  diameter  of  any  parall^ogram,  are  equal 
to  one  another. 

Let  ABCD  be  a  parallelogram,  of  which  the  diameter  10 
AC,  and  EH,  FG  the  paral- 
lelograms  about  AC,  that  /j, 
thro*  'which  AC  pajfe^s,  and 
BKy  KD  the  other  parallelo- 
grams vrhich  make  up  the 
whole  figure  ABCD,  which 
arc  therefore  called  the  com* 
plements  :  The  complement 
BK  is  equal  to  the  comple- 
ment KD. 

Becaufe  ABCD  is  a  paral- 
lelogram, and  AC  its  diameter,  the  triangle  ABC  is  equal  *  tda  34.  t« 
the  triangle  ADC :  And«  becaufe  EKH  A  is  a  parallelogram,  the 
diameter  of  which  id  AK,  the  triangle  AEK  is  equal  to  the  tri- 
angle AHK:  By  the  fame  reafon,  the  triangle  KGC  is  equal  to 
the  triangle  KFC:  Then,  becaufe  the  triangle  AEK  is  equal  to 
the  triangle  AHK,  and  the  triangle  KGC  to  KFC  ;  the  triangle 
AEK,  together  with  the  triangle  KGC  is  equal  to  the  triangle 
AHK  together  with  the  triangle  KFC  :  But  the  whole  triangle 
ABC  is  equal  to  the  whole  ADC}  therefore  the  remaining 
complement  BI^  is  equal  to  the  remaining  complement  KD, 
'WThcreforc  the  complements,  &c.  Q^E.  D. 

PROP,    XLIV,      P  R  Q  B, 

TO  a  given  ftraight  line  to  apply  a  parallelogram, 
which  (hall  be  equal  to  a  given  triangle,  and  have 
one  of  its  angles  equal  to  a  given  reftilineal  angle* 

Let  AB  be  the  given  ftraight  line,  and  C  the  given  triangle^ 
and  D  the  given  redilineal  angle.  It  is  required  to  apply  to  the 
ftraight  line  AB  a  parallelogram  equal  to  the  triangle  C,  and 
havinfi:  an  angle  equal  to  D. 

*Make 
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b  31.  t. 


€  ip.  7* 


Make  •  the 
parallelogram 
SEFG  equal 
to  the  triangle 
Cf  and  having 
dieangleEBG 
equal  to  the 
angIeD,fothat 
BE  be  in  the 

fame  ftraight  Ti     ^  A  T 

line  with  AB,  Jtl         A  JL 

and  produce  FG  to  H  ;  and  thro'  A  draw  ^  AH  parallel  to  BG 
or  £F,  and  join  HB.  Then,  becaufe  the  ftraight  line  HF  falb 
upon  the  parallels  AH,  EF,  the  angles  AHF,  HFE,  are  toge- 
ther equal  ^  to  two  right  angles;  wherefore  the  angles  BHF, 
HFE  are  lefler  than  two  right  angles :  But  ftraight  lines  which 
with  another  ftraight  line  make  the  interior  angles  upon  the 
4  la.  Ax.  dame  fide  lefs  than  two  right  angles,  do  meet  ^  if  produced  £ar 
enough  :  Therefore,  HB,  FE  fliall  meet,  if  produced ;  let  them 
meet  in  E,  and  through  K  draw  KL  parallel  to  £  A  or  FJti,  an4 
produce  HA,  GB  to  the  points  L,  M :  Then  HLKF  is  a  paral- 
lelogram, of  which  the  diameter  is  HK|  and  AG,  ME  are  the 
parallelograms  about  HK ;  and  LB,  BF  are  the  complements  \ 
therefore  LB  is  equal '  to  BF :  But  BF  is  equal  to  the  triangle  C  i 
wherefore  LB  is  equal  to  the  triangle  C  :  And  becaufe  the  aoglo 
GBE  is  equal  ^  to  the  angle  ABM,  and  likewife  to  the  angle  D  $ 
the  angle  ABM  is  equal  to  the  angle  D:  Therefore  the  paralle<« 
logram  LB  is  applied  to  the  ftraight  line  AB,  is  equal  to  the  tfi< 
9f>gle  C,  and  ha3  t}ie  angle  ABM  equal  to  the  angle  D :  Which 
wa^  to  be  done* 


e  43*  «« 


f  15*  I- 


b  44*  I* 


PROP.    XLV.      P  R  O  B. 

TO  defcribe  a  parallelogram  equal  to  a  given  re£lili« 
neal  figure^  and  having  an  angle  e^uat  to  a  givei). 
^edUineal  angle. 

Let  ABCD  be  the  given  re&ilineal  figure,  and  £  the  given 
re£lilineal  angle.  It  is  required  to  defcribe  a  parallelogram  e* 
qual  to  ABCf),  and  having  an  anele  equal  to  £• 

John  DB,  and  defcribe^ the  parallelogram  FH  equal  to  the  tri- 
anele  ADB,  and  having  the  angle  HkF  equal  to  the  angle  £| 
and  to  the  ftraight  line  GH  apply  >  the  paralldogram  GMequal 

•     '        •         •  tq 


to  the  triangle  DBC,  having  the  angle  GHM  equal  to  the  anele    Book  i« 
£ ;  and  becaufe  the  angle  £  is  equal  to  each  of  the  angles 
FKH,   GHM,   the  angle  FKH  is   equal  to  GHM;  add. to 
each  of  thefe  the  angle  KHG  ;  therefore  the  angles  FKH^' 
KHG  are  equal 

KHG'GHflltA- B  E-S-L 

but  FKH,  KHG 

are  equal  ^  to  two        \  /    \    /jfl        /  /        J     c%9,u 

right      angles  ; 

therefore        alfo 

KHG,      GHM 

are  equal  to  two 

right  angles;  and 

becaufe    at    the 

point  H  in  the  ftfSlight  line  GH^  the  two  ftraight  lines  KH,  HM 
upon  the  oppofite  fides  of  it  make  the  adjacent  angles  equal  to 

two  right  angles,  KH  is  in  the  fame  ftraight  line  ^  with  HM  ;  ^  i4»  l« 
and  becaufe  the  ftraight  line  HG  meets  the  parallels  KM,  FG^ 
the  alternate  angles  MHG,  HGF  are  equal  ^ :  Add  to  each  of 
the(b,  the  angle  HGL:  Therefore  the  angles  MHG|  HGL  are 
equal  to  the  angles  HGF,  HGL :  But  the  angles  MHG,  HGL 
are  equal ^  to  two  rig*ht  angles ;  wherefore  alfo  the  angles  HGF, 
HGL  are  equal  to  two  right  angles,  and  FG  is  therefore  in  the 
fame  ftraight  line  with  GL:  And  becaufe  KF  is  parallel  to 
HO,  and  HG  to  ML ;  KF  is  parallel  « to  ML :  And  KM,  FL  «  3o.  i. 
arc  parallels  ;  wherefore  KFLM  is  a  parallelogram  ;  and  becaufe 
the  triangle  ABD  is  equal  to  the  parallelogram  HF,  and  the 
triangle  DBC  to  the  parallelogram  GM ;  the  whole  rectili- 
neal figure  ABCD  is  equal  to  the  whole  parallelogram  KFLM; 
therefore  the  parallelogram  KFLM  has  been  defcribed  equal  to 
the  given  redilineal  figure  ABCD,  having  the  angle  FKM  e- 
qual  to  the  given  angle  S»    Which  was  to  be  done. 

CoR.  From  this  it  is  manifeft  how  to  a  given  ftraight  line  to 
apply  a  parallelogram,  which  ftiall  have  an  angle  equal  to  a 
given  rectilineal  angle,  and  (hall  bp  equal  to  a  given  redtilineal 
figure,  viz.  by  applying^  to  the  given  ftraight  line,  a  paiallelo^  b  44.  i. 
gram  equal  to  the  nrft  triangle  ABD,  and  having  an  angle  e- 
gtial  to  the  given  angle. 


PROP. 
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e  39.  Z. 


PROP.    XLVI.     P  R  O  B. 
J.  O  defcribe  a  fquarc  upon  a  given  ftraight  line. 

Let  AB  be  the  given  ftraight  line  \  it  is  required  tp  defcribe 
a  fquare  upon  AB. 

From  the  point  A  draw  *  AC  at  right  angles  to  AB  ;  and 
make  ^  AD  equal  to  AB,  and  through  the  point  D  draw  DE 
parallel  ^to  AB,  and  through  B  draw  BE  parallel  to  AD;  there- 
fore ADEB  is  a  parallelogram ;  whence  AB  is  equal^  to  DEj  and 
AD  to  B£  :  But  BA  is  equal  to  AD;  r^ 
therefore  the  four  ftraight  lines  BA, 
AD,  D£,  EB  are  equal  to  one  ano- 
ther, and  the  parallelogram  ADEBf> 
is  equilateral,  likewife  all  its  angles 
are  right  angles  ;  becaufe  die. ftraight 
line  AD  meeting  the  parallels  AB, 
DE,  the  angles  BAD,  ADE,  are  e- 
qual  ^  to  two  right  angles ;  but  BAD 
is  a  right  angle  ;  therefore  alfo  ADE 
is  a  right  angle ;  but  the  oppoGte  A 
angles  of  parallelograms  are  equal  ^ ; 
therefore  each  of  tne  oppofite  angles  ABE,  BED  is  a  right 
angle ;  wherefore  the  figure  ADEB  is  rectangular,  and  it  has. 
been  demonftrated  that  it  is  equilateral;  it  is  therefore  a  fquare, 
and  It  is  defcribed  upon  the  given  ftraight  line  AB :  Which 
was  to  be  dona 

CoR.  Hence  every  parallelogram  that  has  one  right  angle 
has  all  its  angles  right  angles. 


a  4C.  i\ 


PROP.    XLVn.      T  H  E  O  R. 


I 


equal  to  the  fquarcs  defcribed  upon  the  fides  which  cont 
tain  the  right  angle. 

Let  ABC  be  a  right  angled  triangle  having  the  right  angle 
BAC  ;  the  fquare  defcribed  upon  the  fide  BC  is  equal  to  the 
fquares  defcribed  upon  BA,  AC 

On  BC  defcribe*  the  fquare BDECj  and  on  B  A>  AC  the  fquares 

GB, 
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d  14.1. 


GB|  HC;  aBd  thro'  A  draw  <>  AL  parallel  to  BD  or  CE,  and    Bbok.  I. 
join  AD,  FC  J  tbcn^becaufe  each  of  the  angles  BAG,  BAG  is  L-^^k^^^-I/ 
a     right    angle  ^,    the   two  ^ 

ilraight  lines  AC,  AG  up- 
on the  oppofite  fides  of  AB, 
make  with  it  at  the  point  A 
the  adjacent  angles  equal  to 
two  right  angles  \  therefore 
C  A  is  in  the  fame  flraight 
line*' with  AG;  for  the  fame 
reafcKi,  AB  and  AH  are  in 
the  fame  ftraight  line ;  and 
becaufe  the  angle  DBC  is  e- 
qual  to  the  angle  FB  A,  each 
of  them  being  a  right  angle, 
add  to  each  the  angle  ABC, 

and  the  whole  angle  DBA  is  

equal  ^  to  the  whole  FBC  ;  and  becaufe  the  two  fides  AB,  BD  c  2.  Ax. 
are  equal  to  the  two  FB,  BC,  e^ch  to  e^h|  and  the  angle 
DBA  equal' to  the  angle  FBC 4  therefore  the  bafe  AD  is  e- 
qual  f  to  the  bafe  FC,  and  the  triangle  ABD  to  the  triangle  f  4- 1* 
TBC  :  Now  the  parallelogram  BL  is  double  ^  of  the  iriangk  g  41.  u 
ABD,  becaufe  they  are  upon  the  fame  bafe  BD,  ^nd  between 
the  fame  parallels,  BD,  AL  ;  and  the  fquare  GB  is  double  of 
the  triangle  FBC,  becaufe  thefe  alfo  are  upon  the  fame  bafe 
FB<  and  between  the  fame  parallels  FB,  GC  :  But  the  doubles 
of  equals  are  equal  ^  to  one  another :  Therefore  the  parallels  h  d.  Ax. 
gram  BL  is  equal  to  the  fquare  GB  ;  And  in  the  fam.^  manner, 
by  joining  A£,  BK,  it  is  demonilrated  that  the  parallelogram 
C!L  is  equal  to  the  fquare  HC :  Therefore  the  whole  fquare 
BD£C  is  equal  to  the  two  fquares  GB,  HC  ;  and  the  fquare 
BDEC  is  delcribed  upon  the  ilraight  line  BC,  and  the  fquares 
GB,  HC  upon  BA,  AC  :  Wherefore  the  fquare  upon  the  fide 
BC  irequal  to  the  fquares  upon  the  fides  B  A,  AC.     Therefore 
in  any  right  angled  triangle,  &c»  C^E.  D. 


PROP.    XLVIIL      T  H  E  O  R. 

IF  the  fquare  dcfcribcd  upon  one  of  the  fides  of  a  tri- 
angle, be  equal  to  thq  fquares  defcribed  upon  the  o- 
ther  two  fides  of  it ;  the*  angle  contjuricd  by  thefe  two 
fides  is  a  right  angle. 


D 
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If  the  fquare  defcribed  upon  BC,  one  of  the  fides  of  the  tri« 
angle  ABC,  be  equal  to  the  iquares  upon  the  other  fides  BAj 
AC ;  the  angle  BAC  is  a  right  angle. 

a  xr. I.  Froni  the  point  A  draw*  AD  at  right  angles  to  AC,  and 

make  AD  equal  to  BA,  and  join  DC  :  Then,  becauHp  DA  is 
equal  to  AB,  the  fquare  of  DA  is  equal 
to  the  fquare  of  AB :  To  each  of  thefe 
add  the  fquare  of  AC ;  therefore  the  fquares 
of  DA,  AC,  are  equal  to  the  fquares  of 
BA,  AC  ;  But  the  fquare  of  DC  is  equal 

b  47.  t.  b  to  the  fquares  of  DA,  AC,  becaufe  D  AC 
is  a  right  angle ;  and  the  fquare  of  BC,  by 
hypothefis,  is  equal  to  the  fquares  of  BA, 
AC  ;  therefore  the  fquare  of  DC  is  equal 
to  the  fouare  of  BC  }  and  therefore  alfo. 
the  fide  DC  is  equal  to  the  fide  BC.  And 
becaufe  the  fide  DA  is  equal  to  AB,  and  AC  common  to  the 
two  triangles  D AC,  BAC,  the  two  DA,  AC  are  eaual  to  the 
two  B A,  AC  J  and  the  bafe  DC  is  equal  to  the  bafe  13C ;  there- 
fore the  angle  DAC  is  equal '^  to  the  an^le  BAC  :  But  DAC 
is  a  right  angle;  therefore  alfo  BAC  is  a  nght  angle.  Therefore, 
if  the  fquare,  &c.  Q^E.  D* 
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DEFINITIONS. 


I. 

EVERY  right  angled  parallelogram  is  faid  to  be  contained 
by  any  two  of  the  ftraight  lines  which  contain  one  of  the 
right  angles. 

n. 

In  every  parallelogram,  any  of  the  parallelograms  about  a  dia- 
meter,  together   with  thj? 
two  complements,  is  called    ^  ^      -^ 
a  Gnomon.  •  Thus  the  pa- 

*  rallelogram    HG,    toge- 

*  ther   with   the    comple- 

*  mcntsAF,FC,isthegno- 

*  mon,  which  is  more  brief- 

*  ly  expreflcjd  by  .the  letters 
^  AGK,  or  EHC  which  are 

*  at  the  oppofite  angles  of 

*  the  parallelograms  which  make  the  gnomon/ 

P  R  O  P.    I.      T  H  E  O  R. 

p  there  be  two  ftraight  lines,  one  of  which  is  divided 
into  any  number  of  parts  ;  the  rcSahgle  contained  by 
the  two  ftraight  lines,  is  equal  to  the  rcSangles  contain- 
ed by  the  undivided  line,  and  the  feveral  parts  of  the 
imd^dline. 

P  a  M 
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II.  I. 


b  3-  »• 
c  31.  I. 


d34.i. 


Let  A  and  BC  be  two  ilraight  lines;  and  let  BC  be  divided 
into  any  parts  in  the  points  D,  fe  ;  the  re&angle  contained  by 
the  (Iraight  lines  A,  BC  is  equal  ^  T^       1?      /^ 

to  the  re£):angte  contained  by  A,  K: "       X^    S^ 

BD,  together  with  that  contain- 
ed by  A,  D£,  and  that  contained 
by  A,  EC. 

From  the  point  B  draw '  BF^ 
at  right  angles  to  BC,  and  make^ 
BG  equal  ^  to  A  ;  and  through 
G  draw  «  GH  parallel  to  BC  ;— 
and  through  D,  E,  C  draw  *^  DKl} 
EL,  CH  parallel  to  BG  5  then  the 

rectangle  BH  is  equal  to  the  re£tangles  BK,  DL,  EH  ;  and 
BH  is  contained  by  A,  BC,  for  it  is  contained  by  GB,  BC^  and 
GB  is  equal  to  A ;  and  BK  is  contained  by  A,  BD,  for  it  is 
contained  by  GB,  BD|  of  which  GB  is  equal  to  A  ;  and  DL  is 
contained  by  A,  DE,  becaufe  Dfc,  that  is,  ^  BG,  is  equal  to  A ; 
and  in  like  manner  the  rediangle  EH  is  contained  by  A,  EC  : 
Therefore  the  re£lang1e  contained  by  A,  BC  is  equal  to  the  fe- 
veral  rcftangles  contained  by  A,  BD,  and  by  A,  DE ;  and  alfo 
by  A,  EC.  Wherefore,  if  there  be  two  ftraight  lines,  &c- 
Q^E.  D. 


a  46.  f . 
b  31. 1. 


P  R  O  P.    IL     T  H  E  O  R. 

TF  a  ftraight  line  be  divided  into  any  two  parts,  the 
rcftangles  contained  by  the  whole  and  each  of  the 
parts,  arc  together  equal  to  the  fquare  of  the  whole 
line* 


A 


Let  the  ftraight  line  AB  be  divided  into 
any  two  parts  in  the  point  C ;  the  red- 
angle  contained  by  AB,  BC,  together  with 
the  re£tangle  *  AB,  AC,  (hall  be  equal  to 
the  fquare  of  AB. 

Upon  AB  defcribe  •  the  fquare  ADEB, 
and  through  C  draw  *>  CF,  parallel  to  AD,  [ 
or  BE ;  then  AE  is  equal  to  the  redangles  L 
AF,  CE ;  and  AE  is  the  fquare  of  AB  j  O 


C    B 


and 


*  N.  B.  To  avoid  repeating  the  word  cotaaiuei  too  frequcnilf ,  die  veOaAgte 
contained  by  two  araight  lines  AB,  AC  if  foioeamef  iiapiy  called  the  fcaaofile 
ABf,  AC 
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and  AF  is  the  redangle  contained  by  BA,  AC  ;  for  it  is  con-  Book  n. 
tained  by  DA,  AC,  of  which  AD  is  equal  to  AB  ;  and  CE 
is  contained  by  AB,  EC,  for  BE  is  equal  to  AB ;  therefore  the 
re£langle  contained  by  AB,  ,AC,  together  with  the  re^langle 
AB,  WC,  is  equal  to  the  fquare  of  AB.  If  therefore  a  ftraight 
line^  &c»  Q^E.  D«> 


PROP.    in.      T  H  E  O  R. 

TF  a  ftraight  line  be  divided  into  any  two  parts,  the 
redangle  contained  by  the  whole  and  one  of  the 
pans,  is  equal  to  the  redkangle  contained  by  the  two 
parts,  together  with  the  fquare  of  the  forefaid  part. 

Let  the  ftraight  line  AB  be'divided  into  any  two  parts  in  the 
point  C  \  the  re^angle  AB,  BC  is  equal  to  the  re£langle  AC,  CB, 
together  with  the  fquare  of  BC. 

Upon    BC    defcribe  *  the    fquare  a 
CDEB,  and  produce  ED  to  F,  and  f^ 
through  A  draw  ^  AF  parallel  to  CD 
or  BE  •,  then  the  redangle  AE  is  e- 
qoal  to  the  redangles  AD,  CE;  and 
AE  is  the  re£tangle  contained  by  AB, 
Be,  for  it  is  contained  by  AB,  BE, 
of  which  BE  is  equal  to  BCj  and 
AD  is  contained  by  AC,  CB,  forL 
CD  is  equal  to  CB ;  and  DB  is  theJT 
fquare  of  BC  ;  therefore  the  redangle  , 

AB,  BC  is  equati  to  the  re^iangle  AC*  CB  together  with  the 
^uare  of  BC.    If  therefoie  a  ftraight  line,  Jcc*  Q^E.  D. 


a  46.  z« 
b  3i«i* 


P  R  O  F.    IV*      T  H  E  O  R. 


JF  a  ftraiffht  line  be  divided  into  any  two  parts,  the 
fquare  of  the  whole  line  is  equal  to  the  fquares  of  the 
two  parts,  together  with  twice  the  redanglc  contained  by 
the  parts. 

Let  the  ftraight  line  AB  be  divided  into  any  two  parts  in  C ; 
t^e  fquare  of  AB  is  equal  to  the  fquares  of  AC,  CB  and  to 
twice  the  icStzcif^c  contained  by  AC,  CB. . 

D  3  Upon 
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Upon  AB  dcfcribc*the  fquare  ADEB»  and  join  BD,  an  J 
thro'  C  draw*'  CGF  parallel  to  AD  or  BE,  and  thro*  G  draw 
H£  parallel  to  AB  or  D£ :  And  becaufe  CF  is  parallel  to  AD, 
and  oJy  falls  upon  them,  the  exterior  angle  BGC  is  equal  ^  to 
the  interior  and  oppoHte  angle  ADB ;  butADB  is  equal  ^  to 
the  angle  ABD,  becaufe  BA  is  equal  to  AD«  being  (ides  of  a 
fquare;  wherefore   the  angle   CGB     K  C         R 

is  equal  to  the  angle  GBC ;  and  there- 
fore  the  Gde  BC  is  equal  ^  to  the 
fide  CG :  But  CB  is  equal  f  alfo  to 
GK,  and  CG  to  BK ;  wherefore  H 
the  figure  CGKB  is  equilateral :  It  is 
likcwife  reflangular ;  for  CG  is  pa- 
rallel to  BK,  and  CB  meets  them  j 
the  angles  KBC,  GCB  are  therefore 


G 

/ 

K 


F     E 


equal  to  two  right  angles ;  and  KBC     D 


lis  a  right  angle;  wherefore  GCB  is  a  right  angle ;  and  therefore 
alfo  the  angles  f  CGK,  GKB  oppofite  to  thefe  arc  right  angles^ 
and  CGKB  is  reftangular :  But  it  is  alfo  equilateral,  as  was 
demonilrated  ;  wherefore  it  is  a  fquare,  and  it  is  upon  the  fide 
CB:  For  the  feme  reafon  HFalfo  is  a  fquare,  and  it  is  upon  the 
fide  HG  which  is  equal  to  AC :  Therefore  HF,  CK  are  the 
fquares  of  AC,  CB  ;  and  becaufe  the  complement  AG  is  equal 
« to  the  complement  GE,  and  that  AG  is  the  reftangle  contain- 
ed by  AC,  CB,  for  GC  is  equal  to  CB;  therefore  GE  is  alfo  eqiial 
to  the  reftanglc  AC,  CB ;  wherefore  AG,  GE  are  equal  to 
twice  the  reftangle  AC,  CB :  And  HF,  CK  are  the  fquares  of 
AC,  CB ;  wherefore  the.  four  figures  HF,  CK,  AG,  GE  are 
equal  to  the  fquares  of  AC,  CB  and  to  twice  the  rectangle 
AC,  CB :  But  HF,  CK,  AG,  GE  make  up  the  whole  figure 
ADEB,  which  is  the  fquare  of  AB:  Therefore  the  fquare  of  AB 
is  equal  to  the  fquares  of  AC,  CB  and  twice  the  re£l:angle  AC, 
CB.    Wherefore,  if  a  ftraight  line,  &c.  Q^E.  D. 

CoR.  From  the  demonftration,  it  is  manifeft,  that  the  pa- 
rallelograms about  the  diameter  of  a  fquare  are  likewife  fquares. 


PROP. 
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.    P  R  O  P.    V.     T  H  E  O  R. 

Fa  ftraight  line  be  divided  into  two   equal  parts, 
and  alfo  into  two  unequal  parts  ;  the  rcftanglc  con- 
tained by  the  unequal  parts,  together  with  the  fquarc  of 
the  line  between  the  points  of  feftion,  is  equal  to  the    . 
fquare  of  half  the  line. 

• 

Let  the  ilraight  line  AB  be  divided  into  two  equal  parts  in 
the  point  C»  and  into  two  unequal  parts  at  the  point  O  ;  the 
re£langle  AD,  DB,  together  with  the  fquare  of  CD,  is  equal 
to  the  fquare  of  CB. 

Upon  CB  defcribe  *  the  fquare  CEFB,  join  BE,  and  thro*  «  46.  i. 
D  draw  *>  DHG  parallel  to  CE  or  BF ;  and  thro*  H  draw  b  31  x. 
KLM  parallel  to  CB  or  EF ;  and  alfo   thro*  A  draw   AK  pa- 
rallel to  CL  or  BM :  And  becaufe  the  complement  CH  is  e- 
qual  ^  to  the  complement  HF,  to  each  of  thefe  add  DM ;  c  4?-  x 
therefore  the  whole  CM 
18  equal  to  the  whole  DF ;    a 


D   B 
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H 
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but  CM  is  equal  ^  to  AL, 

becaufe   AC   is  equal   to 

CB;  therefore  alfo  AL  islC 

equal  to  DF.    To  each  of 

thcfc  add   CH,    and   the 

whole    AH    is   equal  to 

DF  and  CH  :  But  AH  is 

the  re£langle  contained  by 

AD,  DB,  for  DH  is  equal 

•  to  DB  5  and  DF  together  with  CH  is  the  gnomon  CMG ;  «  Cor.  4, 

therefore  the  gnomon  CMG  is  equal  to  the  refkangle  AD,  DB :        ** 

To  each  of  thefe  add  LG,  which  is  equal  *  to  the  fquare  of  CD ; 

therefore  the  gnomon  CMG  together,  with  LG,  is  equal  to  the 

rcdangle  AD,  DB,  together  with  the  fquare  of  CD  :  But  the 

gnomon  CMG  and  LG  make  up  the  whole  figure  CEFB,  which 

is  the  fquare  of  CB :  Therefore  the  re£tangle  AD,  DB,  together 

^th  the  fquare  of  CD,  is  equal  to  the  fquare  of  CB.  Wherefore^ 

if  a  ftraight  line,  &c.  Q^E.  D. 

From  this  propofition  it  is  manifeft,  that  the  difference  of  the 
fquares  of  two  unequal  lines  AC,  CD^  is  equal  to  the  redianglf 
contained  by  their  fum  and  difference. 
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^^  "•  P  R  O  P.    VI.      T  H  E  O  R. 

TF  a  ftraight  line  be  bifcfted,  and  produced  to  any 
point )  the  re&angle  contained  by  the  whole  line  thus 
produced,  and  the  part  of  it  produced,  together  witli 
the  fquare  of  half  of  the  line  bifeded,  is  equal  to  the 
fquare  of  the  ftraight  line  which  is  made  up  of  the  half 
and  the  part  produced. 

Let  the  (Iraight  line  A  B  be  hi£b£l:ed  in  C,  and  produced  to 
the  point  D  ;  the  reftangle  AD,  DB,  together  with  the  fquare 
of  CB,  is  equal  to  the  fquare  of  CD. 

Upon  CD  defcribe » the  fquare  CEFD,  join  DE,  and  thro' 
B  draw  «>  BHG  parallel  to  CE  or  DF,  aad  thro*  H  draw  KLM 
parallel  to  AD  or  EF,  and  alfo  thro'  A  draw  AK  parallel  to  CL 
or  DM :  And  becaufe  AC     ^  ^  O         Tl 

iscqttaJtoCB,thereaanglc    ^  ^ B.        ^ 

AL  is  equal  ^  to  CH ;  but 
CH  is  equal** to  HFj  tlxere- 
fore  alfo  AL  is  equal  to-ir 
HF :  To  each  of  thefc  add  ^^ 
CM ;  jtherefpre  the  whole 
AM  lis  equal  to  the  gno- 
mon CMG:  And  AM  is 
the  reftangle  contained  by 
AD,  DB,  for  DM  is  equal 
c  Cor.  4*  0.  c  (Q  j>]}  .  Therefore  the  gnomon  CMG  is  equal  to  the  reft- 
angle  AD^  DB :  Add  to  each  of  thefe  LG,  which  is  equal  to 
the  fquare  of  CB ;  therefore  the  rectangle  AD,  DB,  together 
with  the^uare  of  CB,  is  equal  to  the  gnomosi  CMG  and  the 
figure  LG  :  But  the  gnomon  CMG  aud  LG  make  up  the 
whole  figure  CEFD,  which  is  the  fquare  of  CD ;  therefore 
the  reftangle  AD,  DB,  together  with  the  fquare  of  CB,  is  e- 
qual  to  the  fquare  of  CD.  Wherefore,  if  a  ftraight  lincj  &c. 
Q^E.  p. 

P  R  O  P.    VIL      T  H  E  O  R. 

TF  a  ftraight  line  be  divided  into  any  two  parts,  the 
fquares  of  the  whole  line,  and  of  one  of  the  parts,  arc 
equal  to  twice  ihc  reftanglc  contained  by  the  whole  and 
that  part,  together  with  the  fquare  of  the  other  part. 

'f  iOt  the  Itt'aight  line  AB  be  divided  into  any  two  parts  in 

the 
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the  point  C ;  the  fquares  of  AB,  BC  are  equal  to  twice  the    Book  lu 
re£langle  AB,  BC  together  with  the  fquare  of  AC.  \>n<^U 

Upon  AB  defcribe '  the  fquate-AD£Bj  aad  conilruf^  the  a  45.  i. 
flguie  as  in  (be  preceeding  propoiitions :  And  becaufe  AG  is 
equal  ^  to  G£,  add  to  each  of  them  CK ;  the  whole  AK  is  t>  43*  i* 
therefore  equal  to  the  whole  C£ ; 
therefore  AK^   CE  are  double  of  A 
AK :  But  AK,  CE  are  the  gnomon  ^ 
AKF  together  with  the  fquare  CK ; 
therefore  the  gnomon  AKF,  toee- JJ 
ther  with  the  fquare  CK,  is  double 
ofAK:  But  twice  the  reftangle  AB, 
BC  is  double  of  AK,  for  BK  is  e- 
qaal  *  to  BC :  Therefore  the  gno- 
mon AKF^  together  with  the  fquare  ^^ 
fc  CK,  is  equal  to  twice  the  rectangle  " 
AB,  BC :  To  each  of  thefe  equals 

add  HF,  which  is  equal  to  the  fquare  of  AC ;  therefore  the 
gnomon  AKF,  together  with  the  fquares  CK,  HF,  is  equal  to 
twice  the  refiangle  AB,  BC  and  the  fquare  of  AC  :  But  the 
gnomon  AKF,  together  with  the  fquares  CK,  HF,  make  up  the 
vhole  figure  ADEB  and  CK«  which  are  the  Tquares  of  AB 
and  BC  :  Therefore  the  fquares  of  AB  and  BC  are  equal  to 
twice  the  re^langle  AB,  BC,  together  with  the  fquare  of  AC. 
Wherefbrct  if  a  ftraight  line,  8cc.  C^E.  D. 


cCo^4.»« 


PROP.    Via.     T  H  E  O  R. 


TF  a  ftraight  line  be  divided  into  any  two  parts,  four 
times  the  reSangle  contained  by  the  whole  line,  and 
one  of  the  partSj  together  with  the  fquare  of  the  other 
part,  is  equal  to  the  fquare  of  the  ftraight  line  which  is 
made  up  of  the  whole  and  that  part. 

l»et  the  ftraight  line  AB  be  divided  into  any  two  parts  in  the 
pwnt  C ;  four  times  the  rectangle  AB,  BC,  together  with  the 
^uare  of  AC,  is  equal  to  the  fquare  of  the  ftraight  line  made  up 
of  AB  and  BC  together. 

Produce  AB  to  D,  fo  that  BD  be  equal  to  CB,  and  upon 
AD  defcribe  the  fquare  AEFD  5  and  conftruft  two  figures 
^uch  as  in  the  preceeding.  Becaufe  CB  is  equal  to  BD,  and 
that  CB  is  equal  ^  to  GK,  and  BD  to  KN ;  therefore  GK  -is 

equal 


a   S*.  I. 
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Boob  n.  equal  to  KlN :  For  the  fame  reafon,  PR  is  equal  to  RO  ;  an4 
becaufe  CB  is  equal  to  BD,  and  GK  to  KN,  the  redanglc 
CK  is  equal  ^  to  BN,  and  GR  to  RN  :  But  CK  is  equal  *=  to 
RN,  becaufe  they  arc  the  complements  of  the  parallelogram 
CO ;  therefore  alfo  BN  is  equal  to  GR  ;  and  the  four  re6i- 
angles  BN,  CK,  GR,  RN,  are  therefore  equal  to  one  another^ 
and  fo  are  quadruple  of  one  of  them  CK  :  Again,  becaufe 
is  equal  to  BD,  and  that  BD  is 

d  Cor.  4.  a.  equal  ^  to  BK,  that  is,  to  CG  ; 
and  CB  equal  to  GK,  that  ^  is,  to 
GP ;  therefore  CG  is  equal  to 
GP :  And  becaufe  CG  is  equal  to 
GP,  and  PR  to  RO.  the  reftanglc 
AG  is  equal  to  MP,  and  PL  to 

c  4J.  u  RF  :  But  MP  is  equal  «  to  PL, 
becaufe  they  are  the  complements 
of  the  parallelogram  ML ;  vrhere- 
fore  AG  alfo  is  equal  to  RF: 
Therefore  the  four  re£langles 
AG,  MP,  PL,  RF  arc  equal 
to  one  another,  and  fo  are  qua* 

druple  of  one  of  them  AG.  And  It  was  demonflirated,  that 
the  four  CK,  BN,  GR,  RN  are  quadruple  of  CK  :  Therefore 
the  eight  re£tangles  which  contain  the  gnomon  AOH,  are 
quadruple  of  AK :  And  becaufe  AK  is  the  re£bngle  contain- 
ed by  AB,  BC,  for  BK  is  equal  to  BC,  four  times  the  red- 
angle  AB,  BC  is  quadruple  of  AK :  But  the  gnomon  AOH 
was  demonftrated  to  be  quadruple  of  AK;  therefore  four 
times  the  rectangle  AB,  BC  is  equal  to  the  gnomon  AOH. 

4  Cor.  4.  i.To  each  of  thefc  add  XH,  which  is  equal  ^  to  the  fquare  of 
AC :  Therefore  four  times  the  re£bangle  AB,  BC,  together 
with  the  fquare  of  AC,  is  equal  to  the  gnomon  AOH  and  the 
fquare  XH :  But  the  gnomon  AOH  and  XH  make  up  the  fi- 
gure AEFD  which  is  the  fquare  of  AD  :  Therefore  four  times 
the  redlangle  AB,  BC,  together  with  the  fquare  of  AC,  is  e- 
qual  to  the  fquare  of  AD,  that  is,  of  AB  and  BC  added  to- 
gether in  one  ftraight  line.  Wherefore,  if  a  ftraight  line,  &c. 
Qi,E.  D. 


PROP. 


\ 
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PROP.    IX,      THE  OR. 

I- 

TF  a  ftraight  line  be  divided  into  two  equal,  and  alfo  in- 
to two  unequal  parts  ;  the  fquares  of  the  two  unequal 
parts  are  together  double  of  the  fquare  of  half  the 
line,  and  of  the  fquare  of  the  line  between  the  points  of 
fcdion. 

Let  the  ftraight  line  AB  be  divided  at  the  point  C  into  two 
equal,  and  at  D  into  two  unequal  parts  :  The  fquares  of  AD, 
DB  are  together  double  of  the  fquares  of  AC,  CD; 

From  the  point  C  draw*  CE  at  right  angles  to  AB,  and»  i^.  «• 
make  it  equal  to  AC  or  CB,  and  join  EA,  EB ;  thro*  D  draw 
*  DF  parallel  to  CE,  and  through  F  draw  FG  parallel  to  AB  j^  3^^-  »• 
and  join  AF :  Then,  becaulc  AC  is  equal  to  CE,  the  angle 
EAC  is  equal  <=  to  the  angle   AEC;  and  becaufe  the  angle  *^  ^- '• 
ACE  is  a  right  angle,  the  two  others  AEC,  EAC  together 
Make  one  right  angle  «*  j  and  they  arc  equal  io  one  another  ;^  S**'^ 
each  of  them  therefore  is  half 
of  a  right  angle.    For  the  fame  JJ 

reafon  each  of  the  angles  CEB, 
EBC  is  half  a  right  angle ;  and 
therefore  the  whole  AEB  is   a  X  G 

right  angle:  And  becaufe  the  an- 
gle GEF  is  half  a  right  angle,  and 

EOF  a  right  angle,  for  it  is  e-  ^ A     T)     g     ,  ay.  u 

QuaPtothe  mtenor  and  oppo-  -rx  Ky     x^     s^ 

fite  angle  ECB,  the  remaining  angle  EFG  is  half  a  right  angle  ;  ^ 
therefore  the  angle  GEF  is  equal  to  the  angle  EFG,  and  the 
fide  EG  equal  f  to  the  fide  GF  :  Again>  becaufe  the  angle  at  B      •  *' 
is  half  a  right  angle,  and  FDB  a  right  angle,  for  it  is  equal 
'  to  the  interior  and  oppofite  angle  ECB,  the  remaining  angle 
BFD  is  half  a  right  angle  ;  therefore  the  angle  at  B  is  equal 
to  the  angle  BFD,  and  the  fide  DF  to  f  the  fide  DB  :  And  be- 
caufe AC  is  equal  to  CE,  the  fquare  of  AC  is  equal  to  the 
fquare  of  CE ;  therefore  the  fquares  of  AC,  CE  are  double  of 
the  fquare  of  AC:    But  the  fquare  of  EA  is  equal* to  theS4Mi 
fquares  of  AC,  CE,  becaufe  ACE  is  a  right  angle  ;  therefore 
the  fquare  of  EA  is  double  Of  the  fquare  of  AC  :  Again,  be- 
caufe EG  is  equal  to  GF,  the  fquare  of  EG  is  equal  to  the 
fquare  of  GF  5  therefore  the  fquares  of  EG,  GF  are  double  of 

the 
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Book  ir.   the  fquarc  of  GF ;  but  the  fquarc  of  EF  is  equal  to  the  fquaretf 

Ky^>rsJ  of  EG,  GF ;  therefore  the  fquare  of  EF  is  double  of  the  fquare 

h  34. 1.     GF :  And  GF  is  equal  ^  to  CD  ;  therefore  the  fquarc  of  EF  is 

double  of  the  fquare  of  CD  :•  But  the  fquare  of  AE  is  likewife 

double  of  the  fquare  of  AC ;  therefore  the  fquares  of  AE,  EF 

are  double  of  the  fquares  of  AC,  CD :  And  the  fquare  of  AF  i« 

»  4t.  t.      gqy^i  I  jQ  jj^g  fquarc3  of  ^.E,  EF,  becaufe  AEF  is  a  right  angle  5 

therefore  the  fquare  of  AF  is  double  of  the  fquares  of  AC, 
CD:  But  the  fquares  of  AD,  DP  are  equal  to  the  fquare  of 
AF,  becaufe  the  angle  ADF  is  a  right  angle;  therefore  the 
fquares  of  AD,  DF  are  double  of  the  fquares  of  AC,  CD:  And 
DF  is  equal  to  DB  ;  therefore  the  fquares  of  AD,  DB  arc 
double  of  the  fquares  of  AC,  CD.  If  therefore  a  ftraight  liae, 
&c.  QvE.  D. 


P  R  O  P.    X.      T  H  E  O  R. 


TF  a  ftraight  line  be  bifeftcd,  and  produced  to  any  point, 
the  fquare  of  the  ^bole  line  thus  produced,  and  the 
fquarc  of  the  part  of  it  produced,  arc  together  double 
of  the  fquare  of  half  the  line  bifeded,  and  of  the 
fquare  of  the  line  made  up  of  the  half  and  the  part  pro**^ 
duced. 

Let  the  ftraight  line  AB  be  bifeded  in  C,  and  produced  U9 
the  point  D^  the  fquares  of  AD,  DB  ore  double  of  the  fquares 
of  AC,  CD. 

a  I  I.I,  From  the  point  C  draw '  CE  at  right  angles  to  AB  :   And 

make  it  equal  to  AC  or  CB,  and  join  AE,  EB;  throagh  E  draw 

k  ji.  X.  ^  EF  parallel  to  AB,  and  through  D  draw  DF  parallel  to  CE  : 
And  becaufe  the  ftraight  line  EF  meets  the  parallels  EC,  FD,  the 

c  19, 1,  angles  CEF,  EFD  are  equaPto  two  right  angles;  and  therefore 
the  angles  BEF,  EFD  are  lefs  than  two  right  angles :  But  ftraight 
lines  which  with  another  ftraight  line  make  the  interior  angles 

d  i%-  Ax.  upon  the  fame  (ide  lefs  than  two  right  angles,  do  meet  ^  if  pro- 
duced  far  enough  :  Therclore  EB,  FD  ftiatl  meet,  if  produced, 
toward  B,  D:  Let  them  meet  in  G,  and  join  AG :  Then,  becaufe 

c  $.  I.  AC  is  equal  to  CE,  rhe  angle  CEA  is  equal  ^  to  the  angle 
EAC ;  and  the  angle  ACE  is  a  right  angle;  therefore  each  of  the 

1 1*.  r.       angles  CEA,  EAC  is  half  a  right  angle  f :  For  the  fame  reafoo, 

each 
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each  of  the  angles  CEB,  EBC  is  half  a  right  angle ;  therefore    Book  in 
AEB  is  a  right  angJe :  And  becaufe  EBC  is  half  a  right  angle,  V«i«^VX> 
DBG  is  alfo  f  haff  a  right  angle,  for  they  are  vertically  oppo-  f  15.  t. 
Qtei  b«t  BDG  is  a  right  angle,  becaufe  it  is  equal ""  to  the  al-  c  29.  x. 
tcrnate  angle   DCE ;  therefore  the  remaining  angle  DGB  is 
half  a  right  angle,  and  is  therefore  equal  to  the  angle  DBG ; 
xrhcrcforc  alfo  the  fide  BD  is  equal «  to  the  fide  DG  :  Again,  g  6.  i. 
becaufe  EOF  is  half  ^  Tr«  fn 

right    angle,    and    that  ^ ^ 

the  angle  at  F  is  a  right 
angle,  becaufe  it  is  c* 
qual  *  to  the  oppofitc 
angle  ECD,  the  remain.-  ^ 
ing  angle  FEG  is  half  a  A. 
right  angle,  and  equal 
to    the     angle    EGF ; 

wherefore  alfo  the  fide  GF  is  equal  ^  to  the  fide  FE.    And  be- 
caufe EC  is  equal  to  CA,  the  fquare  of  EC  is  equal  to  the  fquare 
of  CA ;  therefore  the  fquares  of  EC,  CA  are  double  of  the . 
fquare  of  CA  :  But  the  fquare  of  EA  is  equal  *  to  the  fquares  *  *^'  '* 
of  EC,  CA  5  therefore  the  fquare  of  EA  is  double  of  the  fquare 
of  AC  :  Again,  becaufe  GF  is  equal  to  FE;  the  fquare  of  GF  is 
equal  to  the  fquare  of  FE  •,  and  therefore  thcL  fquares  of  GF^ 
FE  are  double  of  the  fquare  of  EF:  But  the  fquare  of  EG  is  p- 
•qual » to  the  fquares  of  GF,  FE  -,  therefore  the  fquare  of  EG  is 
double  of  the  fquare  of  EF  :  And  EF  is  equal  to  CD  ;  wherefore 
the  fquare  of  EG  is  double  of  the  fquare  of  CD  :  But  it  was  dc- 
monilrated,  that  the  fquare  of  EA  is  double  of  the  fquare  of 
AC ;  therefore  the  fquares  of  AE,  EG  are  double  of  the  fquares 
of  AC,  CD  :  And  the  fquare  of  AG  is  equal '  to  the  fquares  of 
A£,  EG }  therefore  the  fquare  of  AG  is  double  of  the  fouares  of 
AC,  CD:   But  the  fquares  of  AD,  DG  are  equal*  to  the 
fquare  of  AG  5  therefore  the  fquares  of  AD,  DG  are  double 
of  the  fquares  of  AC,  CD  :  But  DG  is  equal  to  DB  ;  therefore 
the  fquares  of  AD,  DB  are  double  of  the  fquares  of  AC,  CD : 
Wherefore,  if  a  ftraight  line,  &c.  (^E.  D. 
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PROP.    XL      PRO  B. 

TpO  divide  a  given  ftraight  line  into  two  parts,  fo  that 
the  redbtngle  contained  by  the  whole,  and  one   of 
the  parts,  fhall  be  equal  to  the  fquare  of  the  other 
part. 

Let  AB  be  the  given  ftraight  line ;  it  is  required  to  divide 
it  into  two  parts,  fo  that  the  re£langle  contained  by  the  whole^ 
and  one  of  the  parts,  ihall  be  equal  to  the  fquare  of  the  other 
part. 

Upon  AB  defcribe  •  the  fquare  ABDC ;  bifc^  »>  AC  in  E, 
and  join  BE  ;  produce  CA  to  F,  and  make^  EF  equal  to  £B  ^ 
and  upon  AF  defcribe  *  the  fquare  FGHA  ;  AB  is  divided  in 
H  fo,  that  the  re^iangle  AB,  BH  is  equal  to  the  fquare  of  AH. 

Produce  GH  to  K  :  Becaufe  the  ftraight  line  AC  is  bifedied 
in  E,  and  produced  to  the  point  F,  the  reQangle  CF,  FA,  to- 
gether with  the  fquare  of  AE,  is  equal  ^  to  the  fquare  of  EF : 
But  EF  is  equal  to  EB ;  therefore  the  reftangle  CF,  FA,  toge- 
ther with  the  fquare  of  AE,is  equal  to  the  fquare  of  EB:  And  the 
fquares  of  BA,  AE  are  equal  ^  to  the    jp  ^ 

fquare  of  EB,  becaufe  the  angle  EAB       ■  -^^ 

is  a  right  angle ;  therefore  the  refl- 
angleCF, FA,  together  with  the  fquare 
of  AE,  is  equal  to  the  fquares  of  BA, 
AE :  Take  away  the  fquare  of  AE,.j^ 
"which  is  common  to  both,  therefore 
the  remaining  reftangle  CF,  FA  is  e- 
qual  to  the  fquare  of  AB  :  And  the  fi-  t^ 
gure  FK  is  the  reftangle  contained  by  ^ 
CF,  FA,  for  AF  is  equal  to  FG;  and 
AD  is  the  fquare  of  AB;  therefore 
FK  is  equal  to  AD  :  Take  away  the 
common  part  AK,and  the  remainder  O 
FH  is  equal  to  the  remainder  HD : 

And  HD  is  the  redangle  contained  by  AB,  BH,  for  AB  is  e-r 
flual  to  BD ;  and  FH  is  the  fquare  of  AH  :  Therefore  the 
re&angle  AB,  BH  is  equal  to  the  fquare  of  AH  :  Wherefore 
he  ftr^igl^t  line  AB  is  divided  in  H,  fo  that  the  redangle  AB^ 

H  is  equal  to  the  fquare  of  AH.    Which  was  to  be  done* 

PRO?, 


f 
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PROP.    XIL      THEOR. 


•TN  obtufe  angled  triangles,  if  a  perpendicular  be  drawn 
from  any  of  the  acute  angles  to  the  oppoiite  fide  pro> 
duced,  the  fquare  of  the  fide  fubtending  the  obtufe  angle 
h  greater  than  the  fquares  ot  the  fides  containing 
the  obtufe  angle,  by.  twice  the  redangle  contained  by 
the  fide  upon  which,  when  produced,  the  perpendicular 
fells,  and  the  ftraight  line  intercepted  without  the  tri- 
angle between  the  perpendicular  and  the  obtufe  angle. 

Let  ABC  be  an  obtufe  angled  triangle,  having  the  obtufe 
angle  ACB,  and  from  the  point  A  let  AD  be  drawn '  perpen-  <  >>•  M 
dicalar  to  BC  proclaced :  The  fquare  of  AB  is  greater  than  the 
fquares  of  AC,  CB  by  twice  the  reaangle  BC,  CD. 

Becaufe  the  ftraight  line  BD  is  divided  into  two  parts  in  the 
point  C,  the  fquare  of  BD  is  equal  A    h     %i 

"» to  the  fquares  of  BC,  CD,  and  jgj^  o  4.  »i 

twice  the  re£tangle  BC,  CD  :  To 
each  of  thefe  equals  add  the  fquare 
of  DA ;  and  the  fquares  of  BD,  D  A  ' 
are  equal  tothe  fquares  of  BC,  CD, 
DA,  and  twice  the  re£fcangle  BC, 
CD:  But  the  fquare  of  BA  is  equal 

*  to  the  fquares  of  BD,  DA,  be-     ^  / |     •  4^-  »-i 

caufe  the  angle  at  D  is  a  right  g  Q  J) 

^ngle  ^  and  the  fquare  of  C  A  is  e- 

qual « to  the  fquares' of  CD,  DA :  Therefore  the  fquare  of  BA 
U  equal  to  the  fquares  of  BC,  C  A,  and  twice  the  reftangle  BC» 
CD;  that  18,  the  fquare  of  BA  is  greater  than  the  fquares  of  BC, 
CA,  by  twice  the  reftanglc  BC,  CD.  Therefore,  in  obtufe 
Mgled  triangles,  &c.  Q.  £.  D. 
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P  R  OP;    XIIL      T  H  EQ  R. 

JN  every  triangle^  the  fquare  of  the  fide  fubtending  any 
of  the  acute  angles,  is  left  than  the  fqoares  of  the  fides 
containing  that  angle,  by  twice  the  roftanglc  contamed 
by  cither  of  tiiefe  fides,  and  tlie  ftraight  line  intercept 
between  the  perpendicular  let  M  upon  it  from  the  op- 
pofite  angle,  and  the  acute  angle. 

.  Let  ABC  be  any  triandie,  and  the  angle  at  B  one  of  its  a* 
cute  angles^  and  upon  Bd,  one  of  the  fides  containing  it,  let  fall 
the  perpendicular  *  AD  from  the  ^oppofite  angle  :  The  fquare 
of  AC,  oppofite  to  the  angle  B,  is  lefs  than  the  fquares  of  CB, 
BA  by  twice  the  redangle  CB,  BD. 

Firft,  Let  AD  fall  within  the  triangle  ABC ;  and  becaufc 
the  ftraight  line  CB  is  divided  in- 
to two  parts  in  the  point  D,  thc^ 
fquares  of  CB,  BD  are  equal  ^  to 
twice  the  reftangle  contained  by 
CBf  BD,  and  the  fquare  of  DC: 
Tb  eaeh  of  thefe  equals  add  the 
fquare  of  AD  ;  therefore  the 
fquares  of  CB,BD,  DA. are  equal 
to  twice  the  re£bangle  CB,  BD, 
and  the  fquares  of  AD,  DC  : 
Bat.  the  fquare  of  AB  is  equal 
"^  to  the  fquares  of  BD,  DA,  becaufe  the  angle  BDA  is  a  right 
angle ;  and  the  fquare  of  AC  is  equal  to  the  fquares  of  AD,  TX : 
Therefore  the  fquares  of  CB,  BA,  are  ^qual  to  the  fquare  of 
AG,  and  twice  the  reftangle  CB,  BD  ;  that  is,  the  fquare  of 
AC  alone  is  Icfs  than  the  fquares  of  CB,  BA  by  twice  the  rc£k- 
togle  CB,  BD.  ^ 

Secondly,  Let  AD  fall  with-  A 

out  the  triangle  ABC  :  Then,  be- 
caufe the  angle  at  D  is  a  right 
angle,  the  angle  ACB  is  greater 
^  than  a  right  angle  ; .  and  there- 
fore the  fquare  of  AB  is  equal  ^  to 
the  fquares  of  AC,CB,  and  twice 
the  reftangle  BC,  CD :  To  thefe  e- 
quals  ^dd  the  fquare  of  BC,  and  the  Q 
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fquarcB  of  AB,  BC  are  equal  to  the  fquare  of  AC,  and  twice    Book  ir. 
the  fquare  of  BC,  and  twice  the  reaangle  BC,  CD  :  But  be-  V«orO 
caufe^D  is  divided  into  two  parts  in  C,  the  re&angle  DB,  BC 
is  equal  f  to  the  reftangle  BC,  CD  and  the  fquare  of  BC :  And  f.  3-  ». 
the  doubles  of  thefe  are  equal :  Therefore  the  fquares  of  AB, 
BC  arc  equal  to  the  fquare  of  AC,  and  twice  the  reftangle 
DB,  BC  :  Therefore  the  fquare  of  AC  alone  is  lefs  than  the 
fquares  of  AB,  BC  by  twice  the  rcftangle  DB,  BC.  \ 

Laftly,  Let  the  fide  AC  be  perpendicular  to  ''^ 

BC ;  then  is  BC  the  ftraight  line  between  the 
perpendicular  and  the  acute  angle  at  B ;  and  it 
is  manifeft  that  the  fquares  of  AB,  BC  are  e- 
qual  ^  to  the  fquare  of  AC,  and  twice  the 
fquare  of  BC  :  Therefore,  in  every  triangle,  &c. 
Q/E.  D. 


C'47.  X. 


PROP.    XIV.      P  R  O  B. 


TO  defcribe  a  fquare  that  fhall  be  equal  to  a  giyen  see  n* 
redilineal  figure. 

Let  A  be  the  given  redilineal  figure  j  It  is  required  to  de- 
fcribe a  fquare  that  fhall  be  equal  to  A. 

Defcribe  *  the  redtangular  parallelogram  BCDE  equal  to  the  a.  45.  i. 
rcdilineal  figure  A.  If  then  the  fides  of  it  BE,  ED  are  equal 
to  one  another,  it 
is  a  fquare,  and 
what  was  required 
is  now  done;  But 
If  they  are  not  e- 
qualy  produce  one 
of  them  BE  to  F, 
and  make  EF equal 
to  ED,  and  l?ifea 
BF  in  G;  and  from 

the  centre  G,  at  the  diftance  GB,  or  GF,  defcribe  the  femi- 
circle  BHF,  and  produce  DE  to  H,  and  join  GH  ;  Therefore, 
oecaufe  the  ftraight  line  BF  is  divided  into  two  equal  parts  in 
the  point  G,  and  into  two  unequal  at  E,  the  redangie  BE, 
£P,  together  with  the  fquare  of  EG,  is  equal  ^  to  the  fquare  of  b  c  a. 
PF :  But  GF  is  equal  to  GH  5  therefore  the  Kiftange  bL,  EF, 

fi  •     tOi 
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Book  It  together  with  the  fquare  of  EG,  is  equal  to  the  fquare  of  GH: 

K,yy\J  But  the  fquares  of  HE>  EG  are  equal  ^  to  the  fquare  of  GH  : 

e  47-  z*      Therefore  the  reflangle  BE,  EF,  together  with  the  fquare  of 

EG,  is  equal  to  the  fquares  of  HE,  EG :  Take  away  the  Iquarc 

of  EG,  which  is  common  to  bbth ;  and  the  remaining  rc£t- 

•  angle  BE,  £F  is  equal  to  the  fquare  of  EH :  Biit  the  reSan^rle 

contained  by  BE,  EF  is  the  parallelogram  BD,  becaufe  EF  is 

equal  to  ED  ;  therefore  BD  is  equal  to  thefcjuare  of  EH;  butBI> 

is  equal  to  the  refiilineal  figure  A  ;  therefore  the  re£bilineal  fi- 

fure  A  is  equal  to  the  fquare  of  £H :  Wherefore  a  fquare  has 
een  made  equal  to  the  given  re£lilineal  figure  A^  viz.  the  fquare 
deicribed  upon  EH,    Which  was  to  be  done* 
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III. 


DEFINITIONS* 


I. 

EQUAL  circles  are  thofe  of  which  the  diameters  are  equals 
or  from  the  centers  of  which  the  ftraight  lines  to  the 
circumferences  are  eaual. 
<  This  is  not  a  dennition  but  a  theorem^  the  truth  of  which 

*  is  evident ;  for,  if  the  circles  |)e  applied  to  one  another,  fo  that 
^  their  centers  coincide,  the  circles  muft  likewife  coincide,  fince 

*  the  ftraighc  lines  from  their  centers  are  equal.' 

A  (Iralgbt  line  is  faid  to  to;ich 

a  circle,  when  it  meets  the 

circle,  and  being  produced 

does  not  cut  it. 
lU. 
Circles  are  faid  to  touch  one 

another,  which  meet,   but 

do  not  cut  one  another. 


IV. 

Straight  lines  are  faid  to  be  equally  di« 
ftant  fik)m  the  center  of  a  circle, 
when.ithe  perpendiculars  drawn  to 
'tbefii  ifrom  the  center  are  equal* 

V. 

And  the  (faiaigfat   line   €n    which  the 

S eater  perpendicular  falls,  is  faid  to. 
;  farther  from  the  center. 

Ea 
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A  fegment  of  a  circle  is  the  figure  con- 
tained by  a  ftraight  line  and  the  cir* 
cumference  it  cuts  off*. 

VII. 
*<  The  angle  of  a  fegment  is  that  which  is  contained  by  the 
**  Araight  line  and  the  circumference.** 

vm. . 

An  angle  in  a  fegment  is  the  angle  con- 
tained by  two  ftraight  lines  drawn 
from  any  point  in  the  circumference 
of  the  fegment,  to  the  extremities 
of  the  ftraight  line  which  is  the  bafip 
of  the  fefi:ment. 

IX. 

And  an  angle  is  faid  to  infift  or  ftand 
upon  the  circumference  intercepted 
between  the  ftraight  lines  that  con- 
tain the  angle. 

X. 

The  fe£lor  of  a  circle  is  the  figure  contain- 
tained  by  two  ftraight  lines  drawn  from 
the  centefi  and  the  circumftance  be- 
tween them. 

XI. 

Similar  fegmcnts  of  a  circle, 
are  thofe  in  which  the  an- 
gles are  equal,  or  which 
contain  equal  angles* 


T 


PROP.    L       PROB, 
O  find  the  center  of  a  given  circle* 


Let  ABC  be  the  given  circle ;  it  is  required  to  find  its  center. 
Draw  within  it  any  ftraight  line  AB,  and  bifed  ^  it  in  D  ; 
b  f  I.  f.       from  the  point  D  draw  *>  DC  at  right  angles  to  AB,  and  pro- 
duce it  to  £,  and  bifeft  C£  in  F :  The  point  F  is^the  center  of 
the  circle  ABC 
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'For,  if  It  be  not,  let,  if  poflible^  G  be  the  center,  and  join  Book  lir. 
GA,  GD,  GB :  Then,  becaufe  DA  is  equal  to  DB^  and  DG  V^^vO 
common  to  the  two  triangles  ADG^ 
BDG,  the  two  fides  AD,  DG  arc  e- 
qual  to  the  two  BD,  DG,  each  to 
each ;  and  the  bafe  G  A  is  equal  to 
the  bafe  GB,  becaufe  they  are  drawn 
from  the  center  G  f  :  T  herefore  the 
angle  ADG  is  equal  ^  to  the  angle 
GDB:  But  when  a  ftraight  line  ftand" 
ing  upon  another  ftraiglit  line  makes  Al 
the  adjacent  angles  equal  to  one  ano- 
ther, each  of  the  angles  is  a  right  an- 
gle ^ :  Therefore  the  angle  GDB  is  a 

right  angle  :  But  FOB  is  likewife  a  right  angle ;  wherefore  the 
angle  FDB  is  equal  to  the  angle  GDB,  the  greater  to  the  lefs^ 
which  is  impoflible :  Therefore  G  is  not  the  centre  of  the  cir- 
cle ABC :  In  the  fame  manner  it  can  be  (hewn,  that  no  other 
point  but  F  is  the  center ;  that  is,  F  is  the  center  of  the  cir- 
cle ABC  ;  Which  was  to  be  found. 

CoR.  From  this  it  is  manifeft,  that  if  in  a  circle  ailraighc 
line  bife&  another  at  right  angles,  the  center  of  the  circle  is  in 
the  line  which  bifedls  the  other. 

PROP.    n.    THE  OR. 

IF  any  two  points  be  taken  in  the  circumference  of  a 
circle,  the  ftraight  line  which  joins  them  fhall  fall 
within  the  circle. 

Let  ABC  be  a  circle,  and  A,  B  any  two  points  in  the  cir« 
ctftnference  ;  the   ftraight  line  drawn 
from  A  to  B  (hall  fall  within  the  circle. 

For,  if  it  do  not,  let  it  fall,  if  pof- 
fible,  without,  as  A£B  \  find  *  D  the 
center  of  the  circle  ABC,  and  join  AD, 
DB,  and  produce  DF  any  ftraight  line 
meeting  the  circumference  AB,  to  £ : 
Then  l^caufe  DA  is  equal  to  DB,  the 
angleDAB  is  equal ^  to  the  angle  DBA ; 
and  becaufe  A£,  a  fide  of  the  triangle 

t  N.  B.  Wheoerer  the  ezpreflion  «•  ftndght  lines  from  the  center,"  or  *«  drawa 
from  the  center,"  occari,  it  is  to  Itc  im4crftood  that  they  are  dnwo  tQ  the  ctf 
cu&fercacc. 
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DAE,  IS  produced  to  B,  the  angle  DEB  is  greater  « thaa  Ac 
angle  DAE;  but  DAE  is  equal  to  the  angle  DB^  therefore 
the  angle  DEB  is  greater  than  the  angle  DBE :  But  to  the  mat- 
er angle  the  greater  fide  is  oppofite  <* ;  DB  is  therefore  gt^er 
than  DE  :  But  DB  is  equal  to  DF ;  wherefore  DF  is  greater 
than  DE,  the  lefs  tjian  the  greater,  which  is  impoffible  :  There- 
fore the  flxaight  line  drawn  from  A  to  B  does  not  fall  without 
the  circle.  In  the  fame  jnanner,  it  may  be  demonftrated  that 
it  docs  not  fall  upon  the  circumference  ;  it  falls  therefore  with- 
in it.    Wherefore,  if  any  two  pointa,  &c.  Q^E.  D. 


•  1.  }• 


PROP.   nr.    T  H  E  O  R. 

TF  a  ftraight  line  drawn  through  the  center  of  a  circle 
-*•  bifcd  a  ftraight  line  in  it  which  docs  hot  pafs  through 
the  center,  it  fhall  cut  it  at  right  angles  j  And  if  it  cuts  it 
at  right  angles,  it  ihall  btfed  it. 

Let  ABC  be  a  circle ;  and  let  CD,  a  ftraight  line  draws 
through  the  center  bifca  any  ftraight  line  AB,  which  does  not 
pafs  through  the  center,  in  the  point  F :  It  cuts  it  alfo  at  right 
angles. 

Take  »  E  the  center  of  the  circle,  and  join  EA,  EB :  Then, 
becaufc  AF  is  equal  to  FB,  and  FE  common  to  the  two  tri- 
angles AFE,  BFE,  there  are  two  fides  in  the  one  equal  to  two 
fides  in  the  other,  and  the  bafe  EA  is  ^ 

equal  to  the  bafe  EB ;  therefore  the  ^ 

angle  AFE  is  equal  ^  to  the  aliglc  BFE: 
But  when  a  ftraight  line  ftanding  upon 
another  makes  the  adjacent  aneles  equal 
to  one  another,  each  of  them  is  a  right 

c  lo.  4cf.  I.  *  angle  :  Therefore  each  of  the  angles 
AFE,  KFE  IS  a  right  angle ;  wherefore 
the  ftraight  line^CD,  drawn  through  the   /S 
cienter  bife£l;ing  another  AB  that  does  -^ 
not  pafs  thro' the  center,  cats  the  fame 
ai  right  sm^Sf  • 

But  le;  pD  cut  AB  at  right  angled }  CD  alio  bifefts  it,  that 
is,  AE'i8<eqvai  to  FB. 
The  fame  conftruOion  beiiig>  made,  becaufe  EA,  EB  from 

^  ^  I.  thq  center  are  equal  to  one  another,  the  angle  £AF  is  eqo^  ^ 
to  the  angle  EBF ;  and  th#  right  angle  AFE  is  equal  to  the 
right  angle  BFE :  Therefore,  Hi  the  two  triangles  EAF,  EBF, 

thcje 


bs.i< 


I 


OF    BUCLIIX  » 

there  are  two  angles  in  one  equal  to  two  angles  in  the  other.  Bo*  iiL 

and  the  fide  £F,  which  is  oppofite  to  one  of  the  equal  angles   V>nrvi 

in  each,  is  comn;on  to  both ;  therefore  the  other  fides  are  e- 

qual  * ;  AF  therefore  is  equal  to  FB.     Wherefore,  if  a  ftraight «  ^•'i« 

line,  &c.  <UL.  D.  \;j 


P  R  O  P.    IV.      T  H  E  O  R. 

TF  in  a  circle  two  ftraight  lines  cut  one  another  which 
do  not  both  paCi  through  the  center,  they  do  not  bi- 
k€t  each  the  other. 

Let  ABCD  be  a  circle,  and  AC,  BD  two  ftraight  lines  in 
it  which  cut  one  another  in  the  point  £,  and  do  not  both  pafs 
through  the  center :  AC,  BD  do  not  hik£k  one  another. 

For,  if  it  is  poffible,  let  A£  be  equal  to  EC,  and  BE  to  ED : 
If  one  of  the  lines  pafs  thro' the  center,  it  is  plain  that  it  can«^ 
not  be  bife£led  by  the  other  which 
does  not  pals  thro'  the  center :  But,  if 
neither  of  them  pafs  thro*  the  center, 

take*  F  the  center  of  the  circle,  and       /  \«Y  »  f, ».  ^ 

join  EF :  And  becaufe  FE,  a  ftraight      /  1^        .^^V^ 

line  thro'  the  ci^nter,  bifedts  aijiother  ^| 
AC  which  does  not  pafs  thro'  the 

center,  it  fhalf  cut  it  it  right  *>  angles  ;     u\<<^TE  ^^""^^C^ 
wherefore  FE^  is  a  right  angle:  A-     *^ 

i;ain,  becaufe  the  ftraight  line  FE  bi- 
eds  the  ftraight  line  BP  which  does  not  pafs  thro'  the  center, 
it  (hall  cut  it  at  right  ^  angled  \  wherefore  FEB  is  a  right  ^ngle: 
And  FEA  was  ftiewn  to  be  a  right  angle ;  therefore  FE  A  is  e- 
qoal  to  the  angle  FEB»  the  lefs  to  the  greater,  which  is  im- 
poiEble :  Therefore  AC,  BD  do  not  bifcil  one  another.  Where- 
fore, if  in  a  circle,  &c.  Q^E.  D. 
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PROP.    V.      THEOR. 

IF  two  circles  cut  one  another,  they  Ihall  not  have  the 
lame  center. 

Let  the  two  circles  ABC,  CDG  cut  one  another  in  the  points 
\  C  \  tbey  have  not  the  iame  center. 

'E4  For, 
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Ifor,  if  it  be  pofTible,  let  E  be  their  center :  Join  EC,  and 
draw  any  ftraight  line  EFG  meet- 
ing them  in  F  ajid  G  :  And  becaufc 
E  is  the  centre  of  the  circle  ABC, 
C£  is  equal  to  EF :  Again,  be- 
caufe  E  is  the  center  of  the  circle 
CDG,  CE  is  equal  to  EG  :  But 
CE  was  fliewn  to  be  equal  to  EF ; 
therefore  EF  is  equal  to  EG,  the 
lefs  to  the  greater,  which  is  impof- 
fible  :  Therefore  E  is  not  the  cen- 
ter of  the  circles  ABC,  CDG^ 
"Wherefore,  if  two  circles,  &c.  Q^E.  D. 


P  R  O  P.    Vr.     T  H  E  O  R. 


TF  two  circles  touch  one  another  internally,  they  fhall 
not  have  the  fame  center. 


Let  the  two  circles  ABC,  CDE  touch  one  another  internal- 
ly in  the  point  C:  They  have  not  the  fame  center. 

For,  if  they  can,  let  it  be  F ;  join  FC  and  draw  any  ftraight 
line  FEB  meeting  them  in  E  and  B :    .  q 

And  becaufe  F  is  the  center  of  the 
circle  ABC,  CF  is  equal  to  FB :  Al- 
fo,  becaufe  F  is  the  center  of  the 
circle  CDE,  CF  is  equal  to  FE :  And 
CF  was  (hewn  equal  to  FB  ;  there- 
fore FE  is  equal  to  FB,  the  lefs  to  A' 
the  greater,  which  is  impofTible: 
Wherefore  F  is  not  the  center  of  the 
circles  ABC,  CDE.  Therefore,  if 
two  circles,  &c.  Q^E.  D. 
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IF  any  point  be  taken  in  the  diameter  of  a  circle,  which  , 
is  not  the  center,  of  all  the  itraight  lines  which  can 
fbe  drawn  from  it  to  the  circumference,  the  greateit  is 
that  in  which  the  center  is,and  the  other  part  of  that  dia- 
meter is  the  leaft;  and,  of  any  others,  that  which  is 
nearer  to  the  line  which  pafTes  through  the  center  is  al« 
ways  greater  than  one  more  remote :  And  from  the  fame 
point  there  can  be  drawn  only  two  ftraight  lines  that  are 
equal  to  one  another,  one  upon  each  fide  of  the  (horteft: 
line. 

_  » 

Let  ABCD  be  a  circle,  and  AD  Its  diameter,  in  which  let 
any  point  F  be  taken  which  is  not  the  center :  Let  the  center 
be  E  ;  of  all  the  ftraight  lines  FB,  FC,  FG,  &c.  that  can  be 
drawn  from  F  to  the  circumference,  FA  is  the  greateft,  and 
FD,  the  other  part  of  the  diameter  AD,  is  the  lead;  and  of 
the  others,  FB  is  greater  than  FC,  and  FC  than  FG. 

Join  BE,  C£,  G£  ;  and  becaufe  two  (ides  of  a  triangle  are 
greater  *  than  the  third,  BE,  EF  are  greater  than  BF ;  but  A£  a.  ao.  i. 
is  equal  to  EB ;  therefore  AE,  £F, 
that  IS  AF,  is  greater  than  BF :  A- 
gain,  becaufe  BE  is  equal  to  CE, 
and  FE  common  to  the  triangles   C' 
BKF,  CEF,  the  two  fides  BE,  EF 
are  equal  to  the  two  CE,  EF ;  but 
the  angle  BEF  is  greater  than  the 
angle  CEFj  therefore  the  bafe  BF  is 
gffcater  *»  than  the  bafe  FC:  For  the 
lame  reafon,  CF  is  greater  than  GF: 
Again,  becaufe  GF»  FE  are  greater 
*  than  EG,   and  EG  i$  equal  to 

£D  'f  GF,  FE  are  greater  than  ED  :  Take  away  the  common 
part  F£,  and  the  remainder  GF  is  greater  than  the  remainder 
FD  :  Therefore  FA  is  tbe  greateft,  and  FD  the  leaft  of  all  the 
ftraight  lines  from  F  to  the  circumference  ;  and  BF  is  greater 
than  CF,  and  CF  than  GF. 

Alfo  there  can  be  drawn  only  two  equal  ftraight  lines  from 
tbe  point  F  to  the  circumference^  on«  upon  each  fide  of  tbe 

ihoncft 
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Book  BT,  fliortcft  line  FD  :  At  the  point  E  in  the  ftraight  line  EF,  maks^ 
V^^^Y^i^  ^  '^^  angle  FEH  equal  to  the  angle  GEF,  and  join  FH  :   ThciiJ 
c  »3.  !•      becaufe  GE  is  equal  to  EH,  and  EF  common  to  the  tw^o  tri» 
angles  GEF,  HEF ;  the  two  Adcs  GE,  EF  are  equal  to  the  two 
HE,  EF;  and  the  angle  GEF  is  equal  to  the  angle  HEF;  thcrc- 
a  4. 1.        foJ*^  ^^^  l^afe  FG  is  equal  ^  to  the  bafe  FU  :  But,  befides  FH>  no 
other  ftraight  line  can  be  drawh  from  F  to  the  circumference- 
equal  to  I<G:  For,  if  there  can,  let  it  be  FK;  and  becanii 
FK  is  equal  to  FG,  and  FG  to  FH,  FK  is  equal  to  FH;  that  1% 
a  line  nearer  to  that  isvhich  paiTes  through  the  center,  is  equal  to 
one  which  is  more  remote;  which  isimpoffible.    Thereiore^tf 
any  point  be  taken^  &c.  (^E*  D. 


PROP.    VIH.      T  H  E  O  R. 


IF  any  point  be  taken  without  a  circle,  and  ftraight 
lines  be  drawn  from  it  to  the  circutufercncc,  where- 
of one  paiTes  through  the  center ;  of  thofe  which  fall 
upon  the  concave  circumference,  the  greatcft  is  that 
which  paffes  through  the  center ;  and  of  the  reft,  that 
which  is  nearer  to  that  through  the  center  .is  always 
greater  than  the  nriore  remote  :  But  of  thofe  which  fall 
upon  the  convex  circumference,  the  leaft  is  that  between 
the  point  without  the  circle,  and  the  diameter  ;  and  ot 
the  reft,  that  which  is  nearer  to  the  leaft  is  always  leis 
than  the  rtiore  remote :  And  only  two  equal  ftraight  lines 
can  be  drawn  from  the  point  unto  the  circumference,  on« 
upon  each  fide  of  the  leaft. 

Let  ABC  be  a  circle,  and  D  anyjpoint  withotit  it,  from  which 
let  the  ftraight  lines  DA,  DE,  DF,  DC  be  drawn  to  the  cir- 
cumference, whereof  DA  pafles  through  the  ccntcn  Qf  thofe 
which  fall  upon  the  concave  part  of  the  cir^umfereoce  AEFC, 
the  greateft  is  AD  which  pafles  jtbrougb  the  center ;  and  the 
nearer  to  it  is  always  greater  than  the  more  remote,  viz%  DE 
than  DF,  aad  DF  than  DC  :  But  of  tho<e  which  fall  upon  the 
convex  circumference  ULKG,  the  leaft  isDG  beiwe^  the 

point : 
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Boint  D  and  the  diameter  AG ;  and  the  nearer  to  it  is  always  j^k  ilk 
e&  than  die  more  remotei  viz.  DK  than  DL,  and  DL  than 


C  34*  '• 


d  4.  Azi 


7ake  »  M  the  center  of  the  circle  ABC,  and  join  ME,  MF,  »  1. 3. 
MC,  MK,  ML,  MH :  And  bccaufe  AM  is  equal  to  ME,  add 
Ml>  to  each,  therefore  AD  is  equal  to  EM,  MD  j  but  EM,  MD 
ftre  greater  ^  than  ED ;  therefore  atfo  AD  is  greater  than  ED  :  b  *»•  »• 
Again,  becaufe  ME  is  equal  to  MF,  and  MD  common  to  the 
Iriangles  EMD,  FMD ;  EM,  MD 
are  equal  to  FM,  MD ;  but  the 
uig)c  EMD  is  greater  than  the 
mngle  FMD;  therefore  the  bafe 
HD  is  greater  •  than  the  bafe  FD: 
In  like  manner  it  may  be  flie^i^n 
that    FD  is  greater  than   CD: 
Therefore  DA  is  the  greated;  and 
DE  greater  than  DF,  and  DF  than 
DC  :  And  becaufe  MK,  KD  are 
greater  >>  than  MD,  and  MK  is  e- 
qual  to  MG,  the  remainder  KD 
is  greater  ''than  the  remainder  GD, 
that  is,  GD  is  lefs  than  KD :  And 
becaufe  MK,  DK  are  drawn  to  the 
poiat  K  within  the  triangle  MLD 
from  M,  D,  the  extremities  of  its 
fide  MD  ;  MK,  KD  arc  lefs « than 
ML,  LD,  whereof  MK  is  equal 
to  ML;  therefore  the  remainder  DK  is  lefs  than  the  remainder   * 
DL:  In  like  manner  it  may  be  (hewn,  thatDL  is  lefs  than 
DH  :  Therefore  DG  is  the  leaft,  and  DK  leis  than  DL,  and  DL 
than  DH :  Alfo  there  can  be  drawn  only  two  equal  ftraight 
linea  from  the  point  D  to  the  circumference,  one  upon  each 
fide  of  the  leaft :  At  the  point  M,  in  the  ftraight  line  MD,  maly 
the  angle  DMB  equal  to  the  angle  DMK,  and  join  DB  :  And 
becauiS  MK  is  equal  to  MB,  and  MD  common  to  the  triangles 
KMD,  BMD,  the  two  fides  KM,  MD  are  equal  to  the  two  VM, 
MD ;  and  the  angle  KMD  is  equal  to  the  angle  BMD ;  there- 
fore the  bafe,  DK  ia  equal  ( to  the  bafe  DB  :  But,  befldes  DB,  f  4*  i 
there  can  be  no  ftraight  line  drawn  from  D  to  the  circumfe- 
rence equal  toDK :  For,  if  there  can,  let  it  be  DN ',  and  becaufe 
DK  is  equal  to  DN,  and  alfo  to  DB ;  therefore  DB  is  equal  to 
DN,  that  is,  the  pearetto  the  leaft  equal  to  the  more  remote^ 
which  ia  impoffiblv.    If  therefore,  any  pointy  &c.  (^E.  D* 
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PROP.    IX.      THE  OR. 

IF  a  point  be  taken  within  a  circle,  from  which  there 
fall  more  than  two  equal  flraight  lines  to  the  circum* 
ference,  that  point  is  the  center  ot  the  circle. 


ft  7-3» 


Let  the  point  D  be  taken  within  the  circle  ABC,  £rom 
which  to  the  circumference  there  fall  more  than  two  equal 
ftraight  lines,  viz.  DA,  DB,  DC,  the  point  D  is  the  center  oC 
the  circle. 

For,  if  not^  let  E  be  the  center, 
join  DE  and  produce  it  to  the  cir- 
cumference in  F,  G ;  then  FG  is 
a  diameter  of  the  circle  ABC:  And 
becaufe  in  FG,  the  diameter  of  the 
circle    ABC,   there  is  taken  the 
point  D  which  is  not  the  center,  DG 
fliall  be  the  j^reateft  line  from  it  to 
the  circumference,  and  DC  greater 
■  than  DB,  and  DB  than  DA :  But 
they  are  likewife  equal,  which  is 
impof&ble :  Therefore  E  is  not  the  center  of  the  circle  ABC  : 
In  like  manner,  it  may  be  demonftrated,  that  no  other  point  but 
D  is  the  center ;  D  tnerefore  is  the  Center.    Wherefore,  if  a 
point  be  taken,  &c.  Q^E.  D. 


%$'h 


o 


P  R  O  p.    X.      T  H  E  O  R. 

NE  circumference  of  a  circle  cannot  cut  another  in 
more  than  two  points. 


If  it  be  poffible,  let  the  circumfe- 
rence ABC  cut  the  circumference 
DEF  in  more  than  two  points,  viz. 
in  B,  G,  F ;  take  the  center  K  of  ^ 
the  circle  ABC,  and  join  KB,  KG,  iU 
KF :  And  becaufe  within  the  circle   ^^, 
DEF  there  is  taken  the  point  K,   G 
from  which    to  the  circumference 
DEFfall  more  than  two  equal  ftraight 

lines  p^  KG|  SF,  the  point  K  is  *^ 


the 
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Che  center  of  the  circle  DEF:  But  K  is  alio  the  center  of  the  BookliL 
circle  ABC;  therefore  the  fame  point  is  the  center  of  two  cir-  ur>rNj 
clcs  that  cut  one  another,  which  is  impoffible  »>.    Therefore  one  ^  ^^  3. , 
circumference  of  a  circle  cannot  cut  another  in  more  than  two 
points.    Q:^E.  D. 


PROP.    XL      T  H  E  O  R. 

TF  two  circles  touch  each  other  internally,  the  ftraight 
line  which  joias  their  centers  being  produced  (hall  pafs 
through  the  point  of  contact. 

Let  the  two  circles  ABC,  ADE  touch  each  other  internal- 
ly in  the  point  A,  and  let  F  be  the  center  of  the  circle  ABC, 
and  G  the  center  of  the  circle  ADE: 
The  ftraight  line    which  joins  the 
centers  F,  G,  being  produced,  pafies 
through  the  point  A. 

For,  if  not,  let  it  fall  othetwife,  if 
pofiible,  as  FGDH,  and  join  AF. 
AG :  And  becaufe  AG,  GF  are  great- 
er ■  than  FA,  that  is,  than  FH,  for 
FA  18  equal  to  FH,  both  being  from 
the  lame  center;  take  away  the  com- 
mon part  FG;  therefore  the  remain- 
der AG  is  greater  than  the  remainder  GH  :  But  AG  is  equal 
to  GD  ;  therefore  GD  is  greater  than  GH,  the  lefs  than  the 
«eater,  which  is  inipofiible.  Therefore  the  ftraight  line  which 
joins  the  points  F,  G  cannot  fall  otherwife  than  upon  the  point 
A|  that  is,  it  muft  pafs  through  it.  Therefore,  if  two  circles, 
^c.  C^E.  D.  ••  ^ 

P  R  O  P.    Xn.      T  H  E  O  R. 

TF  two  circles  touch  each  other  externally^  the  ftraight 
line  which  joins  their  centers  ftiall  pa6  through  the 
point  of  contaft.^ 

Let  the  two  circles  ABC,  ADE  touch  each  other  externally 
in  the  point  A  y  and  let  F  be  the  center  of  the  circle  ABC,  and 
G  the  center  of  ADE :  The  ftraight  line  which  joins  the  points 
F,  G  (hall  pafs  through  the  point  of  conta6l  A. 

f^or.  if  not«  let  it  pafs  ptherwifci  if  poffible,  as  FCDG,  and' 

joia 


ft  ao.ff 


f 


.» 


ft 
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9^ok  m.  join  FA)  AG  :  And  becaufe  F  is  the  center  of  tlie  ctfde 
'  AT  is  equal  to  FC:  Alfo  '  — 

becaufe  G  is  the  center  of 
the  circle  AD£»  AG  i^  e- 

Jual  to  GD  :  .Thercf 
A,  AG  are  equal  to  F 
DG ^wherefore  the  whole 
FG  is  greater  than  FA, 
AG :  But  it  is  alfo  tefe  *i 
tvhich     is     impoflSble  : 

Therefore  thVftraight  line  which  joins  the  poinu  F»  G  Aj 
not  pafi  otherwife  than  through  the  point  9f  contstd  A,  thst  is» 
it    muft    pafs  through  h.     Therefore,   if  two  circles,  &o 


a  10. 1, 


toK. 


PROP.    Xm.     T  H  E  O  R. 

KE  circle  caniot  touch  another  in  mqre  points  than 
one,  whether  it  toud^ps  it  on  the  mfide  or  oat- 


Tior,  if  it  be  poflible,  let  the  circle  EBF  ^uch  the  arcfe  > 
ABC  in  more  points 'than  one,  and  firft  on  the  infide,  in  the 
txo.ix.x.  points  £,  P  ;  join  BD,  ^d  draw  •  GH  bifcaing  BD  at  right 
angles.:  Therefore,  becaufe  the  points  B,  D^are  in  the  orcmnm* 


c 


fCflte  of  each  of  the  circles,  the  f^raight  line  BD  falls  withis 

a*  3*       ^  each  of  them :  And  their  centers  are  ^  In  the  ftraigbt  line  -QU 

^-  ■*  3*  which  hifeas  BD  at  right  angles ;  therefore  GH  piifibs  ihcoiggb 

II*  3*     die  point  of  conta£l^  i  but  it  does  not  pafs  through  it,  becaufeitbe 

points  B,  D^are  without  the  ilraight  line  GH,  whieh'ie  aUhrds 

'  Therefore  one  circle  cannot  touch  another  <9k  the  infide  in 

'  more  points  than  one. 

Nor  can  two  circles  touch  one  another  on  the  oatfidc  in 

• .         •  more 
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sSiore  than  otirpomt :  For^  if  it  bepdfible,  let  the  eirde  ACK  Book  itt. 

«ottch  the  cirde  ABC  in  the  poinis  A^  C»  and  Join  AC :  There- 

^orc»  becaufe'the  two  points  A,  C  are  in 

%he  circumference  of  the  circle  ACK,« 

the  ftraight  line  AC  which  joins  theqs 

ihall  &11  within  ^  the 'circle  ACK : 

And  the  circle  ACK  is  without  the  cir- 
cle ABC}  and  therefore  the  llrsiight  line 
;  AC  is  without  this  laft  circle ;  but,  be- 
t  .canfe  the  points  A,  C  are  in  the  circum- 
:  icrencc  of  the  circle  ABC,  the  ftraight 

line  AC  muft  be  within''^thc..feme  cir- 
cle,   which  is  abfiird:   Therefore  toe 

circle  cannot  touch  another  on  the  out-  J^ 

fide  in  n^ore  than  one  point.:  Audit 

has  been  (hewn,  that  they  cannot  touch 

on  xhe  infide  in  more  points  than  one :  Therefore,  oae  circle^ 


PROP.    XfV.     T  H  E  O  R. 

"Tj^CyiJAL  ftraight  lines  in  a  circle  arc  equally  diftant 
y^j  from  the  center  j  and  thofc  which  are  equally  di- 
ftant from  the  center,  are  equal  to  one  another.  • 

Let  the  ftraight  lines  AB,  CD,  in  the  circle  ABDC,  be  equal 
to  one  another;  they  are  equally  diftant  from  the  center. 

Take  ft  the  center  of  the  circle  ABDC,  and  from  it  draw  EF, 
EG  perpendiculars  to  AB,  CD  :  Then,  becaufe  the 'ftraight  line 
EF  pafling^thtougfa  the  center  cuts  the  ftraight  line  AB,  which 
does  not  pafs  thro' the  cftiter,  at  right 
angles,  it  alfo  bifefts  ■  it :  Wherefore  (^ 

AF  is  equal  to  FB,  and  AB  double  of  a 
AF.  For  the  fame  reafon,  CD  is  dou-  '^ 
Ueof  CG :  And  AB  is  equal  to  CD; 
therefore  AF  is  equal  to  CG!  And 
bedaufe  A£  is  equal  to  EC,  the  fquaije 
of  A£  is  equal  to  the  fquare  of  EC : 
Butlthe  fqnares  of  AF,  FE  are  equal 
^  tp  the  iqiAre  of  AE,  becaufe  tlie 
angle  Af^  is  a  right  angle;  and, 
for  the    like  yaCbn,  the   fquares   of  • 

EG,  GC  are  equal   to    the  fquare  of  EC :  Therefore    the ' 
fquares  of  AF,  FE  are  eqtal  to  the  fquares  of  CG,  GE,  of 

which 
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'  Book  III.  which  the  fquarc  of  AF  is  ^qual  to  the  fquare  of  CG,  bccaafe 
U/^^^"^ .  AF  is  eqnal  to  CG  5  therefore  the  remaining  fquare  of  FE  it  I 
equal  to  the  remaining  fquare  of  EG,  and  the  ftraight  lineFE 
is  therefore  equal  to  EG  :  But  ftraight  lines  in  a  circle  are  faid' 
to  be  equally  diftflnt  from  the  center,  when  the  perpendiculao 
r  4.  D<f.  3*  drawn  to  them  from  the  center  are  equal  ^ :  Therefore  AB,  CD 
are  equally  diftant  from  the  center. 

Next,  if  the  ftraight  lines  AB,  CD  be  equally  diftant  from 
the  centeri  that  isy  if  F£  be  equal  to  £G  ^  AB  is  equal  to  CD: 
For,  the  fame  conftru£lion  being  made,  it  may,  as  before^  be  de^ 
jnonftrated,  that  AB  is  double  of  AF,  and  CD  double  of  CO9  and 
that  the  fquares  of  £F,  FA  are  equal  to  the  fquares  of  £G, 
GC  ;  of  which  the  fquare  of  FE  is  equal  to  the  fquare  of  £G, 
becaufe  FE  is  equal  to  EG ;  therefore  the  remaining  fquare 
of  AF  is  equal  to  the  remaining  fquare  of  CG;  and  the  ftraight 
line  AF  is  therefore  equal  to  CG  :  And  AB  is  double  of  AF, 
.  and  CD  double  of  CG ;  wherefore  AB  is  equal  to  CD.  There** 
fore  equal  ftraight  lines,  &c.  C^E.  D. 


P  R  O  P.    XV.      T  H  E  O  R. 


SeeN. 


•  So.  I. 


THE  diameter  is  the  greateft  ftraight  line  in  a  circle  j 
and,  of  all  others,  that  which  is  nearer  to  the  cen- 
ter is  always  greater  than  one  more  remote  j  and  the 
greater  is  nearer  tp  the  center  than  the  Icfs, 

Let  ABCD  be  a  circle,  of  which  the  diameter  is  AD,  and 
center  E ;  and  let  BC  be  nearer  to  the  Center  than  FG ;  AD  is 
greater  than  any  ftraight  line  BC  which 
IS  not  a  diameter,  and  BC  greater  than 
FG.  p 

From  the  center  draw  EH,  EK  per-    ^y 
pendiculars  to  BC,  FG,  and  join  £B, 
EC,  EF  'j  and  becaufe  AE  is  equal  to 
EB,  and  ED  to  EC,  AD  is  equal  to 
EB,  EC  :  But  EB,  EC,  are  Jgreater  •       ^ 
than  BC;  wherefore,  alfo  AD  ts  greatr    6 
er  than  BC.  * 

Aod*  becaufe   BC    i<  nearer  to  tbc   center  thao  FG> 

m 
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is  kfs  *»  than  EK :  But^  as  was  demonftrated  in  the  pre-   ^"^^  l^^« 

Jing,  BC  is  double  of  BH,  and  FG  double  of  FK,  and  the  .^-""^^^ 

l<|tiares  of  JEH,  HB  arc  equal  to  the  fquares  of  EK,  KF,  of  ^**  ^^-  ^ 
which  the  fquare  of  EH  is  lefs  than  the  fquare  of  EK,  becaufe 
is  lefs  than  EK;  theref  )re  the  fquare  of  BH  is  greater  than 
fquare  of  FK,  and  the  ftraight  line  BH  greater  than  FK; 
td  therefore  BC  is  greater  than  FG. 

l<Text,  Let  BC  be  greater  than  FG  ;  BC  is  nearer  to  the  cen- 

tfaan  ¥G,  that  is,  the  fame  conftru£^Ion  being  made,  EH  is 

than  EK:  Becaufe  BC  is  greater  than  FG,  BH  likewife  Is 

greater  than  FK:  And  the  fquares  of  BH,  HE  arc  equal  to 

the  fquares  of  FK,  KE,  of  which  the  fquare  of  BH  is  greater 

than  the  fquare  of  FK,  becaufe  BH  is  greater  than  FK ;  thc;re- 

fore  the  fqUar^  of  EH  is  lefs  than  the  fquare  of  EK,  and  the 

ftraight  line  EH  lefs  than  £K.    Wheiefore  the  diameter,  &c» 


PROP.    XVL      T  H  E  O  R. 

THE  ftraight  line  drawn  at  right  angles  to  the  dia-  Sce  n. 
meter  of  a  circle,  from  the  extremity  of  it,  falls 
\rithout  the  circle ;  and  no  ilraight  line  can  be  drawn 
between  that  ftraight  line  and  the  circumference  from 
the  extremity,  fo  as  not  to  cut  the  circle ;  or,  which  is 
the  lame  thing,  no  ftraight  line  can  make  fo  great  an 
dcute  angle  with  the  diameter  at  its  extremity,  or  fo  fmall 
an  angle  with  the  ftraight  line  which  is  at  right  angles  to 
it,  as  not  to  cut  the  circle. 


Let  ABC  be  a  circle,  the  center  of  which  is  D,  and  the  dia- 
meter AB ;  the  ftraight  line  drawn  at  right  angles  to  AB  from 
its  extremity  A,  (hall  fall  without  the  circle. 

For^fif  it  does  not,  let  it  fall,  if 
foOi^f  within  the  circle  as  AC, 
and  diiaw  DC  to  the  point  C  where 
it  mo^tfi  the  circumference  :  And 
becaafe  DA  is  equal  to  DCj  the  ]3 
an^y  D  AC  is  eoual  *  to  the  angle 
ACIJ;  hut  DAC  is  a  right  angle, 
therelfbre  ACD  is  a  right  angle» 

and  Jhe  angles  DAC,  ACD  are  

tbaJfore  equal  to  two  n^t  angles;  which  is  impoflible** : 

*^  -    Therefon 


,• 
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B(H>k  iir.  Therefore  the  ftraight  line  drawn  from  A  at  right  angles' to  BA 
does  not  fall  within  the  circle :  In  the  fame  manner,  it  may  he 
demonftrated  that  it  does  not  fall  upon  the  circumference;  there- 
fore it  mud  fall  without  the  circle,  as  AE. 

And  between  the  ftraight  line  AE  and  the  circumference 
no  ftraight  line  can  be  drawn  from  the  point  A  which  does 
not  cut  the  circle :  For,  if  poflfible,  let  FA  be  between  them,  and 
from  the  point  D  draw  ^  DG  perpendicular  to  FA,  and  let  it 
meet  the  circumference  in  H ;  And  becaufe  AGD  is  a  right 
angle,  and  DAG  lefs^  than  a  right  angle  :  DA  is  greater '^  than- 
DG :  But  DA  is  equal  to  DH  ; 

therefore  DH  is  greater  than  DG,  *-  .  "p 

the  lefs  than  the  greater,  which  is  ^^  I    i  '-i 

impoflible :  Therefore  no  ftraight 
line  can  be  drawn  from  the  point 
A  between  AE  and  the  circupife- 

rence,  which  does  not  cut  the  cir-  ^   

cle,  or,  which  amounts  to  the  fame  JB  I  r\  I A 

thing,  however  great  an  acute  angle 
a  ftraight  line  makes  with  the  dia- 
meter at  the  point  A,  or  however 
fmall  an  angle  it  makes  with  AE, 
the  circumference  pailes  between  that  ftraight  line  and  the  per* 
pendicular  AE.  *  And  this  is  all  that  is  to  be  underftood, 
^  when,  in  the  Greek  text  and  tranflations  from  it,  the  angle  of 
^  the  femicircle  is  faid  to  be  greater  than  any  acute  rectilineal 
'  angle*  apd  ^he  remaining  angle  lefs  than  any  rectilineal  an« 

CoR.  From  this  it  is  manifeft  that  the  ftraight  line  which  is 
drawn  at  right  angles  to  the  diameter  of  a  circle  from  the  ex- 
tremity of  ii,  touches  the  circle  ;  and  that  it  touches  it  only  in 
one  point,  becaufe,  if  it  did  meet  the  circle  in  two,  it  would 
«  a.  3.  fall  within  it  ^.  *  Alfo  it  is  evident  that  there  can  be  but  one 
*  ftraight  line  which  touches  the  circle  in  the  fame  point.' 


PROP.    xvn.    P  R  O  B. 


rpO  draw  a  ftraight  line   frorti  a  given  point, 

without  or  in  the  circumference,  which  ftiall  to 
given  circle, 

Fi;ft^  Let  A  be  a  given  point  without  the  given  circle 
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k  IS  required  to  draw  a  ftraight  line  from  A  which  (hall  touch   Book  in. 

the  circle.  v^/^>r\J 

Find  •  the  center  E  of  the  circfe,  and  join  AE  ;  and  from  a  i.  3. 

the  center  E,  at  the  diftance  EA,  dcfcribe  the  circle  AFG  •, 

from  the  point  D  draw  *>  DF  at  right  angles  to  EA,  and  join  ^  !«•  »• 

EBF,  AB  i  AB  touches  the  circle  BCD. 
Becaufe  E  is  the  center 

of  the  circles  BCD,  AFG, 

EA  is  equal  to  EF :  And 

ED  to  EB ;  therefore  the 

two  fides  AE,  £B  are  equal 

to  the  two  FE,  ED,  and 

they  contain  the  angle  at 

£  common  to  the  two  tri- 
angles AFB,  FED ;  there- 
fore the  bafe  DF  is  equal  to 
the  bafe  AB,  and  the  tri-r 
angle  FED  to  the  triangle 

AEB,  and  ,the x)tber  aogles  to  the  other  angles'^ :  Therefore  the  ^  *•  ^• 
angle  EB  A  is  equal  to  the  angle  EDF:  But  EDF.  is  a  right 
angle,  wherefore  EBA  is  a  right  angle :  And  EB  is  drawn  from 
tbe renter  ;  but  a  ftraight  line  drawn  from  the  extremity  of  a 
<tiameteT,  at  right  angles  to  it,  tosuches  the  circle -^^ :  Therefore  dCor.Kf.a. 
AB  touches  the  circle;  and  it  is  drawn  from  the  given  point  A* 
Which  was  to  be  done. 

But,  if  the  given  point  be  in  the  circumference  of  the  circle, 
as  the  point  D,  draw  DE  to  the  center  E,  and  DF  at  right 
angles  to  DE ;  DF  touches  the  circle  **. 


» 


PROP.    XVIII.      T  H  E  O  R. 

TF  a  ftraight  line  touches  a  cirde,'the  ftraight  line  drawn 
from  the  center  to  the  point  of  contaft,  (hall  be  per- 
pendicular to  the  line  touching  the  circle. 


I 


Let  the  ftraight  line  DE  touch  the  circle  ABC  in  the  point 
C,  take  the  .center  f,  and  draw  the  ftraight  line  FC  ;  FC  is 
perpendicular  to  DE. 

For,  if  it  be  not,  from  the  point  F  draw  FBG  perpendicular 
,to  DE ;  and  becaufe  FGC  is  a  right  angle,  GCF  is  ^  an  acute  *> 
P^le ;  and  to  the  greater  angle  the  greatcft  «  fide  is  oppofite  :  ^ 

F  a  The  icfwe 


17. 1. 

xp.  X. 
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Book  in.  Therefore  FC  is  greater  than  FG  ; 

V-^-v^  but  FC  is  equal  to  FB ;  thcrcfor-c 
FB  is  greater  than  FG,  tl>e  Icfs  than 
the  greater,  vhich  is  impoffible  : 
Wherefore  FG  is  not  perpenciicular 
to  DE :  In  the  fame  manner  it  may 
be  (hewn*  that  no  other  is  perpen- 
dicular to  it  beCdes  FC,  that  is,  FC 
is  perpendicular  to  DE.  Therefore, 
if  a  ftraight  line,  &c.  Q^E.  D. 


a  19.3. 


PROP.    XIX.      T  H  E  O  R. 

TF  a  ftraight  line  touches  a  circle,  and  from  ttie  point 
ot  contad  a  ftraight  line  be  drawn  at  fight  angles  to 
the  touching  line,  the  center  of  the  circle  Ihali   be  in 
that  line. 

Let  the  ftraight  line  DE  touch  the  circle  ASC  in  C,  and 
from  C  let  CA  be  drawn  at  right  angles  to  DEj  the  center  of 
the  circle  is  in  CA. 

For,  if  not,  let  F  be  the  center,  if  poffiblc^  and  join  CF ; 
Becaufe  DE  tpncfaes  the  circle  ABC, 
and  FC  is  drawn  from  the  center  to 
the  point  of  conta£^,  FC  is  perpen- 
dicular *  to  DE  ;  therefore  FCE  is  a 
right  angle  :  But  ACE  is  alfo  a  right 
angle;  therefore  the  angle  FCE  is 
equal  to  the  angle  ACE,  the  lefs  to  H 
the  greater,  which  is  impoflfible: 
Wherefore  F  is  not  the  center  of  the 
circle  ABC :  In  the  fame  manner,  it 
may  be  fliewn,  that  no  other  point 
which  is  not  in  C A,  is  the  center ; 

that  is,  the  center  is  in  CA.    Therefore,  if  a  ftraight  line^  &c« 
Q^E.  p. 


P  R  O  P.    XX,      T  H  E  O  R. 

Sec  K.       nr'HE  angle'  at  the  center  of  a  circle  is  double  of  the 
A    angle  at  the  circumference,  upon  the  fan>c  bafc, 
that  is,  upon  the  fame  part  of  the  circumference. 

Let 
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a  5.  w. 


b  31.1; 


.  Let  ABC  be  a  circle,  and  BEC  ah  angle  at  the  centexi  and  Book  iiL 
BAC  an  angle  at  the  circumference,  which  have  the  fame  cir- 
cumference BC  for  their  bafe  ;  the  angle 
BEC  is  double  of  the  angle  BAC. 

Firft,  Let  E  the  center  of  the  circle  be 
within  the  angle  BAC,  and  joiii  A£,  and 
produce  it  to  F:  Becaufe  EA  id  equal 
to  £B,  the  angle  EAB  is  ecjual  *  to 
the  angle  £6 A ;  therefore  the  angles 
EAB,  EBA  are  double  of  the  angle  EAB  ; 
but  the  angle  BEF  is  equal  ^  to  the  angles 
EAB,  EBA ;  therefore  alfo  the  angle 
BEF  is  double  of  the  angle  EAB  :  For  the 
(ame  reafon,  the  angle  FEC  is  double  of 
the  angle  EAC  :  Therefore  the  whole  angle  SEC  iS  double  of 
the  whole  angle  BAC. 

Again,  Let  E  the  center  of  the 
circle  be  without  the  angle  BDC,  and 
join  DE  and  produce  it  to  G.  It 
may  be  demonflrated,  as  in  the  firft 
Cafe,  that  the  angle  GEC  is  double 
of  the  angle  GDC,  and  that  GEB  a 
p^n  of  the  firft  is  double  of  GDB  a 
part  of  the  other ;  therefore  the  re-  Q.^ 
mining  angle  BEC  is  double  of  the 
remaining  angle  'BDC  Therefore 
the  angle  at  the  center,  &&:  Q^E.  D. 


PROP.    XXL      T  H  E  O  Ri 

/ 

THE  ailglcs  in  the  fame  fcgmcnt  of  a  circle  airci  c*  see  n. 
gual  to  one  another; 

Let  ABCD  be  a  circle,  and  BAD^ 
BED  angles  in  the  fame  fegment 
BAED  :  The  angles  BAD^  BED  are 
equal  to  one  another. 

Take  F  the  center  of  the  circle 
ABCD  :  And,  firfl^  let  the  fiegment 
BAED  be  j^reatcr  than  a  iemicircle, 
and  join  BF,  FD :  And  becaufe  the  g 
angle  BFD  is  ai  the  center^  and  the 
angle  BAD  at  the  circuoiferencey 
ted  tbaEt  they  haf  e  the  hmt  part  of 

F  3  the 


t'    \ 
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Book  III.  the  circumference,  viz.  BCD,  for  their  bafc  ;  therefore  the  aii^ 
gle  BFD  is  double  *  of  the  angle  BAD  :  For  the  fame  reafon» 
the  angle  BFD  is  double  of  the  angle  BED :  Therefore  the 
angle  BAI)  is  equal  to  the  angle  BED. 

But,  if  the  fegment  BAED  be  not  greater  than  a  femicirclc, 
let  BAD,  BED  be  angles  in  it ;  thefe 
alfo  are  equal  to  one  another :  iJraw 
AF  to  the  center,  and  produce  it  to 
C,  and  join  CE :  Therefore  the  feg-  -n 
ment  BADC  is  greater  than  a  femi-  *^^ 
circle;  and  the  angles  in  it  BAC, 
BEC  are  equal,  by  the  firft  cafe :  For 
the  fame  reafon,  becaufe  CBED  is 
greater  than  a  femicircle,  the  angles 
CAD,  CED   are  equal:  Therefore 
the  whole  angle  BAD  is  equal  to  the 

whole  angle  BED.  Wherefore  the  angles  in  the  fame  fegment, 
&c.  Q:^E.  D. 


s  3^  I. 


b  ai.  3, 


PROP.    XXU.      T  H  E  O  R. 

THE  oppofite  angles  of  any  quadrilateral  figure  de- 
fcribcd  in  a  circle,  are  together  equal  to  two  right 
angles. 

Let  ABCD  be  a  quadrilateral  figure  in  the  circle  ABCD  . 
any  two  of  its  oppofite  angles  are  together  equal  to  two  right 
angles. 

Join  AC,  BD  5  and  becaufe  the  threre  angles  of  every  tri- 
angle arc  equal  •to  two  right  angleS}  the  three  angles  ot.tbe 
triangle  CAB,  viz.  the  angles  CAB,  ABC,  BCA  are  equal  to 
two  right  angles  :  But  the  angle  CAB  -rj 

is  equal  *»  to  the  angle  CDB,  becaufe  ^"^"7^^^::^  r\ 

they  are  in  the  fame  fegment  BADC  j  x    /  x^'^^O 

and  the  angle  ACB  is  equal  to  the 
angle  AbB,  becaufe  they  are  in  the 
fame  fegment  ADCB :  Therefore  the 

whole  angle   ADC   is  equal  to  the  AV^^^- ^JR 

angles  CAB,  ACB :  To  each  of  thefe       ^  '^ 

equals  add  the  angle  ABC  \  therefore 
the  angles  ABC,  CAB,  BCA  arc  e- 
qual  to  the  angles  ABC,  ADC :  But  ABC,  CAB,  BCA  are 
equal  to  two  right  angles  \  therefore  alfo  the  angles  ABCj  ADC 
arc  equal  to  two  right  angles ;  In  the  fame  maoaer^  the  angles 

BAD, 
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bADy  DCB  may  be  (hewn  to  be  equal  to  two  right  angles.  Book.  Iir. 
Thcreibrcj  the  oppofite  angles^  &c.  Q^E.  D»  V.^Y"0 

PROP.    XXIII.      T  H  E  O  R* 

UPON  the  fame  ftraightline,  and  upon  the  fame  fide  seeN. 
of  it,  there  cannot  be  two  fimilar  fegmcnts  of 
circles,  not  coinciding  with  one  another. 

• 
If  it  be  poi&ble,  let  the  two  fimilar  Tegmenta  of  circles,  Tit. 
ACB^  ADB,  be  upon  the  fame  fide  of  the  fame  ftraight  line 
A  By  not  coinciding  with  one  another  :  Then,  becaufe  the  cir- 
cle ACB  cuts  the  circle  ADB  in  the  -rv 
two  points  A^  B,  they  cannot  cut  one           v'-^'^x^^^v^  a  lo.  ^ 
another  in  any  other  point "  :  One  of       /\^^--^^\ 


the  fegments  muft  theiefore  fall  within 

the  other ;  let  ACB  fall  within  ADB, 

and  draw  the  ftraight  line  BCD,  and    . 

join  CA,  DA  :  And  becaufe  the  feg-  A 

ment  ACB  is  fimilar  to  the  fegment 

ADB,  and  that  fimilar  fegments  of  circles  contain  ^  equal  arn-bix.  dcf.  3. 

gles ;  the  angle  ACB  is  equal  to  the  angle  ADB,  the  exterior 

to  the  interior,  which  is  impoifible^.     Therefore,  there  cannot  c  xtf.  i. 

be  two  fimilar  fegments  of  a  circle  upon  the  fame  fide  of  the 

fame  line,  which  do  not  coincide.    C^E*  D. 


PROP.    XXIV.     T  H  E  O  R. 


s 


I M I L  A  R  fegments  of  circles  upon  equal  ftraight  sec  h* 
lines^  are  equal  to  one  another. 


Let  AEB,  CFD  be  fimilar  fegments  of  circles  upon  the  equal 
ftraight  lines  AB,  CD ;  the  fegment  AEB  is  equal  to  the  feg- 
ment CFD. 

For,  if  the  feg- 
ment AEB  be 
applied  to  the 
fegment  CFD, 
fo  as  the  point  A 
be  on  C,  and 
the  ftraight  line 
AB  upon  CD,  the  point  B  (ball  coincide  with  the  point  D,  be« 

£4  .    caufe 


ft^ 
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Book  III.  caufe  AB  is  equal  to  CD  :  Therefore  the  ftraight  line  AB 
^^^^'^'^^  inciding  with  CD,  the  fegment  AEB  muft»  coincide  with  the 
a  23.  3.      fegment  CFD,  and  therefore  is  equal  to  it.     Wherefore  fimilar 
fegmcnts^  &c.  Q^E.  D. 


PROP.    XXV.      P  R  6  Bv 


SceN- 


a  10.  u 
b  IX.  f. 

c  6,  I. 


4  p,j. 


«  23. 1. 


f/.'!' 


A 


Segment  of  a  circle  beitig  given,  to  defcribe  the 
circle  of  which  it  is  the  fegment. 


Let  ABC  be  the  given  fegment  of  a  circle  i  it  is  required  to 
defcribe  the  circle  of  which  it  is  the  fegment. 

Bife&  *  AC  in  D»  and  from  the  point  D  draw  ^  DB  at  right 
angles  to  AC,  and  join  AB :  Firfl,  let  the  angles  ABD^  B  AD^ 
be  equal  to  one  another ;  then  the  ftraight  line  BD  is  equal  ^ 
to  DA,  and  therefore  to  DC  :  And  becaufe  the  three  ftraight 
lines  DA,  DB,  DC  arc  all  equal,  D  is  the  center  of  the  cir- 
cle ^  :  From  the  center  D,  at  the  diftance  of  any  of  the  three 
DA,  DB,  DC,  defcribe  a  circle  ;  this  fliall  pafs  thro*  the  other 
points ;  and  the  circle  of  which  ABC  is  a  fegment  is  defcribed : 
And  becaufe  the  center  D  is  in  AC,  the  fegment  ABC  is  a  fe-^ 


E^C 


micircle  :  Bat  if  the  angles  ABD,  BAD  are  not  equal  to  one 
another,  at  the  point  A,  in  the  ftvaight  line  AB,  make  *  the  angle 
B  AE  equal  to  the  angle  ABD,  and  produce  BD,  if  neceflary,to  E^ 
and  join  EC  :  And  becaufe  the  ai^le  ABE  is  equal  to  the  angle 
BAE,  the  ftraight  Jine  BE  is  equal*  to EA :  And  becaufe  AD 
is  equal  to  DC,  and  DE  common  to  the  triangles  ADE,  CDE, 
the  two  fides  AD,  DE  are  equal  to  the  two  CD,  DE,  each  to 
each ;  and  the  angle  ADF  is  cquat  to  the  ang^Ie  CDE,  for 
each  of  them  is  a  right  angle  ;  therefore  the  bafb  AE  is  eqtt«il 
f  to  the  bafe  EC  :  But  AE  was  flicwn  to  be  equal  to  EB,  where- 
fore alfo  BE  is  equal  to  EC  :  Aod  the  three  flxaight  lines  AE, 


■\ 
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EB,  EC  are  therefore  equal  to  otie  another  ;  wherefore  <^  E  is  Book  iil 
the  ceater  of  the  circle.    From  the  center  E%  at  the  diftance  of  V^^v^Jl 
any  of  the  three  AE^  £B,  EC,  defcribe  a  circle,  this  fhall  pafs  <^  9*  3^ 
thro'  the  other  points  ;  and  the  circle  of  which  ABC  is  afeg- 
ment  is  defcribed  :  And  it  is  evident  that  if  the  angle  ABD  be 

{rreater  than  the  angle  BAD,  the  center  E  falls  without  the 
egment  ABC,  which  therefore  is  lefs  than  a  femicircle :  But 
if  the  angle  ABD  be  lefs  than  BAD,  the  center  E  falls  within 
i:he  fejicnient  ABC,  which  is  therefore  greater  than  a  femicir- 
cle z  Wherefore  a  fegment  of  a  circle  being  given,  the  circle  i^ 
deicribcd  of  which  it  is  a  fegment.    Which  was  to  be  done. 


PROP.    XXVI.     T  H  E  O  R. 

t 
TN  equal  circles,  equal  angles  ftand  upon  equal  circum- 
ferences, whether  they  ht  at  the  centers  or  circuni- 
ferences. 

Let  ABC,  DEF  be  equal  circles,  and  the  ecjual  angles  BGC, 
£HF  at  their  centers,  and  BAC,  £DF  at  their  circumferences  : 
The  circumferenee  BKC  is  equal  to  the  circumference  ELF. 

Join  BC,  EF ;  and  becaufc  the  circles  ABC,  DEF  are  equal, 
the  ftraight  lines  drawn  from  their  centers  are  equal :  there- 
fore the  two  fides  BG,  GC,  are  equal  to  the^  two  EH,  HF ; 


and  the  angle  at  G  is  equal  to  the  angle  at  H  ^  therefore  tlic 
bafe  BC  is  equal*  to  the  bafe  EF:  And  becaufe  the  angle  at  A  *  4- 1. 
is  equal  to  the  angle  at  D,.  the  fegment  BAC  is  fimilar »» to  the  *»  'i.  dcf.  j 
fegment  EDF  j  and  they  are  upon  equal  ftraight  lines  BC,  EF  j 
but  fimilar  fegments  of  circle^  upon  equal  ftraight  lines  are  e- 
qua) '^  to  one  another;  therefore  the  fegment  BAC  is  equal  ^  ^^ 
to  the  fegment  EDF :  But  the  whole  circle  ABC  is  equal  to  the 

whole 


' 
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t^'!i!"'  ^^^^^  ^^^ »  therefore  the  remaining  fegment  BKC  is  eqiial  to 
the  remaining  fegment  ELF,  and  the  circumference  BKC  to 
the  circumference  ELF.  Wherefore,  in  equal  circles.  &c. 
Q.E.D. 


PROP.    XXVIL    T  H  E  O  R. 

IN  equal  circles,  the  angles  which  ftand  upott  equal 
circumferences,  arc  equal  to  one  another,  whether 
they  be  at  the  centers  or  circumferences. 

Let  the  angles  BGC,  EHF  at  the  centers,  and  BAC,  EDF 

at  the  circumferences  of  the  equal  circles  ABC,  DEF  ftand 

upon  the  equal  circumferences  BC,  £F :  The  angle  BGC  is  e- 

qual  to  the  angle  EHF,  and  the  angle  B  AC  to  the  angle  EDF. 

If  the  angle  BGC  be  equal  to  the  angle  EHF,  it  is  manifeft 

■  10.  >       «  that  the  angle  BAC  is  alfo  equal  to  EDF :  But,  if  not,  one 


of  them  is  the  greater :  Let  BGC  be  the  greater,  and  at  the 
b  23.  X.  point  G,  in  the  ftraight  line  BG,  make  ^  the  angle  BGK  equal 
to  the  angle  EHF ;  hut  equal  angles  ftand  upon  equal  circum* 
c  stf.  3.  ferences "-',  when  they  are  at  the  center ;  therefore  the  circum- 
ference BK  is  equal  to  the  circumference  EE :  But  EF  is  equal 
to  BC  ;  therefore  alfo  BK  is  equal  to  BC,  the  lefs  to  the  great- 
er, ^rhich  is  impofllble :  Therefore  the  angle  BGC  is  not  unequal 
to  the  angle  EHF ;  that  is,  it  is  equal  to  it :  And  the  angle  at 
A  is  half  of  the  angle  BGC,  and  the  angle  at  D  half  of  the  an- 
gle EHF :  Therefore  the  angle  at  A  is  equal  to  the  angle  at  D. 
Wherefore,  in  equal  circles,  &c.  (^E.  D. 


PROP- 


T; 
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PROP.    XXVin       T  H  E  O  R. 


fN  equal  circles,  equal  ftraight  lines  cut  oflf  equal  cir^^ 
cumferences,  the  greater  equal  to  the  greater,  and  the 
lels  to  the  lefs. 

Let  ABC,  D£F  be  equal  circles,  and  BC»  EF  equal  ftraight 
lines  in  them,  which  cut  off  the  two  greater  circumferences 
BAC,  EDF,  and  the  two  lefs  BGC,  EHF :  The  greater  BAC 
18  equal  to  the  greater  EDF,  and  the  lefs  BGC  to  the  lefs 
EHF. 

Take*  E,  L  the  centers  of  the  circles,  and  join  BK,  KC,  >  i*  3*' 
ELj  LF :  and  becaufe  the  circles  are  equals  the  ftraight  lines 

A  D 


i 
/ 


G  H 


from  their  centers  are  equal ;  therefore  BK,  KC,  are  equal  to 
ELy  LF;  and  the  bafe  bC  is  equal  to  the  bafe  EF;  therefore 
the  angle  BKC  is  equal  ^  to  the  angle  ELF :  But  equal  angles  b  8.  i. 
ftand  upon  equal  ^  circumferences,  when  they  are  at  the  cen«  c  »6.  3. 
ters  \  therefore  the  circumference  BGC  is  equal  to  the  cir- 
cumference EHF.  But  the  whole  circle  ABC  is  equal  to  the 
whole  EDF ;  the  remaining  part  therefore  of  the  circumfe- 
renccy  viz.  BAC,  is  equal  to  the  remaining  part  EDF.  There- 
fore,  in  equal  circles,  &c.  Q^E.  D. 

PROP.    XXIX.     T  H  E  O  R. 

TN  equal  circles,  equal  circumferences  are  fubtended  by 
■■•  equal  ftraight  lines. 

Let  ABC,  DEF  be  equal  circles,  and  let  the  circumferen- 
ces BGC,  EHF  alfo  be  equal ;  and  join  BC^  EF ;  The  ftxaight 
line  BC  is  equal  to  the  ftxaight  line  £F. 

Take 
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Book  ni.       Take  *  K,  L  the  centers  of  thfc  circles,  and  join  BK,  KC 
£L,  LF :  And  becaufe  the  circumference  fiGC  is  equal  to  the 

A  .D 


t  X.  3 


G  H 

*  »7'  ^  circumferehcc  EHF,  the  aiigle  BKC  is  equal  ^  to  the  angte 
ELF :  And  becaufe  the  circles  ABC,DEF  are  equal,  the  ftraight 
lines  from  their  centers  are  equal* :  Therefore  |BK,  KC  are  e- 
qual  to  EL,  LF,  and  they  contain  equal  angles :  Therefore  the 

c  4-  '•  bafe  BC  is  equal  ^  to  the  oafe  £F.  Therefore,  in  equal  circles, 
&c.  Q^B.  D. 


T 


PROP-   XXX.     P  R  O  B. 

O  bifeft  a  given  circumference,  that  is^  to  divide  it 
into  two  equal  parts. 


Let  ADB  be  the  gitcn  circiimfercticc ;  it  is  required  to  bi- 
feait. 

a  10. 1.  Join  AB,  ahd  bifeft  *  it  rti  C  ;  from  the  point  C  draw  CD 

it  right  angles  to  AB,  and  join  AD,  Dfi :  The  cfrc^Emference 
AJDB  is  bifeftcd  in  the  point  D. 

Becaufe  AC  is  equal  to  CB,  and  CD  common  (ft  the  tri- 
angles ACD,  BCD,  the  tvro  fides  AC,. 
CD  are  equal  to  the  two  BC,  CI>'y 
and  the  angle  ACD  is  equal  to  the 

angle  BCD,  becaufe  each  of  them  is  a 

right  angle;  therefore  the  bafe  AD    ^/^  "f^  « 

*  ^  »•       is  equal  ^  to  the  bafe  BD :  But  equal  A  O  a> 

1 7»,  3,  ftraight  lines  cut  o&  equal  ^  circuoierences,  the  greatet  equal 
to  the  greater,  and  the  lefs  to  the  lefs,.  and  AD,  DB  ar<e  each 
of  them  lefs  than  a  femicircle ;  becaufe  DC  paHc:s  throu^rh  the 

dCor.  X.  3,  center  ** :  Wherefore  the  circumference  AD  is  equal  to  the  cir- 
cumference DB :  Therefore  the  given  circumference  is  bifeded 
iQ  D.    Which  W36  to  be  done^ 

PROP. 


^ 
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PROP.    XXXI.     T  H  E  O  R. 

TN  a  circle,  the  angle  in  a  fcmjeircle  is  a  right  atigle  ; 
but  the  angle  in  a  fegment  greater  than  a  femicirclc  is 
Icfs  than  a  right  angle ;  and  the  angle  in  a  fegpient  lefs 
than  a  femicircle  is  greater  than  a  right  angle. 

Let  ABCD  be  a  circle,  of  which  the  diameter  is  BC,  and 
center  E^  and  draw  CA.  dividing  the  circle  into  the  fegments 
ABC,  ADC,  ^^ndjoinBA,  AD,  DC;  tlie  angle  in  the  femi- 
circlc BAC  is  a  light  angle;  and  tlie  angle  m  the  fegment 
ABC,  which  is  greater  than  a  femicf  rcle,  is  lefs  thm  a  right 
^ni^ple;  and  the  angle  m  the  figment  ADC,  which  is  lefs  than 
a  femicircle,  is  greater  than  a  right  angle. 

Join  AE,  and  produce  BA  to  F  ;  ?nd  becaufe  BE  is  equal 
to  EA,  the  angle  EAB   is  equal  *  to  EBA ;  alfo,  becaufe  A^  *  **  '* 
is  eqiial  to  EC,  the  angle  EAC  is 
equal  '  to    EC  A  ;    wherefore  the 
whole  angle  B  AC  is  equal  to  the 
two  angles  ABC,  ACB :  But  FAC, 

the  exterior  angle  of  the  triangle  /y^t^VT^^^^^T^       b  31.  x. 

ABC,  is  equal  *»  to  the  two  angles  x  >^   1  ^    ^^l-#  •  -. 

ABC,   ACB;  therefore  the  angle 
bAC  is  equal  to  the  angle  FAC,  ^ 
and  each  of  them  is  therefore  a 

right  ^  angle :  Wherefore  the  angle  •       ^  '        c  lo.  det  t. 

BAC  in  a  femicircle  is  a  right  an- 
gle. 

And  becaufe  the  two  angles  ABC,  BAC  of  the  triangle 
ABC  *ire  together  lefs  ^  than  two  right  angles,  and  that  BAC  4 17.  «• 
is  a  right  angle,  ABC  muft  be  lefs  than  a  right  angle;  and  there?  / 
fore  the  angle  in  a  fegment  ABC|  greater  than  a  femijcircle,  is 
lefs  than  a  right  angle, 

And  becaufe  ABCD  is  a  quadrilateral  figure  in  a  circle,  aajr 
two  of  its  oppoCte  angles  ar^  equals  to  two  right  angles ;  there-  *  **  3» 
fore  the  angles  ABC,  ADC  are  equal  to  two  right  angles;  and 
ABC  is  lefs  than  a  right  angle)  yrh^refore  the  other  ADC  i^ 
greater  than  a  right  angle. 

Befides,  it  as  msmifeA,  that  th^  circumference  of  the  great-     . 
cr  fegment  ABC  falls  without  the  right  angle  CAB,  but  the 
ctrcumference  of  the  Jcis  fegment  ADQ  falls  within  the  right 
aogle  CAF.    *  And  this,  rs  all  that  is  mea^t,  when  in  the 

<  Greek 


94  THE     ELEMENTS 

Book  IIL  «  Greek  text,  and  the  tranflations  from  it,  the  angle  of  the 
'  *  greater  fegment  is  faid  to  be  greater,  and  the  angle  of  the  ld» 
'  fegment  is  faid  to  be  lefs,  than  a  right  angle.' 

Cor.  From  this  it  is  manifeft,  that  if  one  angle  of  a  tri« 
^ngle  be  equal  to  the  other  two,  it  is  a  right  angle,  becaufe  tbc 
angle  adjacent  to  it  is  equal  to  the  fame  two ;  and  when  the  a(b 
jacent  angles  are  equal,  they  are  right  angles. 


PROP.    XXXn,      T  H  E  O  R. 

TF  9,  ftraight  line  touches  a  circle,  and  from  the  point 
of  contad  a  ftraight  line  be  drawn  cutting  the  circle, 
the  angles  made  by  this  line  \(rith  the  line  touching  the 
drclc,  fliall  be  equal  to  the  angles  which  are  in  the  alter* 
nate  fegments  of  the  circle. 

Let  the  ftraight  line  EF  touch  the  circle  ABCD  in  B,  and 
from  the  point  d  let  the  ftraight  lind  BD  be  drawn  cutting  the  < 
circle:  The  angles  which  BP  makes  with  the  touching  line  EF 
fhall  be  equal  to  the  angles  in  the  alternate  fegments  of  the 
circle ;  that  is,  the  angle  FBD  is  equal  to  the  angle  which  is  ia 
the  ferment  DAB^  and  the  angle  DBE  to  the  angle  ix»  the  feg- 
ment BCD. 

»  i«.  I  From  the  point  B  draw*BA  at  right  angles  to  EF,  and 

take  any  point  C  in  the  circumference  BD,  and  join  AD, 
DC,  CB  ;  and  becaufe  the  ftraight  line  EF  touches  the  circle 
ABCD  in  the  point  fi,  and  BA  is 
drawn  at  right  angles  to  the  touch- 
ing line  from  the  point  of  eonta£^ 

b  ip.  3       B,  the  center  of  the  circle  is  ^  in  B  A ; 
therefore  the  angle  ADB  in  a  femi- 

c  31. 3.       circle  is  a  right  ^  angle,  and  con- 
fequentlythe  other  two  angles  BAD, 

4  31. 1.  ABD  are  equal  ^  to  a  right  angle  : 
But  ABF  is  likewife  a  right  angle  ; 
therefore  the  angle  ABF  is  equal  to 
the  angles  BAD,  ABD :  Take  from 
thefe  equals  the  common  angle 
ABD  I  therefore  the  remaining  an- 
*  glc  DBF  is  equal  to  the  angle  BAD,  which  is  in  the  alternate 
legment  of  the  circle }' and  becaufe  ABCD  is  a  quadrilateral 

e  ai.  3.      figure  in  a  circki  the  oppofite  angles  BAD,  BCD  are  equal  ^  to 

two 
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.  o  right  angles ;  therefore  the  angles  DBF,  DBE,  being  like-  Book  iii. 
^.ife  equals  to  two  right  angles,  are  equal  to  the  angles  BAD,  (v^/VN^ 
SCD ;  and  DBF  has  been  proved  equal  to  BAD :  Therefore  the  ^  13.  >•  . 
remaining  angle  DB$  is  equal  to  the  an^le  BCD  in  the  alter- 
nate fegment  of  the  circle.    Wherefore^  if  a  ftraight  line,  &c« 
^    "  D. 


ft  lax; 


b  3I.>J 


PROP.   xxxm.     P  R  O  B. 

UPON  a  given  ftraight  line  to  defcribe  a  fegment  of  scc  n, 
a  circle,  containing  an  angle  equal  to  a  given  rec* 
tilineal  angle« 

Let  AB  be  the  given  ftraight  line,  and  the  angle  at  C  the 
given  re£iilineal  angle ;  it  is  required  to  defcribe  upon  the  given 
ftraight  line  AB  a  fegment  of  a  circle,  containing  an  angle  e- 
qual  to  the  angle  C. 

Firft,  Let  the  angle  at  C  be  a 
right  angle,  and  hik€t  ^  AB  in  F, 
and  from  the  center  F,  at  the  di- 
ftance  FBy  defcribe  the  femicircle 
AHB  5  therefore  the  angle  AHB  in 
a  femicircle  is  ^  equal  to  the  right 
angle  at  C. 

But,  if  the  angle  C  be  not  a  right  angle,  at  the  point  A,  in 
the  ftraight  line  AB,  make  « the  angle  BAD  equal  to  the  angle  c  23.  i. 
Ci    ?*^d    from  the  point  A 

draw  <*  AE  at  right  angles  to  ^ v*^  d  zx,i, 

AD ;  l>ifea  »  AB  in  F,  and 
from  F  draw  <«  FG  at  Tight 
angles  to  A  B,  and  join  GB  : 
And  becaufe  AF  is  equal  to 
FB,  and  FG  common  to  the 
jtriangles  AFG,  BFG,  the 
two  fides  AF,  FG  are  equal 
to  the  two  BF,  FG }  and  the 
angle  AFG  is  equal  to  the 
angle  BFG  ;    therefore  the 

bafe  AG  is  equaP  to  the  bafe  GB ;  and  the  circle  defcribed  e  4.  i. 
from  the  center  G,  at  the  diftance  GA,  fliall  pafs  through  the 
point  B4  let  this  be  the  circle  AHB :  And  becaufe  from  the 
point  A  the  extremity  of  the  diameter  AE,  AD  is  drawn  at 

right 
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3ook  Til.  right  angles  tx)  A£,  therefore  AD  f  touches  the  ctrde ;  and  be- 


a  17-  3> 


b  AS*  Z- 


c  3ft.3« 


caufe  AB  drawn  from  the  point 
fCor.i5.3,Qf  contafl:  A  cuts  the  circle, 

the  angle  DAB  is  aqnal  to 

the  angle  in  the  alternate  feg- 
f  3».  3.     -ment  AHB  ^ :  But  the  angl^ 

DAB  is  equal  to  the  angle  C, 

therefore  alfo  the  angle  C  is 

equal  to  the  angle  in  the  feg- 

ment  AHB :  Wherefore,  upon 

the  given  ftraight  line  AB  the 

fegment  AHB  of  a  circle  is  defcribed  trhich  contaitis  an  ao^ 

equal  to  the  gim  angle  at  C.    Whi<!h  was  to  be  done. 

PROP.    XXXIV.     P  R  O  b. 

r)  cut  off  a  fegment  from  a  given  circle  which  ihaS 
contain  an  angle  equal  to  a  given  reftilineal  angle. 

Let  ABC  be  the  given  circle,  and  D  the  given  rectilineal 
angle  ;  it  is  required  to  cut  off  a  fegment  from  the  circle  ABC 
that  fliall  contain  an  angle  equal  to  the  angle  D. 

Dtaw  *  the  ftraight  line  £F  touching  the  circle  ABC  in  the 

Eoint  B,  and  at  the  point 
,  in  the  ftraight  line  BF, 
make '>  the  angle  FBC  c- 
qual  to  the  angle  D  : 
Therefore,  becaufe  the 
ftraight  line  EF  touches  the 
circle  ABC,  and  BC  is  U 
drawn  from  the  point  of 
contd£k  B,  the  angle  FBC 
is  equal  ^  to  the  angle  in 
the  alternate  fegment  BAC 

of  the  circle :  But  the  angle  FBC  is  equal  to  the  angle  D ; 
therefore  the  angle  in  the  fegment  BAC  is  equal  to  the  angle 
D :  Wherefore  the  fegment  BAC  is  cut  off  from  the  given  cir^ 
de  ABC  containing  an  angle  equal  to  the  given  angle  D ; 
Which  was  to  be  4pne. 


PR    P- 
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PROP.    XXXV.     T  H  E  O  R. 


TF  two  ftraight  lines  within  a  circle  cut  one  another,  the  Scc  w. 

redangle  contained  by  the  fcgments  of  one  of  them 
is  equal  to  the  rcftangle  contained  by  the  fegmcnts  of 
the  other. 


a  3.3. 


Let  the  two  ftraight  lines  AC,  BD^  within  the  circfe  ABCD, 
cut  one  another  in  the  point  E  ;  the  rc£langlc  contained  by  AE, 
EC  is  equal  to  the  redlangle  contained  by         y^ — v. 
BE,  ED.  A  /^  X  TV 

If  AC,  BD  pafs  each  of  them  through  *"*'^^    '^     -^a*-^ 
the  center,  fo  that  E  is  the  center ;  it  is 
evident,  that  AE,  EC,  BE,  ED,  being  all      ^  ^sjr\ 

equal,  the  rcftanglc  AE,  EC  islikcwifcB  V  y^ 

equal  to  the  re&angle  BE,  ED* 

But  let  one  of  them  BD  pafs  through  the  center,  and  cut  the 
other  AC,  which  does  not  pafs  through  the  center^  at  right  angles, 
in  the  point  E  :  Then,  if  BD  be  bifefted  in  F,  F  is  the  center 
of  the  circle  ABCD5  and  join  AF:  And  bccaufc  BD,  which 
pafles  through  the  center,  cuts  the  ftraight  line  AC,  which  does 
not  pafs  through  the  center,  at  right 
angles  in  E,  AE,  EC  are  equal  ^  to 
one  another:  And  becaufc  the  ftraight 
line  BD  is  cut  into  two  equal  parts  in 
the  point  F,  and  into  two  unequal  in 
the  point  £,  the  re£kangle  BE,  ED 
together  with  the  fquare  of  EF,  is  e- 
qual  ^  to  the  fquare  of  FB :  that  is,  A ) 
to  the  fquare  of  FA  ;  but  the  fquares 

of  AE,  EF  are  equal  ^  to  the  fquare  'V.^^l^.i*!^  c  47.  i- 

of  FA ;  therefore  the  re&angle  BE, 
£D,  together  with  the  fquare  of  EF, 
is  equal  to  the  fquares  of  AE,  EF :  Take  away  the  common 
fquare  of  EF,  and  the  remaining  re£^angle  BE,  ED  is  equal 
to  the  remaining  fquare  of  AE  \  that  is,  to  the  reftangle  AE, 
EC. 

Next,  Let  BD  whii:h  paflTes  through  the  center,  cut  the  other 
AC,  which  does  not  pais  through  the  center,  in  £,  bat  not  at 
right  angles :  Then,  as  before,  if  BD  be  bifeded  in  F,  F  is  the 
center  of  the  circle.    Join  AF,  and  from  F  draw  ^  FG  perpen-  d  \%.  t. 

O  diculai 


b  5.  4- 
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Book  TIL  <)icular  to  AC ;  therefore  AG  is  equal  *  to  GC ;  wherefort 
V-/-VNJ  the  re£langle  AE,  EC,  together  with  the  fquare  of  EG,  is  c- 
>  3-  3'  qual  ^  to  the  fquare  of  AG  i  To  each  of  thefe  equals  add  the 
***'*•       fquare  of  GP ;  therefore  the  re^anglc  Aff,  EC,  together  with 

the  fquares  of  EG,  GF  is  equal  to 

the  fquares  of  AG,  GF :  But  the    JJ 
c  47.  J.      fquares  of  EG,  GF  are  equal *^  to  the        ^ 

fquare  of  EF ;   and  the  fquares  of 

AG,  GF  are  equal  to  the  fquare  of 

AF:  Therefore  the  reftangle  AE,  jA 

EC,  together  with  the  fquare  of  EF, 

is  equal  ^o  the  fquare  of  AF  j  that  is, 

to  the  fquare  of  FB :  But  the  fquare 

of  FB  is  equal  *  to  the  reftangle  BE, 

ED  together  with  the  fquare  of  EF ;  therefore  the  rcftanglc 

AE,  EC,  together  with  the  fquare  of  EF,  is  equal  to  the  reflk- 

angle  BE,  ED  together  with  the  fquare  of  EF :  Take  awa? 

the  common  fquare  of  EF,  and  the  remaining  red:angle  AE, 

EC  is  therefore  equal  to  the  remaining  reftangle  BE,  ED. 
Laftly,  Let  neither  of  the  ftraight  lines  AC,  BD  pafs  through 

the  center :  Take  the  center  F,  and 

through^  £  the  interfe£lion  of  the 

ftraight  lines  AC,  DB  draw  the 

diameter  GEFH :  Andbecaufethe 

re£tangle  AE,  EC  is  equal,  as  has 

been  ihewn,  to  the  re&angle  GE, 

EH  ;  and,  for  the  fame  reafon,  the   J\^ 

rectangle  BE,  ED  is  equal  to  the 

fame  reftangle  GE,  EH  ;  therefore  "^^Tft 

the  re£tangle  AE,  EC  is  equal  to  ^ 

the  reaangle  BE,  ED»    Wherefore,  if  two  ftraight  lines,  &c. 

Q^Z.  D. 

PROP*    XXXVI.     T  H  E  O  R. 

Ffrom  any  point  without  a  circle  two  ftraight  lines  be 
drawn  9  one  of  which  cuts  the  circle,  and  the  other 
touches  it ;  the  rectangle  contained  by  the  whole  line 
which  cuts  the  circle,  and  the  part  of  it  without  the  cir- 
cle, (ball  be  equal  to  tihe  fquare  of  the  line  which  touches 
it. 

Let  D  be  any  point  without  the  circle  ABC,  and  DCA, 
DB  two  ftraight  lines  drawn  from  it,  of  which  DCA  cuts  die 

circle, 


P    E  U  C  L  t  d; 


49 


*cirde»  and  jDB  totichea  the  faoiie :  The  i-e£lahgle  AD,  ifC  ii  Rook  iir. 
bqual  to  the  fquare  of  DB. 

Either  I>CA  pafles  through  the  center,  or  it  does  hot ;  firft^ 
let  it  pafs  through  the  center  £»  and  join  EBj  therefore  the  aiigle 


a  x8.  s« 


b  tf.au 


c  47.  r. 


£BI>  is  a  right  ^  angle  :  And  becaufe 
the  ftraight  line  AC  is  bifef^ed  in  £^ 
and  produced  to  the  point  D^  the  rect- 
angle AD,  DC,  together  with  the 
fquare  of  EC,  is  equal  **  to  the  fquare 
of  ED,  and  CE  is  equal  to  EB :  There- 
fore thcrcdangle  AD,  DC,  together 
Vith  the  fquare  of  EB,  is  equal  to  the 
fquare  of  ED  :  But  the  fquare  of  ED , 
is  equal  ^  to  the  fquares  of  EB,  BD,  be- 

Cauic  EBD  is  a  right  aiigle:  Therefore 
the  re£kangle  AD,  DC,  together  with 

the  fquare    of   EB,    is  equal  to  the 

fquares  of  EB,  BD :  Take  away  the 

common  fquare  of  EB  ;  therefore  the 

remaining  refiahgle  AD,  DC  is  eqUal  to  the  fquate  bf  this 

tangent  DB. 

But  if  DCA  does  hot  pafs  through  the  center  of  the  drele 

ABC|  take  ^  the  center  E,    ari^  draw  EF  perpendicular  *  to  d  it.-|.^ 

AC,  and  join  EB,  EC,  ED  :  And  becaufe  the  ftraight  line  EF,  «  »»•  ^• 

^hich  pafles  through  the  center,  cuts  the  ftraight  line  AC,  which 

does  not  pafs  through  the  (center,  at  right 

angles,  it  i(hall  likewife  bifc£l  ^  it ;  ^here- 
Fore  AF  is  equal  to  FC  :  And  becaufe 

the  ftraight  line  AC  is  bifeded  ih  F^ 

and  produced  to  D>  the  rectangle  AD, 

DC^  together  with  the  fquare  pf  FC,  id 

bqual  ^  to  the  fquare  of  FD :  To  each  of 

thefe  equals  add  the  fquare  of  F£;there- 

fore  the  rcSangle  AD,  DC,  together 

with  the  fquares  of  CF,  F£,  is  equal  to 

the  fquares  of  DF,  FE :  But  the  fquare 

bf  ED  is  equal  <"  to  the  fqiiates  of  DF,  A^ 

PE^  becaufe  EFD  is  a  right  angle }  and 

the  fquat-e    of   EC    is  equal  to  the 

fquares    of   CF,    FE  j   therefore  the 

rcdaiigle   AD,  DC,  tog^^ther  with  the  fquare  of  EC,  is  e- 

qual  to  the  fquare  of  ED  :  And  CE  is  equal  to  EB ;  therefore 

the  re£langle  AD|  DC,  together  with  the  fquare  of  £B,  is  equal 

6  a  ta 


f  |.  f. 
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Book  m.  ^0  the  fquare  of  ED :  But  the  fquares  of  EB,  BD  are  equal  to 
the  fquare  ^  of  ED^  becaufe  EBD  is  a  right  angle ;  therdbrer 
the  redaogle  AD,  DC»  together  with  the  fquare  of  EB,  is  c- 
qual  to  the  fquares  of  £B,  BD :  Take  away  the  common  iquare 
of  EB ;  therefore  the  remaining  reAangle  AD,  DC  is  equal  to 
the  fquare  of  DB.  Wherefore,  if  from  any  point,  &c.  Q^E-  D. 

Cor.  If  from  any  point  with- 
out a  circle,  there  be  drawn  two 
ftraight  lines  cutting  it,  as  AB,  AC, 
the  rd&angles  contained  by  the  whole 
lines  and  the  parts  of  them  without 
the  circle^  are  equal  to  one  another, 
Tiz.  the  re£langle  B  A,  A£  to  the  veSt* 
angle  CA,  AF  :  For  each  of  them  is 
equal  to  the  fquare  of  the  ftraight  Une 
AD  which  touches  the  circle. 


PROP.    XXXVn.      T  H  E  O  R. 

IF  from  a  point  without  a  circle  there  be  drawn  two 
ftraight  tines,  one  of  which  curs  the  circle,  and  the 
other  nieets  it  j  if  the  redlanglc  contained  by  the  whole 
line  which  cuts  the  circle,  and  the  part  of  it  without  the 
circle  be  equal  to  the  fquare  of  the  line  which  meets  it^ 
the  line  which  meets  fixall  touch  the  drcie. 


•  17.  3« 

h  It.  J. 


Let  any  point  D  be  taken  without  the  circle  ABC,  and  from 
St  let  two  ftraight  lines  DCA  and  DB  be  drawn,  of  which  DC  A 
cuts  the  circle,  and  DB  meets  it  y  if  the  re^iangle  AD,  DC  be 
equal  to  the  fquare  of  DB ;  DB  touches  the  circle. 

Draw  •  the  ftraight  line  DE  touching  the  chcle  ABC,  find 
Its  center  F,  and  join  FE,  FB,  FD ;  then  FED  is  a  right**  an- 
gle :  And  becaufe  DE  touches  the  circle  ABC,  and  DCA  cuts 
it,  the  re£bngle  AD,  DC  is  eaual  ^  to  the  iquare  of  DE :  But 
die  redangle  AD,  DC  is,  by  hypothefis,  equal  to  the  fquare 
of  DB :  Therefore  the  fquare  of  DE  is  equal  to  the  fquare  of 
DB,  and  the  ftraight  line  DE  equal  to  the  ftraight  line  DB: 

And 


OF    EUCLID. 


tot 


d8.X. 


Mid  VE 18  equal  to  FB,  wherefore  DE^  £F  are  eqoal  to  DB,  Book  iil 

BF  ;  and  the  bafe  FD  is  common  to  ^  ^^^^  ^ 

the  two  triangles  DEF,  DBF ;  there- 

fore  tbe  angle  DBF  is  equal* to  the    - 

angle  DBF  5  but  DEF  is  a  right  angle^ 

therefore  alfo  DBF  Is  a  right  angle : 

And  FB,  if  produced,  is  a  ^ameter, 

and  the  ftraight  line  which  is  drawn 

at  right  angles  to  a  diameter,  from  the  B 

extremity  of  it  touches  •  the  circle : 

Therefore  DB  touches  the  circle  ABC. 

Wherefore,    if  frgm  a  point,   &c. 

<^E.  Dt 
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BOOK 


IV. 


DEFINITIONS!. 

I. 

ARe^iilinea}  figure  is  faxd  to  be  infcribed  in  another  red}- 
lineal  figure,  when  all  the  angles  of  the  infcribed  figure 
are  upon  the  fides  of  the  figure  in  which  it  is 
infcribed,  cs^ch  upon  each. 

n. 

In  like  manner^  a  figure  iafaid  to  be  defi:ribed 
about  another  figure,  when  all  the  fides  of 
the  circumfcribed  figure  pafs' through  the  an* 
gular  points  of  the  figure  about  which  it  is 
defcribed,  each  through  each. 

in. 

^  re£iilineal  figure  is  faid  to  be  infcribed 
in  a  circle,  when  all  the  angles  of  the  in- 
fcribed figure  are  upon  the  circumference 
of  the  circle. 

IV. 
A  rectilineal  figure  is  faid  to  be  defcribed  about  a  prelc*  vben 
each  fide  of  the  circumfcribed    figure 
touches  ^he  circumference  oJF  the  circle. 

V. 

\n  like  manner,  a  circle  is  faidjto  be  infcri- 
bed in  a  rectilineal  figure,  when  the  cir- 
cumference of  the  circle  touches  each 
fide  of  the  figure. 


O  F    EU  C  LID. 

VI. 
A  drde  h  faid  to  be  defcribed  about  a  rec- 
tilineal figure,  when  the  circumference 
U  the  circk  paffcs  through  all  the  angu- 
lar points  of  the  figure  about  which  it  is 
defcribed* 

vn. 

A  ftraight  line  is  faid  to  be  placed  in  a  circle,  when  the  extre- 
mities of  it  are  in  the  circumference  of  the  circle. 
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PROP.    L       PROB. 

P[  a  Riven  circle  to  place  a  ftraight  line,  equal  to  a  gi- 
Ycn  ftraight  line  not  greater  than  the  diameter  of  the 
okIc. 

Let  ABC  be  the  given  circle,  and  D  the  given  ftraight  line, 
m  greater  than  the  diameter  of  the  circle. 

Draw  BC  the  diameter  of  the  circle  ABC  5  then,  if  BC  is 
equal  to  D,  the  thing  required  is  done ;  for  m  the  circle  ABC 
a  ftraight  line  BC  is  placed  c- 
qual  to  D  :  But,  if  it  is  not,  BC 
is  greater  than  D  j  make  CE 
equal  *  to  D,  and  from  the  cen- 
ter C,  at  the  diftancc  CE,  de- 
fcribe  the  circle  AEF,  and  join 
C A :  Therefore,  becaufe  C  is 
the  center  of  the  circle  AEF^ 

CAisequal  to  CE;but  Dis  ^  ^  ,„.  ^  .  u 
equal  to  CE  ;  therefore  D  is  equal  to  C A  :  Wherefore  in  the 
circle  ABC  a  ftraight  line  is  placed  equal  to  the  given  ftraight 
line  D,  which  is  not  greater  than  the  diameter  of  the  circle. 
Which  was  to  be  done. 


a  3. 1. 


P  R  O  P.    n.      PROB, 

TN  a  given  circle  to  infcribc  a  triangle  cquiatigular  to  a 
*  given  trian^c* 

G  4  ^^ 
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Book  IV.  Let  ABC  be  the  given  circle,  and  D£F  the  given  triangle ; 
it  is  required  to  infcribe  In  the  circle  ABC  a  triangle  eqiiiangtt- 
lar  to  the  triangle  DEF. 

Draw  *  the  ftraigfat  line  GAH  touching  the  circle  in  the 
point  A,  and  at  the  point  A,  in  the  ftraight  line  AH,  make 
b  ijk  I.  ^  the  angle  H AC  equal  to  the  angle  DJEF ;  and  at  the  point  A9 
in  the  ftraight  line 
AG,  make  the  angle 
GAB  equal  to  the 
angk'  DFE,  and  join 
BC :  Therefore,  be- 
caufe  HAG  touches 
the  circle  ABC,  and 
AC  is  drawn  from 
the  point  of  contzGt, 
the  angle  HAC  is 
equal  ^  to  the  angle 

ABC  in  the  alternate  fegment  of  the  circlet  But  HAC  is  equal 
to  the  angle  DEF  ;  therefore  alfo  the  angle  ABC  is  equal  to 
DEF :  For  the  fame  reafon,  the  angle  ACB  is  equal  to  the  angle 
DFE;  therefore  the  remaining  angle  BAC  is  equal  ^  to  the 
remaining  angle  EDF :  Wherefore  the  triangle  ABC  is  equian* 
gular  to  the  triangle  DEF,  and  it  is  i^fgnbcd  in  the  circle  ABC* 
Which  wj^s  to  be  done. 


c  3»«  S. 


d  i%»  X* 


P  R  Q  P.    in.      P  R  O  B. 


a  23.  I. 


¥  i|.S< 


C  X8*  3* 


A 


BOUT  a  given  circle  to  defcribc  a  triangle  equian^ 
gular  to  a  given  triangle. 


Let  ABC  be  the  given  circle,  and  DEF  the  given  triangle  j 
it  is  required  to  defcribe  a  triangle  about  the  circle  ABC  equi- 
angular to  the  triangle  DEF. 

Produce  EF  both  ways  to  the  points  G,  H,  and  find  the 
center  K  pf  the  circle  ABC,  and  from  it  draw  any  ftraight 
line  KBt  at  the  point  K  in  the  ftraight  line  KB,  make  ■  the 
angle  BKA  equal  to  the  angle  DEG,  and  the  angle  BKC  c- 
qual  to  the  angle  DFH;  and  through  the  points  A,  d,  C,  draw 
the  ftraight  lines  LAM,  MBN,  NCL  touching «» the  circle 
ABC :  Therefcre,  becaufe  LM,  MN,  NL  touch  the  circlie  ABC 
\n  the  points  A,  B,  C,  to  which  from  the  center  are  drawn 
KA,  KB,  KC,  the  angles  at  the  points  A.  B,  C,  are  right/ 
angles :  And  becaufe  the  four  angles  of  Ac  quadrilatersd  fi- 

^.  gurp 
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le; 


d  13.  s< 


guKAlIBKvcequaltofourrigbtangles^fbritcanbedlyidedin-  Book  iv. 

tt>tvo triangles;  and  that  two  of  them  KAMyKBM  are  right  an^ 

glcsitheothertwo  ^ 

AU»  AMB  are  JLi 

cqui  to  two  right 

assies:  But  the 

aa^es     D  £  G^ 

DEF  are  likewife 

qoal  ^  to     two 

right      angles  ; 

diereforc  the  an- 

gIaAKB,AMB 

vc  equal  to  the  *air 

aoglcs     DEG,  -'^^ 

DEF,  of  which  AKB  is  equal  to  D£G ;  wherefore  the  remain* 

iof  angle  AMB  is  equal  to  the  remaining  angle  DEF :  In  like 

manner,  the  angle  LNM  may  be  demonftrated  to  be  equal  to 

DFE ;  and  therefore  the  remaming  angle  MLN  Is  equal  *  to  the  e  3»«  i* 

itmaininff  angle  EDF :  Wherefore  the  triande  LMN  is  equian- 

plar  to  the  uiangle  DEF  :  And  it  is  dcfcnbed  about  the  circle 

iSC    Which  was  to  be  done. 


P  R  O  P.    IV.      P  R  O  B, 


TK)  infcribe  a  circle  in  a  given  triangle.  ««  n. 

Let  the  given  triangle  be  ABC ;  it  is  required  to  infcribe  a 
rirde  in  a!dC« 

Bilca  *  the  angles  ABC,  BC A  by  the  ftrai^ht  lines  BD,  CD  t.  9.  u 
anting  one  ano^er  in  the  point  D,  from  whioi  draw^  DE,  DF,  5 ,0. ,. 
D6  perpendiculars  to  AB,  BC, 
CA:  And  becaufe  the  angle  EBD 
scqual  to  the  angle FBD,  for  the 
B|}e  ABC  is  bifeaed  by  BD, 
nd  that  the  right  angle  BED 
ii€qaal  to  the  right  angle  BFD, 
*e  two  triangles  EBD,  FBD 
htt  two  angles  of  the  one  e*    |^ 
fal  to  two  anffles  of  the  o-  I-4 
ncr,  and  the  fioe  BD>  which  is 
Offofite  to  one  of  die  equal 
>^  in  each,  is  common  to  ^ 
m }  therefore    their    other  Jj 
Mtt  ihall  be  ^ual  ^  s  wherc-^  ^  c  s6.  s. 


^■' 


fore 
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Book  IV.  fere  DE  is  equal  io  DF :  For  the  fane  reaiim,  DG  i§  equal  • 
DF)  therefore  the  three  ftraight  linea  DE,  DF,  DG  are  eqoal » 
one  another,  and  the  circle  defcribed  from  the  center  D,  aic  tk 
diftance  of  any  of  them,  fhall  pafs  through  the  extremities  of  At 
other  two,  and  touch  the  Araight  lines  AB,  BC,  CA,  becanie 
the  angles  at' the  points  £,  F,  G  are  right  angles,  aad  the 
ftraight  line  which  is  drawn  from  the  extremity  of  a  diameter  at 
right  angles  to  it,  touches  ^  the  circle  :  ThereJFore  the  ftraight 
lines  A6,  BC,  CA  do  each  of  them  touch  the  circle,  and  the 
circle  £FG  i»  infccibed  in  the  triangle  ABC.  Which  wasts 
be  done* 


4tf.3< 


PROP.    V.      PROB. 


feeN.       nno  dcfcribc  a  circle  about  a  given  triangle* 


♦  4'«' 


Let  the  giTen  triangle  be  ABC }  it  is  required  to  defcribe  a 
circle  about  ABC. 

B\{c&  •  AB,  AC  in  the  points  D,  E,  and  from  thefe  points 
dra.w  DF,  EF  at  right  angles  *>  to  AB,  AC ;  DF,  EF  produced 


meet  one  another :  For,  if  they  do  not  meet,  they  are  parallel, 
wherefore  AB,  AC,  which  are  at  right  angles  to  them,  are  pa- 
rallel J  which  is  abfurd  :  Let  them  meet  in  J*  and  iom  FA  ;aJ- 
fo,  if  the  point  F  be  not  in  BC,  join  BF,  & :  T^en,  becaufc 
AD  L  equ^  to  DB,  and  DF  common,  and  at  nght  atigles  tf> 
AB,  the  bafe  AF  Is  equal^  to  the  bafc  FB :  In  like  manner,  J 
mni  be  (hewn  that  CF  is  equal  to -FA;  and  therefore  BF 
is  Iqual  to  FC :  and  FA,,  Ffe,  FC  are  equal  to  one  an. 


OF    EUCLID. 
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^ther  I  wherefore  the  circle  defcribed  from  the  center  F,  at  die  Book  IV. 
diftance  of  one  of  them,  ihall  pafs  through  the  extremities  of 
the  otber  two ;  and  be  defcribed  about  the  triangle  ABC^  which 
-mrsks  to  be  done. 

Cor.  And  it  is  manifeft,  that,  when  the  center  of  the  circle 

falls  writhin  the  triangle,  each  of  its  angles  is  lefs  than  a  right 

aiif^le^  each  of  them  being  in  a  fegment  greater  than  a  femicir- 

clc  I  but,  when  the  center  is  in  one  of  t^e  fides  of  the  triangfef 

fhe  angle  oppofite  to  this  fide,  being  in  a  femicirclci  is  a  right 

snglc  ^  and,  if  the  center  falls  without  the  triangk,  the  angle 

cppofite  to  the  fide  beyond  which  it  is,  being  iq  a  fegmen^  lefs 

than  a  femicircle,  is  greater  than  a  right  angle :  TiVherefore^if 

the  given  triangle  ^be  acute  angled,  tbe  center  of  the  circle  falls 

'vritbin  it ;  if  it  be  ^  right  angled  triangle,  the  center  is  in  the 

£de  oppofite  to  the  right  ancle ;  and,  it  it  be  an  obtufe  angled 

triangle,  the  center  h\\s  without  the  triangle,  beyond  the  ^de 

pppofite  to  the  obtufe  angle* 


T 


P  R  O  P.    VI.      P  R  O  B. 
O  ipfqribc  a  fquare  in  a  given  cirde^ 


«4*  ^« 


liCt  ABCD  be  the  given  circle  $  it  is  required  to  iafcribe  a 
Iquare  in  ABCD. 

Draw  the  diameters  AC,  BD  at  right  angles  to-  one  an- 
other ;  and  join  AB,  BC,  CD,  DA^  becaufe  BE  ia  equal  to 
£13^  for  £  is  the  center,  and  that  £A 
is  ooonnoDi,  and  at  right  angles  to 
'RD ;  the  bafe  B A  ie  equal '  to  the 
%ale  AD;  and,  for  the  fame  rea&n^ 
BC,  CD  are  each  of  them  equal  to  . 
BA  or  AD  •,  therefore  the  quadri-  n 
lateral  figure  ABCD  is  equilateral. 
It  is  alfo  re&angular;  for  theftraigbt 
line  BD,  being  the  diameter  of  the 
circle  ABCDy  BAD  k  9,  femiciiclc^ 
wherefore  the  angle  BAD  is  a  right 
*  angle;  for  the  fame  reaibn  each  of  the  angles  ABC,  BCD,  b 31.  j. 
C3>A  is  a  right  angle ;  therefore  the  qi|»;id»i9ateral  figure  A&CD 
as  re£langular,  and  it  has  been  (hewn  to  be  equikteral ;  there- 
^re  It  18  a  fquare  ;  aiid  k  is  ittfcrvbed  ^  the  circJe  ABCD. 
Which  was  to  fe  ditie. 

?ROP. 
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p  R  o  P.   vn.     P  R  O  B. 

0  defcribe  a  fquare  about  a  given  circle< 


Let  ABCD  be  the  given  circle  5  it  is  required  to  ddcribe 
fquare  about  it. 

Draw  two  diameters  AC,  BD  of  the  circle  ABCD,  at  ri 
angles  to  one  another,  and  through  the  points  A,  B,  C,  D  An 
FG,  GH,  HK,  KF  touching  the  circle  \  and  bccaufe  FG  touc 
the  circle  ABCD,  and  £A  is  drawn  from  the  center  E  to 
point  of  contad  A,  the  angles  at  A  are  right ^  angles;  for 
fame  reafon,  the  angles  at  the  points  B,  C,  D  are  right  ang 
and  becaufe  the  angle  AEB  is  a  right  rl  Al  S^ 

angle,  as  likewife  is  £BG,  GH  is  pa- 
rallel  ^  to  AC ;  for  the  fame  reafon, 
AC  is  parallel  to  FK,  and  in  like 
manner  GF,  HK  may  each  of  them 
be  demonftrated  to  be  parallel  to  BED} 
therefore  the  figures  GK,  GC,  AK, 
FB,  BK  are  parallelograms ;  and  GF 
is  therefore  equal  ^  to  HK,  and  GH  ^^^ 
to  FK ;  and  becaufe  AC  is  equal  to  "* 
BD,  and  that  AC  is  equal  to  each  of  the  two  GH,  FK ;  and  BD 
to  each  of  the  two  GF,  HK  \  GH,  FK  are  each  of  them  equal 
to  GF  or  HK  \  therefore  the  quadrilateral  figure  FGHK  is  equi- 
lateral. It  is  alfo  re&angular ;  for  GBEA  being  a  parailelo* 
gram,  and  AEB  a  right  angle,  AGB  ^  is  likewife  a  right  •ngle  s 
In  the  fame  manner,  it  may  be  fliewn  that  the  angles  at  H,  K,  F 
are  right  angles ;  therefore  the  quadrilateral  figure  FGHK  is 
redangular,  and  it  was  demonftrated  to  be  equilateral  \  therefbre 
it  is  a  fquare ;  and  it  is  deicribcd  about  the  circle  ABCD ; 
Which  was  to  be  done. 


1^  S>*  <• 


PROP.  vm.    P  R  O  B- 

nnO  infcribe  a  circle  in  a  given  fquare. 

Let  ABCD  be  the  giyen  fquare  |.  it  is  required  lo  ix^bra^e  a 
circle  in  ABCD. 

BifeA  *  each  of  the  fides  AB,  AD,  in  the  points  F,  E,  and 
through  £  draw  »  £H  parallel  to  AB  or  DCj  and  throiif^  Fdiaw 

FK 
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to  AD  or  BC  ;  therefore  each  of  the  figures  AK,  Bbok|nr« 
!SB;AH|  HD»  AG,  GC,  BG,  GD  is  a  parallelogram,  and  their 
i«ppofite  fides  are  equal  ^;  and  becaufe  AD  is  equal  to  AB,  and  ^  34*  ■• 
;  Aac  A£  is  the  half  of  AD,  and  AF  the  half  of  AB,  A£  is  equal 
to  AF;  wherefore  the  fides  oppofite      a  p 

to  tbdfe  arc  equal,  viz.  FG  to  GE ;  in     •"         ^ 
de  £use  manner,  it  may  be  demon- 
that  GH,  GK  are  each  of  them 
.  to  FG  or  GE  j  therefore  the 
ftraight  lines  GE,  GF,  GH,  GK,  F 
equal  to  one  another ;  and  the  cir- 
defcribed  from  the  center  G,  at  the 
ce  of  one  of  them,  (hall  pais  thro* 
extremities  of  the  other  th^ee,  and 
the  ftraight  lines  AB,  BC,  CD, 
)Bi&;  becaufe  the  angles  at  the  points  E,  F,  H,  K  are  right  ^  d  29,  u 
i^^,  and  that  the  ftraight  line  which  is  drawn  from  the  ex- 
kcmitj  of  a  diameter,  at  right  angles  to  it,  touches  the  circle^  }  e  itf.  3, 
Ikrefore  each  of  the  ftraight  lines  AB,  BC,  CD,  DA  touches 
|k  circle,  which  therefore  is  infcribed  in  the  fquare  ABCD  : 
wlich  wasxobe  done. 


PROP.    IX.     PR  OB. 


TO  ddcribe  a  circle  about  a  given  fquare^ 


•  S.I. 


Let  ABCD  be  the  given  fquare;  it  is  required  to  defcribe  a 
code  about  it. 

Join  AC,  BD  cutting  one  another  in  E  ;  and  becaufe  DA  is 
1^  to  AB,^  and  AC  common  to  the  triangles  DAC,  BAC» 
tktwo  fides  Da,  AC  are  equal  to  the 
in>BA,  AC;  and  the  bafe  DC  is  equal  A 
to  die  bafe  BC;  wherefore  the  angle 
DAC  is  equal  *  to  the  angle  B  AC,  and 
ie  angle  DAB  js  bifeded  by  the  ftraight 
fae  AC :  In  the  fame  manner,  it  may  be 
Amoaftrated  that  the  angles  ABC,  -d^ 
BCD,  CDA  are  feverally  bifeaed  by  ^ 
ik  ftraieht  lines  BD,  AC ;  therefore, 
kcaufe  uie  aneie  DAB  is  equal  to  the  angle  ABC,  and  that 
Ik  angle  EAB  is  the  half  of  DAB,  and  EBA  the  half  of  ABC; 
Ae angle  EAB  is  equal  to  the  angle  EBA  ;  wherefore  the  fide 
KA  is  equal^to  the  fide  £B :  In  the  fame  manner,  it  may  be b  tf.  i. 

demon. 


^' 


HA 


tHE    SiEMEi^tS 


^^J\  dewontlralcd  that  tht  ftrafght  linc§  EC,  ED  arc  cacli 

equal  to  £A  or  EB ;  therefore  the  four  ftraight  lines  EA^tJ^^ 
EC,  ED  are  eqiial  to  one  another ;  and  the  circle  defcribealftQai 
tbe  ^renter  £^  at  the  diflance  of  one  of  them,  (hall  pafs  tbroa^ 
the  extremities  of  the  other  three,  and  be  deftribed  about  dhe 
iquare  ABCD  :  AVhich  was  to  be  done; 
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« 1».  3* 


f3s*>< 


TO  dcfci-ibc  ah  ilTofccles  triisingle,  having  each  of  the 
angks  at  the.bafe  double  of  the  third  angle. 

*!take  any  (Iraignt  linb  AB,  and  divide*  i(  ifa  the  point  C,  b 
that  the  reQangle  AB,  BC  be  equal  to  the  fquare  of  C  A ;  and 
from  the  center  A,  at  the  diftahce  AB,  deibribe  the  circle  BDI, 
in  which  place  ^  the  ftraight  line  BD  equal  to  AC,  which  is  not 
greater  than  the  diameter  of  the  circle  BDE ;  jbin  DA|  DC,  aiid 
about  the  triangle  ADC  defcribe  ^  the  circle  ACD ;  the  tri- 
angle ABD  is  fuch  as  is  required,  that  is,  each  of  the  angld 
ABD,  ADB  is  double  of  the  angle  BAD. 

Becaufe  the  re£langle  AB,  BC  is  equal  to  the  fquare  of  AC| 
and  that  AC  is  equal  to  BD,  the  reCtangle  AB,  BC  is  equal  to 
the  fqu2Hre  of  BD  j  and  becaufe 
from  the  point  B  without  the 
cilrcle  ACU  two  ftraight  HileS 
BCA,  BD  are  drawn  to  the  cir- 
cumference, one  of  which  cuts, 
and  the  other  meets  the  circle, 
and  th^it  the  re&angle  AB,  BC 
contained  by  the  whole 
cutting  line,  and  the  pajpyt  it 
without  the  circle,  is  cquffto  the 
fquare  of  BD  which  j&eets  it ; 
the  ftraight  line  BD' touches  <* 
the  circle  ACD ;  and  becaufe. 
BD  touches  the  circle,  and  DC 
is  drawn  from  the  point  of 
contad  D,  the  angle  JBDC  is  equal « to  the  angle  DAC  in  the  ] 
alternate,  fegment  of  the  circle ;  to  ej^jch  of  thcfc  add  the  Single 
CDA ;  therefore  the  whole  angle  BDA  is  equal  to  the  two 
anclcsCDA,  DAG;  but  the  exterior  angle  BCD  i^Kequal^  to  . 
the  An^es  CDA,  DACs  therefore  aUb  BDiA  is  equalto  BCD; 
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bat  BJ^A  IS  equal* to  tbe  angle  CBD,  becanfethe  fi4e  AD  Book  It. 
18  equfi  to  the  fide  AB ;  cfaerefbre  CBD,  or  DBA  is  equal  to  V«Or^^ 
BCD ;  iind  coofeqaently  the  three  angles  BD  A,  DB  A^  BCD^  are  S  I* «« 
equal  to  one  another ;  and  becaufe  the  angle  DBC  is  ec^iial  to 
the  angle  BCD,  the  fide  BD  is  equal  *  to  the  fide  DC ;  but  BD  *^  *•  *• 
was  made  equal  to  C  A  ;  dierefore  alfo  C  A  is  equal  to  CD,  and 
die  angle  CD  A  equal  >  to  the  angle  DAC;  therefore  the  angles 
CD  A,  DAC  together,  are  double  of  the  angle  DAC  :  But  BCD 
is  equal  to  the  angles  CD  A,  DAC  *,  therefore  al(b  BCD  is  dou* 
ble  of  DAC,  and  BCD  is  equal  to  each  of  the  angles  BDA^ 
DBA  ;  each  therefore  of  the  angles  BDA,  DBA  is  double  of 
the  angle  DAB ;  wherefore  an  ifofceles  triangle  ABD  is  defcri* 
l>ed,  haTinc;  each  of  the  angles  at  the  bafe  double  of  the  third 
angle.     Which  was  to  be  done. 


P  R  O  P.    XL      P  R  O  B. 


T 


>0  infcribe  an  equilateral  and  equiangular  pentagon 
in  a  given  circle. 


Let  ABCDE  be  the  given  circle ;  it  is  required  to  infcribe 
an  equilateral  and  equiangular  pentagon  in  the  circle  ABCDE. 

Defcribe*an   ifofceles  triangle  FGH,  having  each  of  the*«>*4« 
angles  at  G,  H  double  of  the  angle  at  F ;  and  in  the  circle 
ABCDE  inlcribe  ^  the  triangle  ACD  equiangular  to  the  tri*  b  a.  4> 
angIeFGH,fbtfaat  theangle 
CAD  beequsU  to  the  ande 
at  F,  and  each  of  the  angles 
ACD,  CD  A  equal  to  the 
angle  at  Gor  >H ;  wherefore 
each  of  the  angles  ACD, 
CDA  is  double  of  the  angle 

CAD.    Bifca  *^  the  angles    /       \   \\  /  >X.  \  /  /  «  ^-  "• 

ACD,  CDA  by  the  ftrai^ ht 
lines  CE,  DB;  and  join  AB, 
BC,  DE,  EA.    ABCDE  O 
is  the  pentagon  required. 

Becaufe  each  of  'the  angles  ACD,  CDA  is  double  of  CAD, 
aiid  are  bifeded  by  the  ftraight  lines  CE,  DB,  the  five  anglies 
DAC,  ACE,  SCD,  CDB,  BDA  are  equal  to  one  another;  but 
equal  angles  fland  upon  equal «"  circumferences  ;  therefore  the  d  »tf.  h 
Sac  isircuafereiices  AB,  BC,  CD,  DE,  EA  are  equal  to  one 

another: 


i»  THE     ELEMENTS 

Boofcnr.'  another:  And  equal  circumferences  are  fubtended  by  eqndj 

^V^ftraight  lines;  therefore  the  five  ftraigbt lines  AB,  BC,  Cr 

c  ^*  3*1      D£,  £  A  are  equal  to  one  another.    Wherefore  the  pentaj 

ABCDE  is  equilateral.    It  is  alfo  equiangular ;  becaufe  the  < 

cumfereiice  AB  is  equal  to  the  circumference  D£:  If  to  each 

added  BCD,  the  whole  ABCO  is  equal  to  the  whole  EDCBj 

And  the  angle  AED  (lands  on  the  circumference  ABCD,  : 

the  angle  BAE  on  the  circumference  EDCB;  therefore 

i^v  >      ande  BAE  is  equal  f  to  the  angle  AED :  For  the  fame  reai 

each  of  the  angles  ABC,  BCD,  CDE  is  equals  to  the  an] 

BAE,  or  AED:  Therefore  the  pentagon  ABCDE  is  equian^ 

lar ;  and  it  has  been  Ihewn  that  it  is  equilateral.    Wherefc 

in  the  given  circle,  an  equilateral  and  equiangular  pentaj 

has  been  infcribed.    Which  was  to  be  done. 


p  R  o  P.   xn.    P  R  O  B. 


T» 


defcribe  an  equilateral  and  equiangular  pentagon 
about  a  given  circle. 


Let  ABCDE  be  the  given  circle ;  it  is  required  to  defcribe 
an  equilateral  and  equiangular  pentagon  about  the  circle 
ABCDE. 

Let  the  angles  of  a  pentagon,  infcribed  in  the  circle,  by  the 
laft  prqpofition,  be  in  the  points  A,  B,  C,  D,  E,  fo  that  the 

•  >t-4*     circumferences  AB,  BC^  CD,  DE,  EA  are  equal  ^;  and  thro^ 

the  points  A,  B,  C,  D,  £  draw  GH,  HK,  KL,  LM,  MG 
fc  ly-  3.  touching  ^  the  circle  j  take  the  center  F,  and  join  FB,  FK,  PC, 
FL,  FD :  And  becaufe  the  ftraight  line  KL  touches  the  circle 
ABCDE  in  the  point  C,  to  which  FC  is  drawn  from  the 
€  It.  3.  center  F,  FC  is  perpendicular  ^  to  KL ;  therefore  each  of  the 
angles  at  C  is  a  right  angle :  For  the  fame  reafon,  the  angles  at 
the  points  B,  D  are  right  angles:   And  becaufe  FCIk  is  a 

*  Uy*  X*     fUht  angle,  the  fquare  of  FK  is  tqual  ^  to  the  fquares  of  FC, 

CK :  For  the  fame  reafon,  the  fquare  of  FK  is  equal  to  the  fquares 
of  FB,  BK :  Therefore  the  fquares  of  FC,  CK  are  equal  to  the 
fquares  of  FB,  BK,  of  which  the  fquare  of  FC  is  equal  to  the 
fquare  of  FB ;  the  remaining  fquare  of  CK  is  therefore  equal  to 

the 
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t\ie  INsmaining  fquare  of  BK,  and  the  ftraight  line  CK  equal  to   tUiokrt, 
feK ;  And  becaufe  FB  is  equal  to  FC,  and  FK  common  to  the  V*>^*^ 
triangles  BFK,  GFK,  the  two  l&Fj  FK  are  equal  to  the  two  CF» 
FK  ;  and  the  bafe  BK  is  equal  to  the  bafe  KC  :  therefore  the 
angle  BFK  is  equal  ^  to  the  angle  KFC|  and  the  angle  BKF-to  e  6.  t. 
FKC;  wherefore  the  angle  BFC  is  double  Of  the  angle  KFC» 
and  BKC  double  of  FKC :  For  the  fame  reafon,  the  angle  CFD 
is  double  of  the  angle  CFL»  and  CLD  double  of  CLF :  And  be- 
caaie  the  circutnference  BC  i$  equal  to  the  circiimfereilice  CD, 
the  togte  3FC  is  equal  ^  to  the  m  y,  I  %%  3. 

^ilgle  CFD  }  and  BFC  is  dou- 
ble of  the  angle  KFC,  and 
CFD  double  of  CFL ;  there^ 
fore  the  akigle  KFC  is  equal  to  ^ 
the  angk  CFL  ^  and  the  right  H 
angle  FCK  is  equal  to  the  right 
angle  FCL :  Thereforei  in  the 
two  triangles  FKC,  FLC,  there 
are  two  angles  of  one  equal  id 
two  angles  of  the  other,  each 
\o  each,  and  the  fide  FC,  which 

is  adjacent  to  the  equal  angles  iii  each,  is  coihmon  to  both ;  there- 
fore the  other  fides  (hall  be  equal  ^  to  the  other  fides, and  the  third  s  i^-  <« 
angle  to  the  third  angle  1  Therefore  the  ftraight  line  KC  is  equal 
to'CL^  an^  the  angle  FKO  to  the  ansle  FLC  :  And  becaufe 
KC  16  equal  to  CL,  KL  is  double  of  KC  :  In  the  fame  manner, 
it  may  be  (hewn  that  HK  is  double  of  BK :  And  becaufe  BK 
is  equU  to  l[CC,'as  was  demonftlrated,  and  that  KL  is  double  of 
KC,  9nd  HK  double  of  BK,  HK  (hall  be  equal  to  KL :  In  like 
mannef  j  it  may  be  fhewn  that  GH,  GM,  ML  are  each  of  then! 
tqual  to  HK  or  KL  :  Therefore  the  pentagon  GHKLM  is  c* 
quilatefah  It  is  alfo  eqiiiangular  ;  for,  fince  the  angle  FKC  is 
equal  to  the  angle  FLC,  and  that  the  angle  HKL  is  double  of 
the  :lfigle  FKC,  and  KLM  double  ot  FLC,  as  was  before  de« 
monftrated,  the  angle  HKL  is  equal  to  KLM:  And  in  like 
manner  it  may  be  (hewn,  that  each  of  the  angles  KHG,  UGM^ 
GML  is  equal  to  the  angle  HKL  ot  KLM  :  Therefore  the  live 
angles  GHK,  HKL,  KLM,  LMG,  MGH  being  equal  to  one 
another,  the  pentagon  GHKLM  is  equiangular :  And  it  is  e« 
quilateral,  as  was  demonftrated  ;  and  it  is  defcribed  about  the 
circle  ABCDE.    Which  was  to  be  doiie. 
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O  infcribe  a  <:]rcle  in  a  given  equilateral  and  eqm« 
angular  pentagon. 


Let  ABCDE  be  the  given  equilateral  and  equiangular 
(  gon ;  it  19  required  to  infcribe  a  circle  in  the  pentagon  ABCDE. 
Bifca « Jthe  angles  BCD,  CDE  by  the  ftraight  lines  CF,  DF, 
and  from  the  point  F  in  ^hich  they  meet  draw  the  ftraight  lines 
FB,  FA,  FE :  Therefore,  fince  BC  is  equal  to  CD,  and  CF  com- 
mon  to  the  triangles  BCF,  DCF,  the  two  fides  BC,  CF  are  equal 
to  the  two  DC,  <^F  ;  and  the  angle  BCF  is  equal  to  the  angle 
b  4*  z.  DCF }  thciefore  the  bafe  BF  is  equal  ^  to  the  bafe  FD,  and  the 
other  angles  to  the  other  angles,  to  which  the  equal  fides  are  op- 
pofite  \  therefore  the  ande  CBF  is  equal  to  the  angle  CDF :  And 
becaufe  the  angle  CDE  is  double  df  CDF,  and  that  CDE  is  equal 
to  CB  A,  and  CDF  to  CBF  j  CBA 
is  alfo  double  of  the  angle  CBF ; 
therefore  the  angle  ABF  is  equal 
to  the  angle  CBF;  wherefpre  the 
angle  ABC  is  bife£led.by  the 
ftraight  line  BF:  In  the  fame  man- 
ner, it  may  be  demonftrated,  that 
the  angles  BAE,  AED  .,are  hi* 

fe&ed  oy  the  ftraight  lines  AF, 
c  1%.  I.      pE .  F^^j^  ^1,^  p^lnt  F  draw  « 

FG,  FH,  FK,  FL,  FM  perpen- 
diculars  to  the  ftraight  lines  AB, 
BC,  CD,  DE,  EA  :  And  be- 
caufe  the  anele  HCF  is  equal  to 

KCF,  and  the  right  angle  FHC  equal  to  the  right  angle  FKC; 
in  the  triangles  EFiC,  FKC  there  are  two  angles  of  one  cqirti 
to  two  angles  of  the  other,  sind  the  fide  FC,  which  is  oppofite 
to  one  of  the  equal  angles  in  each,  is  common  to  both ;  therefore 
aatf.  I.      '^^  other  fides  ftiall  be  equal  S  each  to  eachj  wherefore  the 
perpendicular  FH  is  equal  to  the  perpendicular  FK :  In  the  &me 
manner  it  may  be  demonftrated  that  FL,  FM,  FG  are  each  of 
them  equal  to  FH  or  FK ;  therefore  the  five  ftraight  lines,  FG, 
•         FH,  FK,  FL,  FM  are  equal  to  one  another :  "Wherefore  the  cir- 
cle defcribed  from  the  center  F,  at  the  diftance  of  one  of  tbefe 
five,  fliall  pafs  through  the  extremities  of  the  other  four,  and 

touch 
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ouch  the  ftraight  lines  AB,  BC,  CD,  DE,  EA,  btcaafe  the  Book  17. 
inslcs  at  the  points  G»  H^  K,  L,  M  are  right  angles ;  and  that  \.^>r\J 
I  ftraight  line  drawn  from  the  extreriiity  of  the  diameter  of  a 
rirde  at  right  angles  to  it,  touches^  the  circle  :  Therefore  eache  id,  j. 
it  the  ftraight  lines  AB,  BC,  CD,  D£,  EA  touches  the  circle  i 
wherefore  it  is  iufcribed  in  die  pentagon  ABCDE*    Which 
mz»  to  be  done« 


PROP.    XIV.      P  R  O  B. 

T)  dieicribe  a  circle  about  a  given  equilateral  and  e« 
qniangular  pentagon. 

Let  ABODE  be  the  given  equilateral  and  equiangular  pen- 
tagon ;  it  is  required  to  dcfcribe  a  circle  about  it. 

Bifca  •  the  angles  BCD,  CDE  bv  the  ftraight  lines  CF,  FD,  »  !>• 
and  from  the  point  F  in  which  they  meet  draw  the  ftraight 
lines  FB,  FA,  FE  to  the  points  B, 
A,  E.    It  mt»y  be  demonftrstcd,  in 
the  fame  manner  as  in  the  preceeding 

Jropofition,  that  the  angles  CBA, 
A£,  AED   are  bifeded   by    the  B 

ftraight  lines  FB,  FA,   FE :  And 

becauie  the  angle  BCD  is  equal  to 

the  angle  CDE,  and  that  FCD  is 

the  half  of  the  angle  BCD,  and  CDF 

the  half  of  CDE ;  the  angle  FCD  is 

equal  to  FDC  ;  wherefore  the  fide 

CF  is  equal  ^  to  the  fide  FD  :  In  like  manner  it  may  be  demon-  b  tf.  u 

ftfatcd  that  FB,  FA,  FE  are  each  of  them  equal  to  FC  or  FD  : 

Therefore  the  five  ftraight  lines  FA,  FB,  FC,  FD,  FE  are  e- 
lual  to  one  another  ^  and  the  circle  defcribed  from  the  center 
\  at  tfie  diftaiu:e  of  one  of  them,  fliall  pafs  through  the  extre* 

mities  oiF  the  other  four,  and  be  defcribed  about  the  equilateral 

and  equiangular  penugon  ABCDE.   Which  was  to  be  done. 
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PR  O  R   XV.      PRO  B. 

1^0  infcribe  an  equilateral  and  equiangular  hexagon 
:    in  a  given  circle. 

Let  ABCDEF  be  the  given  circle  j  It  is  required  to  infaibe 
ati  eqnilateral  and  equiangular  hexagon  in  it* 

Find  the  center  G  of  the  circle  ABCDEFi  and  draw  the  di* 
ameter  AGD;  and  from  D  as  a  center,  at  the  diftance  DG, 
defcribe  the  circle  EGCH,  join  EG,  CG,  and  produce  chem 
to  the  points  B,  F ;  and  join  AB,  BC,  CD,  DE,  EF,  FA  :  TTic 
hexagon  ABCDEF  is  equilateral  and  equiangular. 

*Becaufe  G  is  the  center  of  the  circle  ABCDEF,  GE  is  equal 
to  GD  :  And  becaufe  D  is  the  center  of  the  circle  EGCH,D£ 
IS  equal  to  DG ;  wherefore  GE  is  equal  to  ED,  and  the  tri- 
angle EGD  is  equilateral ;  and  therefore  its  three  angles  EGD, 
GDE,  DEG  are  equal  to  one  another,  becaufe  the  angles  at 
the  bafe  of  an  ifofceles  triangle  are  equal  * ;  and  the  three  angles 
of  a  triangle  are  equal  ^  to  two  right  angles ;  therefore  the 
angle  EGD  is  the  third  part  of  two  right  angles :  In  the  fame 
miinner  it  may  be  demonftrated  that 
the  angle  DGC  is  alfo  the  third  part 
of  two  right  angles :  And  becaufe  the 
ftraight  line  GC  makes  with  EB  the  p 
adjacent  angles  EGC,  CGBe^ual*  '^ 
to  two  right  angles ;  the  remaining 
angle  CGo  is  the  third  part  of  two 
right  angles;  therefore  the  angles  |ji^ 
EGD,  DGC,  CGB  are  equal  to  one  ^ 
another :  And  to  thefe  are  equal  ^  the 
vertical  oppofite  angles  BGA,  AGF, 
FGE  i  Therefore  the  fix  angles  EGD, 
DGC,  CGB,  BGA,  AGF,  FGE 
are  equal  to  one  another :  But  equal 
angles  (land  upon  equal  *  circumfe- 
rences ;  therefore  the  fix  circumfe- 
rences AB,  BC,  CD,  DE,  EF,  FA  are  equal  to  one  another: 
And  equal  circumferences  are  fubtended  by  equal  '  ftraight 
lines ;  therefore  the  fix  (Iraigbt  lines  are  equal  to  one  another, 
and  the  hexagon  ABCDEF  is  equilateral.  It  is  aifo  equiangu* 
lar ;  for,  fince  the  circumference  AF  is  equal  to  ED,  to  each  of 
thefe  add  the  circumference  ABCD  i  therefore  the  whole  cir* 
cumference  FABCD  fliall  be  equal  to  the  whole  EDCBA : 

And 
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And  the  angle  FED  ftands  upon  the  circumference  FABCD,  JB«»k  iv. 
and  the  an^le  AFE  upon  EDCBA;  therefore  the  anj2;le  AFEis  " 
equal  to  FED  :  In  the  fame  manner  it  may  be  demonftrated  that 
the  other  angles  of  the  hexagon  ABCOEF  are  each  of  them 
equal  to  the  angle  AFE  or  FED:  Therefore  the  hexagon  is  e* 
quiangular  ;  and  it  is  equilateral,  as  was  (hewn  ;  and  it  is  in- 
fcribed  in  the  given  circle  ABCDEF.  Which  was  to  be  done. 
Cor.  From  this  it  is  manifefc,  that  the  fide  of  the  hexagon 
is  equal  to  the  (Iraight  line  from  the  center^  that  iS}  to  the  fe« 
midiameter  of  the  circle. 

And  if  thro*  the  points  A,  B,  C,  D,  E,  F  there  be  drawn 
ftraight  lines  touching  the  circle,  an  equilateral  and  equiangu- 
lar hexagon  .{hall  be  defcribed  about  it,  which  may  be  demon- 
ftrated  from  what  has  been  faid  of  the  pentagon  $  and  likewifea 
circle  may  be  infcribed  in  a  given  equilateral  and  equiangular 
bexagon,  and  circumfcribed  about  it,  by  a  method  like  to  that 
nfed  for  the  pentagon. 


PROP.    XVI.      P  R  O  B. 

TO  infcribe  an  equilateral .  and  equiangular  quindeca-  Scc  n. 
gon  in  a  given  circle. 

Let  ABCD  be  the  given  circle  ;  it  is  required  to  infcribc'an 
equilateral  and  equiangular  quindccagon  in  the  circle  ABCD. 

Let  AC  be  the  fide  of  an  equilateral  triangle  infcribed*  in  a  2, 4. 
the  circle,  and  A^  the  fide  of  an  equilateral  and  equiangular 
pentagon  infcribed  ^  in  the  fame  5  therefore,  of  fuch  equal  parts  b  u.  4, 
as  the  whole  circumference  ABCDF  contains  fifteen,  the  cir- 
cumference ABC,  being  the  third 
part  of  the  wholcj,   contains  five  ^ 
5md  the  circumference  AB,  which 
is  the  fifth  part  of  the  whole,  con- 
tains three;  therefore  BC  their  dif   fi 
fcrcncc  contains  two*  of  the  fame 

parts:  Bifeft^  BC  in  E  ;  therefore  EiV  V/)       ^  ^•' 

BE,  EC  are,  each  of  them,  the  fif-       n 
tcenth  part  of  the  'whole  circumfe-    (^ 
fence  ABCD  :    Therefore,   if  the 
ftraight  lines  BE,  EC  be  drawn,  and 
ftraight  lines  equal  to  them  be  placed  <*  around  in  the  whole  cir-  ^  j.  ^ 
de,  an  equilateral  and  equiangular  quindec»igon  Ihall  be  iii- 
icrtbed  in  it.    Which  was  to  be  done* 

U  3  ^  A»^l 
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So^i^J^;  And  in  tlie  fame  manner  as  was  done  in  the  pentagoa,  i^ 
through  the  points  of  divifion  made  by  infcribing  the  quindfr 
cagon^  ftraight  lines  be  drawn  touching  the  circle,  an  eqlIilat^ 
ral  and  equiangular  quindecagon  (hall  bedefcribedaboutit:  Aad 
]ikewife»  as  in  the  pentagon^  a  circle  may  be  infcribed  io  a 

£Ven  equilateral  and  equiangular  quindecagon^  and  cxrcnai- 
ribed  about  it. 
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DEFINITIONS. 

J. 

A  Left  magnitude  is  faid  to  be  a  part  of  a  greater  magni- 
tude^ when  the  lefs  meafures  the  greater,  that  is, '  when 
'  the  lefs  is  contained  a  certain  number  of  times  exactly  in  the 
'  greater.' 

II. 
A  greater  magnitude  is  faid  to  be  a  multiple  of  a  lefs,  when  the 
greater  is  meafured  by  the  lefs,  that  is,  '  when  the  greater 

*  contains  the  lefs  a  certain  number  of  times  exa6lly/ 

Uh 
'  Ratio  is  a  mutual  relation  of  two  n%agnitud6&  of  the  fame  see  i^- 

*  kind  to  one  another^  in  refpe£^  of  quantity/ 

IV. 
Magnitudes  ar^  faid  to  have  a  ratio  to  one  another,  when  the 
left  can  be  multiplied  fo  as  to  exceed  the  other* 

V. 
The  firft  of  four  magnitudes  is  faid  to  have  the  fame  ratio  to 
the  fecond^  which  the  third  ha»to  the  fourth,  when  any  e- 
quimultiples  wfaatfoever  of  the  iirft  and  third  being  taken, 
and  any  equimul^ples  whatfoever  of  the  fecond  and  fourth  ; 
if  the  multiple  of  the  firft  be  lefs  than  that  of  the  fecond, 
the  multiple  of  the  third  is  alfo  lefs  than  that  of  the  fourth ; 
or^  if  the  multiple  of  the  firft  be  equal  to  that  of  the  fecond » 
the  multiple  of  the  third  is  alfo  equal  to  that  of  the  fourth } 

H4  or, 
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Bpob  ^.       or,  if  the  multiple  of  the  lirft  be  greater  than  that  of  the 
\xv\J      fecondy  the  multiple  of  the  third  is  alfo  greater  than  that  of 
the  fourth. 

VI. 
Magnitudes  which  have  the  fame  ratio  are  called  proponionalst 
N.  B.  *  When  four  magnitudes  are  proportionads,  it  is  ufa- 

*  ally  exprefled  by  faying,  the  firft  ia  to  the  fecond,  as  the 

*  third  to  the  fourth." 

VII. 
When  pf  the  equimultiples  of  four  magnitudes  (takeii  as  iq  the 
fifth  definition)  the  multiple  of  the  nrft  is  greater  than  that 
of  the  fecpnd»  but  the  multiple  of  the  third  is  not  greater 
than  the  multiple  of  the  fourth ;  then  the  firft  is  faid  to  have 
tp  the  fecond  a  greater  ratio  than  the  third  magnitude  has  to 
the  fourth  $  and,  on  the  contrary,  the  third  is  faid  to  have  ro 
the  fourth  a  lefs  ratio  than  the  firft  has  to  the  fecond. 

vm. 

<<  Analogy,  Of  proportion^  is  the  fimilititde  of  ratios.** 

Proportion  confi{ts  in  three  terms  at  leaft. 

X,     / 
When  three  magnitudes  are  proportionals,  the  firft  is  faid  ta 
have  to  the  third  the  duplicate  ratio  of  tbat  which  it  has  ta 
the  fecond, 

XI. 
See  N.  When  four  magnitudes  are -^ntinual  proportionals,  the  firft  19 
faid  to  have  to  the  fourth' the  triplicate  ratio  of  that  which  it 
has  to  the  fecond,  and  fo  on,  quadruplicate,  &c.  increafing 
the  denomination  ftill  by  unity)  in  any  nuniber  of  proper- 
tion^s. 

Definition  A,  to  wit,  of  compound  rat^o. 
Wheh  there  are  any  number  of  magnitudes  of  the  fame  kind^ 
the  firft  is  faid  to  have  to  the  laft  of  them-  the  ratio  coni- 
pounded  of  the  ratio  which  the  firft  h^s  to  the  fecond,  and  of 
the  ratio  which  the  fecond  has  to  the  third,  and  of  the  ratio 
which  the  thi^-d  has  to  the  fou^th^  and  fo  on  unto  the  lail 
magnitude. 
For  example.  If  A>  B,  C,  D  be  foi^r. magnitudes  of  the  fame 
kind,  the  firft  A  is  faid  tahavc  to  the  laft  D  the  ratio  com- 
pounded of  the  ratio  of  A  to  B,  and  cf  the  ratio  of  B  to  C,  and 
of  the  ratio  of  C  to  D  ;  or,  the  ratio  of  A  to  D  is  faid  to 
be  compounded  of  the  ratios  of  A  to  B,  B  to  C,  an4  Q  to  D : 

And 
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,^kiid  if  A  has  toB,  the  fame  ratio  which  £  has  to  F ;  and  B    Book  V. 
to  C,  the  fame  ratio  that  G  has  to  H  ;  and  C  to  D,  the  fame 
that  K  has  to:L ;  then,  by  this  definition)  A  is  faid  to  have 
to  D  the  ratio,  compounded  of  ratios  which  are  the  fame  with 
the  ratios  of  £  t6  F,  G  to  H»  and  K  to  L  :  And  the  fama 
thing  is  to  be  underftood  when  it  is  more  briefly  exprefled,  by 
&ying.A  has  to  D  the  ratio  compounded  of  toe  ratios  of  1*, 
to  F,  G  to  H,  andK  to  L. 
In  like  manner»  the  fame  things  being  fuppofed,  if  M  has  to 
N  the  fame  ratio  which  A  has  to  D ;  theni  for  ihortnefafake, 
*    M  is  faid  to  have  to  N,  the  ratio  compounded  of  the  ratios  of 
E  to  F,  Gto  H,  and  K  to  L. 

XII, 
Xn  proportionalsi  the  antecedent  terms  are  called  homologous  to. 

one  another,  as  alfo  the  eonfequems  to  oi>e  another. 
^  Geometers  make  ufe  of  the  following  technical  words  to  fig- 

<  nify  certain  ways  of  changing  either  the  order  or  cnagni- 

<  tude  of  proportionals,  fp  as  that  they  continue  ftill  to  be 
*  proportionals,' 

XIII. 

Fermutando,  or  alternando,  by  permutation,  or  alternately ;  See  N« 
this  word  is  ufed  when  there  are  four  proportionals,  and  it 
is  inferred,  that  the  iirfl:  has  the  fame  ratio  to  the  thi^d,  which 
the  fecond  has  to  the  fourth ;  or  that  the  firft  is  to  the  third, 
as  the  fecond  to  the  fourth :  As  is  fliewn  in  the  i6th  prop, 
of  this  5th  book.  v  ^ 

XIV.       ' 

Invertendo,  by  ipverfion  :  When  there  are  four  proportionals, 
and  it  is  interred,  that  the  fecond  is  to  (he  firft,  as  the  fourth 
to  the  third,     Prop.  B.  book  <;• 

Componendo,  by  compofition  ;  when  there  are  four  proportion* 
als,  and  it  is  inferred,  that  the  firft,  together  with  the  fe« 
cond,  is  to  the  fecond,  as  the  third,  together  with  the  fourtli^ 
is  to  the  foufth.     i8th  prop,  book  c* 

KVI. 
Dividendo,  by  divifion  ;  when  there  are  four  proportionals,  and 
it  is  inferred,  that  the  excefs  of  the  iirll  above  the  fecond,  is 
to  the  fecond,  as  the  excefs  of  the  third  above  the  fourth,  is 
to  the  fourth.     i7ih  prop,  book  {. 

XVIL 
QonvertendOj  by  coriVerfion ;  when  there  are  four  proportion- 
als. 
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Book  ▼.    ttis,  and  It  is  inferred,  that  the  firft  is  to  its  exce&  above  tk 

fecond,  as  the  third  to  its  excefs  above  the  fourth*    Prop.  E. 

book  5* 

XVffl. 

Ex  aequali  (fc.  diftantia)i  or  ex  aequo,  from  equality  of  di- 
ftance ;  when  there  is  any  number  of  magnitudes  more  tbaa 
tvPOf  and  as  many  others^  fo  that  they  are  proportionals  ^viica 
taken  two  and  two  of  each  rank,  and  it  is  interred,  that  the 
firft  is  to  the  laft  of  the  firft  rank  of  magnitudes,  as  the  fiift 
is  to  the  laft  of  the  others :  ^  Of  this  there  are  die  two 
*  following  kinds,  which  arife  from  the  difFercnt  order  ia 
^  which  tht  magnitudes  are  taken  two  and  two*' 

XIX, 

Ex  aequali,  from  equality;  this  term  is  ufed  fimply  br  itfei^ 
when  the  firftmagnitude  is  to  the  fecond  of  the  firs  rank, 
as  the  firft  to  the  fecond  of  the  other  rank;  and  as  tiie  fe- 
cond is  to  the  tbird^of  the  firft  rank,  fo  is  the  fecond  to  the 
third  of  the  other ;  and  fo  on  in  order,  and  the  inference  is 
as  mentioned  in  the  preceeding  definition ;  iriieiijpe  this  is 
called  ordinate  proportion.  It  is  demonftrated  ii|  aad  prop. 
book  5* 


Ex  aequali,  in  proportione  perturbata,  feu  inordinata  j  from  e* 
quality,  in  perturbate  or  diforderly  proportion  f ;  this  term  is  j 
ufed  when  the  firft  magnitude  is  to  the  fecond  of  the  firft  ^ 
rank,  as  the  laft  but  one  is  to  the  laft  of  the  fecond  rank;  and 
as  the  fecond  is  to  the  third  of  the  firft  rank,  fo  is  the  laft  but 
two  to  the  laft  but  one  of  the  fecond  rank ;  and  as  die  third 
is  to  the  fourth  of  the  firft  rank,  fo  is  the  third  from  the  laft 
to  the  laft  but  two  of  the  fecond  rank ;  and  foon  in  a  crpfr 
order:  And  the  inference  is  as  in  the  x8th  definition.  It  is 
demoi^ated  in  the  23.  prop,  of  book  5, 
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QuiMULTiPLEs  of  the  fame,  or  of  equal  magni* 
tudeS|  are  equal  to  one  another* 


II.  Thofe 


t  4*  Pfop.  lib.  Of  AxchiAedis  de  fyhatn  ct  cytiodro* 
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^Cliofe  magnitudes  of  which  the  fame,  or  equal  magnitudes^  ar? 
equimultiples^  are  equal  to  one  another. 

in. 

Jk  multiple  of  a  greater  magnitude  is  -greater  than  the  fame 

multiple  of  a  lefs. 

IV. 
That  magnitude  of  which  a  multiple  is  greater  than  the  fame 

multipie  of  another,  is  greater  than  that  other  magoitude. 


Its 


P  R  O  P.    I.      T  H  E  O  R. 

TF  any  number  of  magnitudes  be  equimultiples  of  as 
many 9  each  of  each  ;  what  multiple  focvcr  any  one 
of  them  1$  of  its  part,  the  fame  multiple  ihall  all  the  firft 
nugnitu^es  be  of  all  the  otlier. 

Let  any  number  of  magnitudes  AB,  CD  be  equimultiples 
of  as  many  others  £,  E,  each  of  each  ;  wfaatfoeycr  multiple  AB 
]«  of  Ey  the  fame  muhiple  (hall  AB  and  CD  together  be  (rf*  E 
and  F  together. 

,  Becaniie  AB  is  t^e  fame  multiple  of  £  that  CD  is  of  F,  as 
mau"  magnitudes  as  3r.e  in  AB  equal  to  £,  fo  many  are  there 
in  OD  equal  to  F.  Divide  AB  into  magni* 
tudes  equal  to  E,  viz.  AG,  GB ;  and  CD  in-  /\ 
to  CH,  HD  equal  each  of  tiiem  to  F :  The  num- 
hcT  dierefor^  of  the  magnitudes  CH,  HD  (hall 
lie  equal,  to  the  number  of  the  others  AG, 
GB  :  And  becaufe  AG  is  equal  to  £,  and  CH 
to  F,  therefore  AG  and  CH  together  are 
equal  to*  £  and  F  together :  For  the  fame  rea- 
fon^  becaufe  GB  is  equal  to  £,  and  HD  to  F; 
GB  and  HD  together  are  equal  to  £  and  F 
together.  Whertfore,  as  many  magnitudes  as 
are  in  AB  equal  tb  £,  fo  many  are  there  in  Q . . 
ikB>  CD  together  equal  to  E  and  F  together. 
Therefore)  whatfoever  multiple  AB  is  of  £, 
the  fame  multiple  is  AB  and  CD  together  of  ri 
E  and  F  together.  ^ 

Therefore,  if  any  magnitudes,  how  many  foevcr,  be  equi- 
multiples of  as  many,  each  of  each,  whatfoever  multiple  any 
one  of  them  is  of  its  part,  the  fame  multiple  (hall  all  the  firit 
magnitudes  be  of  all  the  other :  <  For  the  fame  demonftratiou 

^  *  holds 
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^  holds  in  any  number  of  magnitudes!  which  was  here  applied 
«.totwo/    (^E,D. 


PR  O  P.    n.      T  H  E  O  R. 

TF  the  firft  magnitude  be  the  fame  multiple  of  the  fc- 
^  cond  that  the  third  is  of  the  fourth,  and  the  fifth  the 
fame  multiple  of  the  feoond  that  the  iixth  is  of  the 
fourth  ;  then  (hall  the  firft  together  with  the  fifth  be  the 
fame  multiple  of  the  fecond,  that  the  third  together  with 
the  fixth  is  of  the  fourth. 


D 


E 


Let  AB  the  firft  be  the  fame  multiple  of  C  the  fecond,  tfaaf 
D£  the  third  is  of  F  the  fourth  ;  and  BG  the  fifth  the  fam« 
multiple  of  C  the  fecond,  that  EH 
the  fixth  is  of  F  the  fourth  :  Then  ^ 
IS  AG  the  firft  together  with  the  fifth 
the  fame  multiple  of  C  the  fecond^ 
that  DH  tbe  third  together  with  the  | 
fixth  is  of  F  the  fourth*  B  T 

Becaufe  AB  is  the  fame  multiple 
of  C,  that  D£  is  of  F ;  there  are  as        i 
many  magnitudes  in  AB  equal  ^o  Cf  I 

as  there  are  in  D£  equal  to  F  :  In  like  O  O  H 
manner,  as  many  as  there  are  in  BG 
equal  to  C,  fo  many  are  there  |in  EH  equal  to  F :  As  many 
then  as  are  in  the  whole  AG  equal  to  Cy  fo  many  are  there  in 
the  whole  DH  equal  to  F :  Therefore  AG  is  the  fame  multi- 
ple of  C,  that  DH  is  of  F ;  that  is,  AG  the  firft  and  fifth  to« 
gether,  is  the  fame  multiple  of  the  fecond  _. 

C*  that  DH  the  third  ai^d  fixth  together  is  Uf 

of  the  fourth  F.    If,  therefore,  the  firft  be 
the  fame  multiple,  &€•  C^E.  D.  •*  *■  J]- 


1 


Cor.  <  From  this  it  is  plains  that  if  any 
number  of  magnitudes  AB,  BG,  GH, 
be  multiples  of  another  C ;  and  as  ma- 
ny I?E,  £K,  KL  be  the  fame  multiples , 
of  F,  each  of  each  ;  the  whole  of  the 
firft,  viz.  AH,  is  the  fame  multiple  of 
C,  that  the  whole  of  the  laft,  viz,  Pli, 
is  of  F.* 
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IF  the  firft  be  the  fame  multiple  of  the  fccond,  which 
the  third  is  of  the  fourth ;  and  if  of  the  firft  and 
third  there  be  taken  equimultiples,  thefe  ihall  be  equi- 
multiples the  one  ot  thp  fecond,  and  the  other  of  the 
fourth. 


L- 


Lm  a  the  firft  be  tbe  fame  multiple  of  Q  the  fecond,  that 
C  the  third  is  of  D  the  fourth ;  and  of  A,  C  let  the  equimulti- 
ples £F,  GH  be  taken  :  Then  £F  is  the  fame  multiple  of  B, 
that  GH  is  of  D. 

Bccaufe  EF  is  the  fame  multiple  of  A|  that  GH  is  of  C» 
there  afe  as  many  magnitudes  in  £F  equal  to  A,  as  are  in  GH 
equal  to  C  :  Let  £F  be  di  . 
-vided  into  the  magnitudes  JP  ]H[ 

£K,  KF,  each  equal  to  A, 
and  GH  into  GL,  LH, 
each  equal  to  C :  The  num- 
ber therefore  of  the  magni- 
tudes £K,  KF»  (hall  be  e-  {T.  . 
qual  to  the  number  of  the 
others  GL,  LH  :  And  be- 
caufe  A  is  the  fame  multi- 
ple of  B,  that  C  is  of  D» 
and  that  £K  is  equal  to  A>  j 

and  GL  to  C;  therefore  —  'j* 
£K  is  the  fame  multiple  of  Jli  Al 
B,  that  GL  is  of  D :  For 
the  fame  reafon,  KF  is  the  fame  multiple  of  B|  that  LH  is  of 
D  I  and  fo,  if  there  be  more  parts  in  FF,  GH  equal  to  A,  C  : 
Becaufct  therefore,  the  iirft  £K  is  the  fame  multiple  of  the  fe- 
cond  B,  whidh  the  third  GL  is  of  the  fourth  D,  and  that  the  fifth 
KF  is  the  fame  multiple  of  the  fecond  B,  which  the  fixth  LH 
is  of  the  fourth  D  ;  £F  the  firft  together  with  the  fifth  is  the 
fame  multiple "  of  the  fecond  B,  which  GH  the  third  together 
with  the  fixth  is  of  the  fourth  D.  If^  therefore^  the  firft^  &c. 
Q^E.  D. 
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P  R  O  R    IV.      T  H  E  O  R. 

^^'      TF  the  firft  of  four  magnitudes  has  the  feme  ratio  _ 
^   X  ^c  fecond  which  the  third  has  to  the  fourth  ;  theS 
any  equimultiples  whatever  of  the  firft  and  third  ftali 
^       have  the  iamc  ratio  to  any  equiouiltifrfes  of  the  fecond 
and  fourth,  viz.  *  the  equimultij^c  of  the  firft  fhall  have 
<  the  fame  ratio  to  that  of  the  fecond,  which  the  cqui- 
*  multiple  of  the  third  has  to  that  of  the  fourth/ 

Let  A  the  firft  have  to  B  the  fecond,  the  fame  ratio  whkii 
the  third  C  has  to  the  fourth  D ;  and  of  A  and  C  kt  there  kt 
taken  any  equimultiples  if?hatever 
£,  F ;  and  of  B  and  D  any  eqvi- 
multiides  whatever  G,  H  :  Then 
£  has  the  fame  ratio  to  G,  which 
F  has  to  H- 

Take  of  E  and  F  any  equimul- 
tiples whatever  K,  L,  and  of  G, 
H)  any  equimultiples  whatever  M, 
N  :  Then,  becaufe  £  is  the  fame 
multiple  of  A,  that  F  is  of  C  ; 
and  of  E  and  F  have  been  taken 
equimultiples  K,  L ;  therefore  K     | 

is  the  fame  multiple  of  A,  that  L  v*     it*       k     t^    r^    w 
isofC*:  Forthefamereafon,  M  '^    Jl.     A    IS    Vj   M 
is  the  fame  multiple  of  B,  that  N  t      -n     n     T\    n     kl 
is  of  D :  And  becaufe  as  A  is  to  "^     -"^      iy     li     II    W 
h  Bypotb.  B,  fo  is  C  to  D  \  and  of  A  and 
C  have  been  taken  certain  equi- 
multiples K,  L }  and  of  B  and  D 
have  been  taken  certain  equimul- 
tiples M,  N ;  if  therefore  K  be 
freater  than  M«  L  is  greater  than 
I ;  and  if  equal,  equal ;  if  lefs» 

t  5«dcf.  s»  1^^  ^*  ^^^^  El>  ^  b^c  ^^J  equi-f 
multiples  whatever  of  £,  F ;  and 
M,  N  any  whatever  of  G,  H : 
As  therefore  E  is^to  G,  fo  is  *^  F 
to  H.  Therefore;  if  the  firft,  &c. 
Q.E.D. 

Cor.  Likewife,  if  the  firft  has  the  fame  ratio  to  the  fecond, 
vrhich  the  third  has  to  the  fourth,  then  alfo  any  equxmulti-  ^-i 

pies  V? 
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des  wkttcfer  of  the  firft  and  third  have  the  fame  ratio  to  the   Book- V. 
[{bcomI  and  fourth :  Andjn  like  manner,  the  firft  and  the  third    Va/wi 
[hsfctbe  bmc  ratio  to  any  equimultiples  whatever  of  the  fecond 

Kwrtfa. 
Jict  A  the  firft  have  to  B  the  fecond,  th^  fame  ratio  which 

[(Urd  C  has  to  the  fourth  D,  and  ,of  A  and  C  let  £  and  F      * 
equimultiples  whatever ;  then  E  is  to  B,  as  F  to  D. 
eof  E,  F  any  equimultiples  whatever  K,  L,  and  of  B^  ^ 

[8  any  equimultiples  whatever  G,  H  ;  then  it  may  be  demon- 
llMed,  as  before,  that  K  is  the  fame  multiple  of  A,  that  L  is 
fsf  C :  And  becaufe  A  is  to  B,  as  C  is  to  D,  and  of  A  and  C 
certain  equimultiples  have  been  taken,  viz.  K  and  L ;  and  of 
1  and  D  certain  equimultiples  G,  H ;  therlefore,  if  K  be  greater 
Aan  G,  Lis  greater  than  H ;  and  if  equal,  equal ;  if  lefs,  leb  ^ :  c  |.  dcf.  i* 
And  K,  L  are  any  equimultiples  of  E,  F,  and  G,  H  any  what- 
cierof  B,  D;  as  therefore  E  is  to  B,  fo  is  F  to  D :  And  in  the 
[fiflie  vay  the  other  cafe  is  demonftrated. 


P  R  O  P.    V,      T  HE  O  R. 

F  one  magnitude  be  the  fame  multiple  of  another,  see  k* 
whicba  magnitude  taken  from  the  firft  is  of  a  mag* 
ode  taken  from  the  other ;  the  remainder  fhall  be  the 

£uDe  multiple  of  the  reo^inder,  that  the  whole  is  of  the 

viu)le« 


1 


^1 


Let  the  magnitude,  AB  be  the  fame  multiple 

oiCD,  that  AE  taken  from  the  firft,  is  of  CF 

taken  from  the  other;  the  remainder  EB  fhall 

kdie  fame,  multiple  of  the  remainder  FD,  that 

■«  whde  AB  is  of  the  whole  CD. 
Take  AG  the  fame  multiple  of  FD,  that 

AE  is  of  CF  :  Therefore  AE  is  •  the  fame  mul- 
Jlipic  of  CF,  that  EG  is  of  CD :  But  AE,  by 
Pibe  hypothefis,  is  the  fame  multiple  of  CF,  that 
■  AB  is  of  CD :  Therefore  EG  is  the  fame  mul- 
|i  jiplc  of  CD  that  AB  is  of  CD ;  wherefore  EG 
Ijii  equal  to  AB  ^ :  Take  from  them  the  common 
paagnitude  AE  j  the  remainder  AG  is  equal  to 

Ac  remainder  EB.    Wherefore,  fince  AE  is 

Ac  fame  multiple  of  CF,  that  AG  is  of  FD, 

«d  that  AG  is  equal  to  EB ;  therefore  AE  is  the  fame  multiple 

•f  CF,  that  EB  i$  of  FD :  But  AE  is  the  fame  multiple  of  CF, 

that 


E  . 


B 
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0 

I 

D 


b  I.  A>^*  5« 


UJL 


128 


THE    ELEMENTS 


8ceN< 


Book  Vi  that  AiS  is  of  CD  ;  therefore  £B  is  the  fame  multiple  of  FDj 
that  AB  is  of  CD«  Therefore^  if  any  magnitude^  &c.  Qi  £.  B. 

t  li  O  P.    Xt*     T  H  E  O  Ri 

IF  two  magnitudes  be  cqiiimtiltiples  bf  two  others,  arid 
if  equimultiples  of  thcfe  be  taken  from  the  firft  two^ 
tlie  remainders  are  either  equal  to  thefe  others^  or  eqiu' 
multiples  of  themi 

Let  the  two  magnitudes  AB,  CD  be  etiujmuJtiples  ot  tic  two 
£,'  F,  and  AG,  CH  taken  from  the  fim  two  be  equimaltiples 
of  the  fame  E,  F;  the  remainders  GB,  HI)  atd  either  equal  t9 
E,  F,  ot  equimultiples  of  theni. 

Firft,  Let  OB  be  equal  to  E ;  ttt)  is  e^ 
qual  to  F :  Make  CK  equal  to  F ;  and  be-, 
caufe  AG  is  the  fame  multiple  of  E|  that 
CH  is  of  F,  and  that  GB  is  equal  to  E, 
and  CK  to  F ;  therefore  AB  is  the  fame! 
multiple  of  E,  that  KH  is  of  F.    But  AB, 
by  the  hyp^thefis,  is  the  fame  mliltiplfe  of   /-i  I 
E  that  CD  is  of  F ;  therefore  KH  is  the    ^  j   ^' 
fame  multiple  of  F,  that  CD  is  of  F  ^ 
a  s.  Ax.  1.  ^l^crefore  KH  is  equal  to  CD  ■ :  Take  a-       12      t^  "C*    x^ 
*  Way  the  common  magnitude  CH,  theft  the       B     W  x«    « 
remainder  KC  is  equal  to  the  remainder 
HD  :  But  KC  is  equal  to  F ;  HD  therefore  i&  equal  to  F. 

But  let  GB  be  a  multiple  of  E ;  then 
HD  is  the  fatne  multiple  of  F :  Make 
CK  the  fame  multiple  of  F,  that  GB  is       , 
of  £ :  And  becaufe  AG  is  the  fame  mul-^ 
tipleof  E,thatCH  isofF;andGB  thefame 
m  ultiple  of  E,  that  CK  is  of  F;  therefore  AB 
is  the  fame  multiple  of  E,that  KH  is  of  ^ 
hxs*       F *> :  But  AB  is  the  fame  multiple  of  E,  GY  JJ^I 
that  CD  is  of  F ;  therefore  KH  is  the 
fame  multiple  of  F,  that  CD  is  of  it  j 
wherefore  KH  is  equal  to  CD*:  Take 
away  CH  from  both }  therefore  the  re- 
mainder KC  is  equal  to  the  remainder 
HD }  And  becaufe  GB  is  the  fame  multiple  of  E,  that  KC  is 
of  F,  and  that  KC  is  equal  to  HD  ;  therefore  HD  is  the  fame 
multiple  of  F,  that  GB  is  of  E  a  If  therefore  two  magnitudesi 
&c.  Q.  E.  D. 

PROP- 
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P  R  O  P.    A.      T  H  E  O  ft. 


Book  V. 


IF  the  firft   of  four  magnitudes  has  to  the  fccond,  the  sccM. 
fame  ratio  which  the  third  has  to  the  fourth ;  then,  if 
the  firft  be   greater  than  the  fecond,  the  third  is  alfo 
greater  than  the  fourth ;  and,  if  equal,  equal ;  if  lefs,  lefs. 

'take  any  equimultiples  of  each  of  them,  as(  the  doubles  of 
each ;  then,  by  def.  5th  of  this  book,  if  the  double  of  the  flrft  be 
greater  than  the  double  of  the  fecondi  the  double  of  the  third  is 
greater  than  the  double  of  the  fourth ;  but,  if  the  firft  be  greater 
than  the  fecond,  the  double  of  the  firft  is  greater  than  the  double 
of  the  fecond  ;  wherefore  alfo  the  double  of  the  third  is  greater 
than  the  double  of  the  fourth ;  therefore  the  third  is  greater  than 
the  fourth :  In  like  manner,  if  the  firft  be  equal  to  the  fecond, 
or  lefs  than  it,  the  third  can  be  proved  to  be  equal  to  the  fourth^ 
or  left  than  it.    Therefore,  if  the  firft,  &c.  Q^E.  D. 


PROP.     B*      T  H  E  O  R. 

tFf6ur  magnitudes  are  proportionals,  they  are  propor- see  >c; 
tionals  alfo  when  taken  inverfely. 

If  the  magnitude  A  be  to  B,  as  C  is  to  D,  then  alfo  inverfely 
B  is  to  A,  as  D  to  C. 

Take  of  B  and  D  any  equimultiples 
whatever  E  and  F ;  and  of  A  and  C  any  e- 
quimultiples  whatever  G  and  H.  Firft,  Let 
E  be  greater  than  G,  then  G  is  lefs  than  E ; 
and,  becaufe  A  is  to  B,  as  C  is  to  D,  and 
of  A  and  C,  the  firft  and  third,  G  and  H 
are  equimultiples  ;  and  of  B  ^nd  D,  the  fe- 
cond and  fourth,  E  and  F  are  equimulti- 
ples ;  and  that  G  is  lefs  than  E,  H  is  alfo 
'  lefs  tban  F ;  that  is,  F  is  greater  than  H  j 
if  therefore  E  be  greater  than  G,  F  is  great- 
er than  H :  In  like  manner,  if  E  be  equal 
to  G,  F  may  he  (hewn  to  be  equal  to  H  ; 
^nd,  if  lefs,  lefs;  and  E,  F  are  any  equi- 
multiples whatever  of  B  and  D,  and  G,  H 
9nj  whatever  of  A  and  C ;  therefore  as  B 
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Book  v!  is  to  A)  fo  is  D  to  C*     If  then  four  magnitudts^ 
Q^E.D. 


PROP.     C.     T  H  E  O  R. 

s«eN.       JF  the  firft  be  the  fame  multiple  of  the  fccond,  6r  die 
fame  part  of  it,  that  the  third  is  of  the  fourth  ;  the 
firfl:  is  to  the  fecond,  as  the  third  is  to  the  fourth. 


Let  the  firft  A  be  the  fame  multiple  of  B 
the  fecond)  that  C  the  third  is  of  the  fourth 
D :  A  is  to  B  as  C  is  to  D. 
'  Take  of  A  and  C  any  equimultiples  what- 
ei^er  E  and  F ;  and  of  B  and  D  anj  equi* 
multiples  v^hatever  G  and  H  :  Then,  oecaufe 
A  is  the  fame  multiple  of  B  that  C  is  of  D ; 
and  that  £  is  the  fame  multiple  of  A,  that 
F  is  of  C  ;  £  is  the  fame  multiple  of  B,  that 

9^5.  F  is  of  D  * ;  therefore  £  and  F  are  the  fame 
multiples  of  B  and  D :  But  G  and  H  are  equi- 
multiples of  B  and  D  ;  therefore,  if  £  be  a 
greater  multiple  of  B,  than  G  is,  F  is  a  great- 
er multiple  of  D,  than  H  is  of  D  ;  that  is, 
if  £  be  greater  than  G,  F  is  greater  than  H  : 
Ip  like  manner,  if  E  be  equal  to  G,  or  lefs ; 
F  is  equal  to  H,  or  lefs  than  it.  But  £,  F 
are  equimultiples,  any  whatever,  of  A,  C, 
and  G,  Harry  equimultiples  whatever  of  B^ 

b  f.  dct.  5»  D.  Therefore  A  is  to  B,  as  C  is  to  D  ^. 

Next,  Let  the  firft  A  be  the  fame  part 
of  the  fecond  B,  that  the  third  C  is  of 
the  fourth  D  :  A  is  to  B,  as  C  is  to  D  : 
For  B  is  the  fame  multiple  of  A,  that  D 
is  of  C  ;  wherefore,  by  the  proceeding 
cafe,  B  is  to  A,  as  D  is  to  C ;  and  in* 
e  1.  n  Tcrfely  5^  A  is  to  B,  as  C  is  to  D.  There- 
fore, if  the  firft  be  the  fymc  s\ultiple>  &c. 
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P  R  O  P.    D.     T  H  E  O  R. 

» 

the  firft  be  to  the  fecond  as  the  third  to  the  foarth,«*i*. 

and  if  the  firft  be  a  multiple,  or  part  of  tlic  fecond ; 
the  third  is  the  fame  muhiple,  or  the  fame  part  of  the 
fourth . 

Let  A  be  to  B,  as  C  18  to  D ;  and  firft  let  A  be  a  multiple 
of  B ;  C  is  the  fame  multiple  of  D. 

Take  E  equal  to  A,  and  whatever  mul- 
tiple A  or  E  il  of  B,  make  t  the  fame  mul- 
tiple of  D  :  Then,  becaufe  A  is  to  B,  as  C  is 
to  D  ;  and  of  B  the  fecond  and  D  the  fourth 
equimultiples  have  been  taken  E  and  r; 
A  is  to  E,  as  C  to  F  • :  But  A  is  equal 
to  E,  therefore  C  is  equal  to  F  *  :  And  F 
is  the  fame  multiple  of  D,  that  A  id  of  B. 
Wherefore  C  is  the  fame  multiple  of  D, 
that  A  is  of  B. 

Ne^it,  Let  the  firft  A  be  a  part  of  the  fe- 
cond B ;  C  the  third  is  the  fame  part  of  the 
fourth  D. 

Becaufe  A  is  to  B,  as  C  is  to  B ;  th^n, 
iBTcrfely  B  is  *  to  A,  as  D  to  C  :  But  A  is  a 
part  of  B,  therefore  B  is  a  multiple  of  A; 
and,  by  the  precreding  cafe,  D  is  the  fame 
multiple  of  C,  that  is,  C  is  the  fame  part  of  Dj  that  A  is  of  B : 
Therefore,  tf  the  firft,  ftc.  Q^E.  D. 
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PRORVn.      THEOR. 

"p  QU AL  magnitudes  have  the  fame  ratio  to  the  fame 
^^  magnitude ;  and  the  fame  has  the  fame  ratio  to  c- 
qual  magnitudes. 

Let  A  and  B  b^  equal  magnitudes,  aftd  C  any  other.  A  and 
B  have  each  of  them  the  fame  ratio  to  C,,  and  C  hat  the  fame 
ratio  to  each  of  the  magnitudes  A  and  B. 

Take  of  A  au4  B  anj  equimultiples  whatever  0  and  £>  and 

la  •£ 
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Book  V.    of  C  any  multiple  whatever  F  :  Then,  bccaufe  D  is  ttc 

nXVO  multiple  of  A,  that  E  is  of  B,  and  that  A  is 

•  I.  A«.  5. equal  to  B  ;  D  is*  equal  to  E  :  Therefore,  if 

p  be  greater  than  F,  E  is  greater  than  F;  and 

if  equal,  equal;  >f  lefs^  Jefg:  And  I>,  E  are 

any  equimultiples  of  A,  B,  and  F  is  any  mul- 

b  s-M.si  riple  of  C,  Therefore  »>  as  A  is  to  C,  fo  is  B 

toC. 

Likewife  C  has  the  fame  ratio  to  A  that  it 
has  to  B  :  For,  having  made  the  fame  con- 
flru£lion,  D  may  in  like  manner  be  (hewn  e- 
qual  to  £ :  Therefore,  if  F  be  greater  than  I^»  ^  "T  C^  V 
it  is  likewife  greater  than  E  ;  and  if  equal,  '  * 
equal ;  if  lefs,  lefs :  And  F  is  any  multiple 
whatever  of  C,  arid  D,  E  are  any  equimul- 
tiples whatever  of  A,  B.  Therefore  C  is  to 
A,  as  C  is  to  B*>.  Therefore  equal  magni- 
tudes, &c.    Q;^E.  D. 


£  B 


PROP.    Vni.      T  H  E  OR. 

geg  N.  /^^  uncqtial  magnitudes,  the  greater  has  a  greater 
\^  ratio  to  the  fame  than  the  Icfs  has  ;  and  the  famt 
magnitude  has  a  greater  ratio  to  the  lefs  than  it  has  to 
the  greater. 

Let  AB,  BC  be  unequal  magnitudes,  of  which  AB  is  tlift 


greater,  and  let  D  be  any  magnitude 
whatever :  AB  has  a  greater  ratio  to  D 
than  BC  to  D  :  And  D  has  a  greater  ra-  £ 
tio  to  BC  than  unto  AB. 

If  the  magnitude  which  is  not  the  ^. 
greater  of  the  two  AC,  CB,  be  not  lefs  F; ' 
than  D,  take  EF,  FG  the  doubles  of 
AC,  CB,  as  in  Fig.  i.  But,  if  that  which 
is  not  the  greater  of  the  two  AC,  CB 
be  lefs  than  D  (as  in  Fig.  2* and  3.)  this 
siagnitudecan  be  multiplied  fo  as  to  be- 
come greater  than  D,  whether  it  be 
AC  or  CB.  Let  it  be  multiplied  uhtil  it 
become  greater  than  D,  and  let  the  o- 
ther  be  multiplied  as  often ;  and  let  EF 
be  the  multiple  thus  taken  of  AC,  and 
FG  the  fame  multiple  of  CB :  Therefore 

^  and  fQ  ate  c^(;^  o|tbcm  greater  tbaa 
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Fig.  I. 
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J) :  And  ia  every  one  of  the  cafes  take  H  the  double  of  D,  K     Book  v. 
its  triple^  and  (o  on,  till  the  multfple  of  D  be  that  which  firft 
becomes  greater  than  FG  :  Let  L  be  that  multiple  of  D  which  is 
iirft  greater  than  TC,  and  K  the  multiple  of  D  which  is  nezi  lefs 
thaB  JU 

Tben»  becaufe  L  is  the  multiple  of  D  which  is  tho  firft  that 
becomes  greater  than  FG,  the  next  preceeding  multiple  K  is 
not  greater  than  FG  y  that  is,  FG  is  not  lefs  than  K:  And  fince 
EF  is  the  fame  multiple  of  AC,  that  FG  is  of  CB ;  FG  iS  the 
fame  multiple  of  CB,  that  EG  is  of  AB  •  j  wherefore  EG  and  *  »•  «• 
FG  are  equimultiples  of  AB  and  CB;  And  it  was  fticwn*  ;that 


FG  was  not  lefs  than  K, 
and^  by  tl 
k,  EF  is 


Fig.  3- 


r-    K 


Fig.  2. 
the  conftruc- 
Vion,  iL¥  is  greater  than 
D  5  therefore  the  whole   V  ^ 
EG  isgrcater  than  K  and        * 
D  together  :  But  K  to- 

fthtr  with  D  is  equal  to 
;  therefore  EG  is 
greater  than  L;  but  FG 
is  not  greater  than  L; 
and  £0,  FG  are  equi- 
iniiitiples  of  AB,  BC, 
and  L  is  a  multiple  of 
D  5  therefore  *>  AB  ha« 
to  D  a  greater  ratio  than 
BC  has  to  D. 

Alfo  D  has  to  BC  a 
greater  ratio  than  it  has 
to  AB:  For,  having 
made  the  fame  con- 
ftru£tion,  it  may  be 
ftewn*  in  like  manner^ 
that  L  is  greater  than 
F(J,  but  that  it  is  not  greater  than  EG  :  And  L  is  a  multiple  of 
D;  and  FG,  EG  are  equimultiples  of  CB,  AB  ;  therefore  D 
has  to  CB  a  greater  ratio**  than  it  has  to  AB.  Wherefore, 
.of  unequal  magnitudes,  ice    QJ^*  D* 
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P  R  0  ?•    IX.      T  H  1  O  R. 

Seeif.  l^yrAoHrTUDEf  which  have  the  fame  ratio  to  the 
J^yJl  f^"^^  magnitude  arc  equal  to  one  another  ;  and 
thofe  to  which  the  fame  magnitude  has  the  iamc  ratio 
are  equal  to  one  another. 

Let  A,  B  have  each  of  them  the  fame  ratio  to  C^  A  ia  c- 
dual  to  B :  For^  if  they  are  not  equal,  one  of  them  is  greater 
than  the  other;  let  A  be  the  greater;  then,  by  what  was ihcvn 
in  the  preceeding  propofition,  there  are  fome  equimultiples  of 
A  and  B,  and  fome  multiple  of  C  fueh,  that  the  multiple  of  A 
28  greater  than  the  multiple  of  C,  but  the  multiple  of  B  is  not 
greater  than  that  of  C,  Let  fuch  multiples  be  taken,  and  let 
D,  £,  be  the  equimultiples  of  A,  B,  and  F  the  multiple  of  C, 
fo  that  D  may  be  fs;reatei:  than  F,  and  £  not  greater  tbati  F: 
But,  becaufe  A  is  to  C,  as  B  is  to  C»  and 
of  A»  B  are  taken  equimultiples  D,  £» 
and  of  C  is  taken  a  multiple  F;  and  that 
D  is  gr^ater  than  ^\  E  fhall  alfo  he  greater 
S  i. dcf.  5.than  F*i  but  E  is  not  greater  than  F, 
whirh  is  impoflTible ;  A  therefore  and  B 
are  no?  unequal ;  that  is,  they  are  equal. 

Next,  Let  C  have  the  fame  ratio  to  each 
of  the  magnitudes  A  and  B  ;  A  is  equal 
to  B :  For,  if  they  ar?  not,  one  of  them  is 
greater  than  the   other;    let   A   be  the 
greater ;  therefore,  as  wa.^  fhewn  in  Prop. 
8th,  there  is  fome  multiple  F  of  C,  and 
fome  equimultiples  E  and  D  of  B  and  A 
fuch,  that  F  is  greater  th:m  E,  and  not  greater  than  D  s  but  be?* 
eaufe  C  is  to  B,  as  C  is  ^o  A,  and  that  V  the  multiple  of  the  firll 
js  greater  than  E  the  multiple  of  the  feeond ;  Fthe  multiple  of  the 
^hird  is  greater  than  D  the  multiple  of  the  fourth^:  But  F  in  n€% 
greater  than  D,  which  is  impoflible.    'J  herefore  A  is  equal  to fi, 
fV^l^erefore  magnitudes  wbicb,  &c<    (^E*  D* 
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PROP.    X.     tHEOR. 

'THHAT  magnitude  which  has  a  greater  ratio  than  an-  See  n. 

%  other  has  unto  the  fame  magnitude  is  the  greater 
orthe  two ;  And  that  magnitude  to  which  the  fame  has 
9t  greater  ratio  than  i(  has  unto  another  magnitude  is  the 
Icficr  of  the  two. 

l»et  A  have  to  C  a  greater  ratio  than  B  has  to  C ;  A  is 
greater  than  B  <  For,  becaufe  A  has  a  greater  ratio  to  C,  than 
»  has  to  C,  th«rc  arc"  fome  equimukipks  of  A  and  B,  an4*  ^'^^♦** 
fi>mc  multiple  of  C  fuch,  that  the  mukiple  of  A  is  greater  than 
rhe  multiple  of  C|  but  the  multiple  of  B  is  not  greater  than  it : 
XJet  them  be  taken,  aod  let  D,  £  be  equi- 
multiples .of  A,  B,  and  F  a  multiple  of  C 
fuch,  that  D  is  greater  than  F,  but  E  is 
not  greater  than  F  :  Therefore  D  is  greater 
than  E;  And,  becaufe  D  and  £  are  equir    A 
midtiples  of  A  and  B,  and  D  is  greater       '^ 
than  £ ;  therefore  A  is  ^  greater  than  B.  « 

Next,  Let  C  faaye  a  greater  ratio  to  B  |[^  1 

Aan  it  has  to  A  ;  B  is  lefs  than  A  :  For  *  ' 

there  is  fome  multiple  F  of  C,  and  fome  e-  n 
quimnltiples  £  and  D  of  B  and  A  fuch  ^ 
chat  F  is  greater  thata  £»  but  is  not  greater 
thaa  D  :  E  therefore  is  lefs  than  D  ;  and 
becaufe  £  and  D  are  equimultiples  of  B 
and  A,  therefore  B  is  ^  lefs  than  A.  That 
inagnitudej  therefore,  &c,  (^£*  D* 


^4*  Ax.5. 


R 


P  R  O  p.    XI.     THEOR. 

ATIOS  that  are  the  fame  to  the  fame  ratio,  are  the 
fame  to  one  another. 


Let  A  be  to  B  as  C  is  to  D  J  and  as  C  to  D,  ib  let  £  be  to 
F;  A  is  to  B,  asEtoF, 

Take  of  A,  C,  E,  any  equimultiples  whatever  G,  H,  K;  and 
of  B,  D,  F  any  equimultiples  whatever  L,  M,  N.  Therefore, 
^e  A  is  to  B,  ^  C  to  Dt  and  G,  H  are  taken  equimultiples  of 

I4  A, 


/ 
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)}ook  V,     A,  C,  and  L,  M  of  B,  D  ;  if  G  be  greater  than  L,  H  is  greater 

K^yy>^  than  M  ;  and  if  equal,  equal ;  and  if  Icfs,  lefs*.     Again,  be- 

»  5-  dcf.  5.  caufe  C  is  to  D,  as  E  is  to  F,  and  H,  K  are  tak^n  equimultiples 

of  C,  E;  and'M,  N  of  D,  F ;  if  H  be  greater  than  M,  K  is 

greater  than  N  ^  and  if  equal  equal ;  and  if  lefs,  lefs :  But,  if  G 


G H K— 

k C E- 

B —        D r-r- 

r—    JM _f5[ 


be  greater  than  L,  it  has  been  ftiewn,  that  H  is  greater  than  M  j 
and  if  equal,  equal ;  and  if  lefs,  lefs  ;  therefore,  if  G  be  greater 
than  L,  K  is  greater  than  N ;  and  if  equal,  equal ;  and  if  left, 
lefs  :  And  G,  K,  are  any  equimultiples  whatever  of  A,  £;  and 
L,  N  any  whatever  of  B,  F :  Therefore,  as  A  is  to  B^  fo  is  £  to 
JF*,    Wherefore  ratios  that,  &c.  Q;^E«  P. 


PROP.    XII.     T  H  E  O  R. 

TF  any  number  of  magnitudes  be  proportionals,  as  one 
of  the  antecedents  is  to  its  confcqucnt,  fo  (hall  all 
the   antecedents   taken   together   be   to   all  the  confc- 
quents. 

» 

Let  any  number  of  magnitudes  A,  B,  C,  D,  E,  F,  be  propor* 
tionals  ;  that  is,  as  A  is  to  B^  fo  C  to  D,  and  £  to  F :  As  A  is 
to  B,  fo  fhall  A,  C,  E  together  be  to  B,  D,  F  together. 

Take  of  A,'C,  £  any  equimultiples  whatever  G,  Hj  K* 

G— H i<.c r 
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and  of  B,  D,  F  ary  equimultiples  •whatever  L|  M,  N :  Then, 
^caufe  A  is  to  B,  as  C  is  to  D,  and  as  £  to  F }  and  that  G,  H, 


f< 
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are  equimultiples  of  A,  C,  £,  and  L»  M,  N  equimultiples  of  Book  v. 
,  D,  F ;  if  G  be  greater  than  L,  H  is  greater  than  M,  and  K  \.jr>rsj> 
rcatcr  than  N  ;  and  if  equal,  equal ;  and  if  lefs,  lefs  ■.  Where-*  !•  <J«f%^., 
ore,  if  G  be  greater  than  L,  then  G,  H,  K  together  are  greater 
-^hao  h,  M,  N  together ;  and  if  equal,  equal ;  and  if  lefs,  lefs. 
.And  G,  and  G,  H,  K  together  are  any  equimultiples  of  A,  and 
-A,    C,  E  together ;  becaufe,  if  there  oe  any  number  of  ma^ni^ 
^udes  equimultiples  of  as  many,  each  of  each,  whatever  multi- 
ple one  of  them  is  of  its  part,  the  fame  multiple  is  the  whole 
of  tbe  whole  ^  :  For  the  fame  reafon  L,  and  L,  M,  N  are  any  b  i*  s* 
equimultiples  of  B,  and  B,  D,  F :  As  therefore  A  is  to  B,  fo  are 
A,  C,  E  together  to  B,  D,  F  together.    Wherefore,  if  any 
number^  &c.  Q^E.  D. 

PROP,    Xm.      T  H  E  O  R. 

IF  the  firft  has  to  the  fecond  the  fame  ratio  which  the  See  N. 
tliird  has  to  the  fourth,  but  the  third  to  the  fourth  a 
greater  ratio  than  the  fifth  has  to  the  fixth  j  the  firft  fliall 
alfb  have  to  the  fecond  a  greater  ratio  than  the  fifth  has 
to  the  fixth. 

Let  A  the  firft  have  the  fame  ratio  to  B  the  fecond  whidi  C 
the  third  has  to  D  the  fourth,  but  C  the  third  to  D  the  fourth,  i 

a  greater  ratio  than  E  the  fifth  to  F  the  fixth  :  Alfo  the  firft  A 
fliall  have  to  the  fecond  B  a  greater  ratio  than  the  fifth  E  to  the 
fixth  F. 

Becaufe  C  has  a  greater  ratio  to  D,  than  E  to  F,  there  are 
fome  equimultiples  of  C  and  £,  and  fome  of  D  and  F  fuch, 
that  the  multiple  of  C  is  greater  than  the  multiple  of  D,  but 

M •     Cr H  '" 
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the  multiple  of  E  is  not  greater  than  the  multiple  of  F" :  Let  a  i.  def.  $. 
fttch  be  taken,  and  pf  C,  £  let  G,  H  be  equimultiples,  and  K,  L 
equimultiples  of  D,  F,  fo  that  G  be  greater  than  K,  but  H  not 

£  eater  than  L ;  and  whatever  multiple  G  is  of  C,  take  M  th6 
me  multiple  of  A  j  and  what  multiple  K  is  of  D,  take  N  the 
fame  multiple  of  B  i  Then,  be^a^fe  A  is  to  B^  as  C  to  D»  and 
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*^*^*  ^^  "^  *"*  ^>  '^  *"^  ^  *^^  equimultiples :  And  of  B  mnd  D,N 

S^VXii/  and  K  are  equinnultipJes  ;  if  M  be  greater  than  N,  G  is  greater 

h$.M.$.  than  K;  and  if  equal,  equal  j  and  if   left,  lcf5>»;  but   G  ii 

greater  than  K,  therefore  M  is  greater  than  N :  But  H  is  not 

E eater  than  L ;  and  M,  H  are  equimultiples  of  A,  £  ;  and 
,  L  equimultiples  of  B,  F !  Therefore  A  has  a  greater  ratio 
ay.dst  5.  ^  B,  than  E  has  to  F*.    Wherefore,  if  the  firft,  &c.  O  E.  D. 
Co».  And  if  the  firft  has  a  greater  ratio  to  the  fecon^  than 
the  third  has  to  the  fourth, ,  but  the  third  the  fame  ratio  to  the 
fourth,  whieh  the  fifth  has  to  the  fixth  j  it  may  be  demonftratcd 
«  hk  likie  manner  that  the  firft  has  a  greater  ratio  to  the  fecoBi 

than  the  fifth  has  to  the  fixth. 
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PROP.    XIV.     T  H  E  O  R. 

TF  the  firft  has  to  the  fecond  the  fame  ratio,  which  the 
third  has  to  the  fourth  ;  then,  if  the  firft  be  greater 
than  the  th'urd,  the  fecond   ihall  be'  greater  than  the 
fourth }  and  if  equals  equal ;  and  if  lefs,  Iefg» 

Let  the  firft  A  have  to  the  fecond  B  the  fame  ratio,  which  the 
third  C  has  to  the  fourth  D;  if  A  be  greater  than  C.Bis 
greater  than  D. 

Becaufe  A  is  greater  than  C,  and  B  is  any  other  magnitude, 
A  has  to  B  a  greater  ratio  than  C  to  B  * ;  But  as  A  is  to  B,  to 
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is  C  to  D ;  therefore  alfo  C  has  to  D  a  greater  ratio  than  C  has 
to  B  ^  :  But  of  two  magnitudes,  that  to  which  the  fame  has  the 
greater  ratio  is  the  leiTer  *  :  Wherefore  D  is  Icfs  than  B ;  that 
is^^  is  greater  than  D- ' 

Secondly,  If  A  be  equal  to  C>  B  is  equal  to  D  z  For  A  is  to 
B,  as  C,  that  is  A,  to  D ;  B  therefore  is  equal  to  1)  ^. 

Thirdly,  If  A  be  lefs  than  C,  B  (baU  be  lefs  than  D :  For 
C  is  greater  than  A,  and  becaufe  C  is  to  P»  as  A  is  to  Bi  D  if 

Greater  than  B  by  the  firft  cafe ;  whcf  efpt^  B  is  Mb  lba9  D* 
heiffoxiTi  if  fh^  firft>  &c.  Q.  ^  D. 

PROP, 
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•  P  E  O  p.    XV.     T  H  E  O  B. 


M 


AoNiTUDBs*  have  the  fame  ratio  to  one  another 
which  their  equimultiples  have. 


Let  AB  be  the  fame  multiple  of  C,  that  DE  is  of  F :  C  is  to 
F,  as  AB  to  DE. 

Becaufe  AB  is  the  fame  multiple  of  C  that  DE  is  of  F  i  there 
arc  as  many  magnitudes  in  AB  equal  to  C,       a 
as  there  are  in  DE  equal  to  F :  Let  AB  be     -^ 
divided  into  magnitudes,  each  equal  (o  C,  D 

AG,  GH,  HB  J  and  DE  into  mag:ni- 


ViZ 


tides,  each  equal  to  F,  viz  DK,  KL,  LE :   G 

Then  the  number  of  the  firft  AG,  GH,  HB, 

Ihall  be  equal  to  the  number  of  thr  lad  DK, 

KL,  LE:  And  becaufe  AG,  GH.  HB  arc  H 

all  equal,  and  that  DK,  KL,  LE  are  alfo 

equal  to  one  another  ;   therefore  AG  i?  to 

DK,  as  GH  to  KL,  and  as  HB  to  LE  * ; 

And  as  one  of  the  antecedents  to  its  confe- 

qucnt;  fo  are  all  the  antecedents  together  to 

all  the  confequents  together  ^  5  wherefore,  as  AG  is  to  DK,  fo  *>  '*•  !• 

18  AB  to  DE :  But  AG  is  equal  to  C,  and  DK  to  F:  There-. 

fore,  as  C  is  to  F,  fo  is  AB  to  DE.  Therefore  magnitudes,  &c. 

Q:E.D. 


L 


B  C  E  F  "'^' 


PROP.    XVL      T  H  E  O  R, 

JF  four  magnitudes  of  the  fame  kind  be  proportionals, 
they  fhall  alfo  be  proportionals  when  taken  alternate* 

Let  the  four  magnitudes  A*  B,  C,  D  be  proporttonaYs,  viz* 
?»  A  to  B,  fo  C  to  D  :  They  (h.M  al'b  be  proportionals  when 
^k^n  alternately  *,  that  is,  A  is  to  C,  as  B  to  D. 

Take  of  A  and  B  any  equimultiples  whatever  E  and  F  (  and 
of  C  aad  U  take  any  equimultiples  whatever.  G  aud  H :  And 

•  '  becaufe 
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9oofc  T.    becaufe  E  is  the  fame  multiple  of  A,  that  F  is  of  B,  and  tfaa: 
^^V^^, magnitudes  have  the  fame  ratio  to  one  another  which  their  e- 

•  S5-  s-     quimultiples  have  ^ ;  therefore  A  is  to  B,  as  £  is  to  F  ;  But  x 

A  is  to  B,  fo  is  C  to  -- g^ 

D :  Wherefore,  as  C  E~ Vt 

b  XI.  5.     is  to  D,  fo  ^  is  E  to   k  r* 

F:    Again,  becaufe  ^ 

G,  H  are  equimulti-  0^   ■  p  '"  ' 

pies  of  C,  D|  as  C 

ft  to  D,  fo  is  G  to  F  H 

H  *  ;  but  as  C  is  to 

D,  fo  is  E  to  F.  Wherefore,  as  E  is  to  F,  fo  is  G  to  H  *».  But, 
nrhen  four  mag;iitudes  are  proportionals,  if  the  firft  be  ^eater 
than  the  third,  the  fecond  fhall  be  greater  than  the  fourth  ;  and 

*  »4-  5-      if  equal,  equal ;  if  lefs,  lefs  ^.    Wherefore,  if  E  be  greater  than 

G,  Flikewife  is  greater  than  H ;  and  if  equal,  equal;  if  lefs.  Ids: 
and  E,  F  are  any  equimultiples  Whatever  of  A,  B  ;  and,  G,  H 

#  i*  d£&  5-  any  whatever  of  C,  D.    Therefore  A  is  to  C,  as  B  to  D  <«.    If 

tbtn  four  magnitudes,  &c.    QJE.  D. 


PROP.    XVn.     THE  OR. 


f*  N.  ry  magnitudes  taken  jointly  be  proportionals,  tbey  (hall 
alfo  be  proportionals  when  taken  feparately  ;  that 
is,  if  two  magnitudes  together  have  to  one  of  them,  the 
lame  ratio  which  two  others  have  to  one  of  thcfc,  the 
remaining  one  of  the  firft.  two  ihall  have  to  the  other,  the 
fame  ratio  which  the  remaining  one  of  the  laft  two  has 
to  the  other  of  thefc. 

Let  AB,  BE,  CD,  DFbe  the  magnitudes  taken  jointly  which 
tire  prpportionals ;  that  is,  as  AB  to  BE,  fo  is  CD  to  DF ;  thcj 
ihall  alfo  be  proportionals  taken  feparately,  viz.  as  AE  to  £B, 
fo  CF  to  FD. 

Take  of  AE,  EB,  CF,  FD  any  equimultiples  whatever  GH, 
HK,  LM,  MN  I  and  a^ain,  of  EB,  FD,  take  any  equimultiples 
whatever  KX,  NP :  And  becaufe  GH  is  the  &me  multiple  of 
*  <•  S*  AE  that  HK  is  of  EB,  therefore  GH  is  the  fame  multiple  *  of 
AE,  that  GK  is  of  AB  :  But  GH  is  the  fame  multiple  of  AE, 
that  LM  is  of  CF  i  wherefore  GK  is  th;  fape  multiple  of  AB, 

tbflf 
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Aat  LM 18  of  CF.     Aj^ain,  bccaufe  LM  is  the  fam^e  multipleof   BMk  V. 
CF  that  MN  is  of  FD  ;  therefore  LM  is  the  fame  multiple  •  of  V>vV 
CF,  that  LN  is  of  CD :  But  LM  was  ihewn  to  be  the  fame*  »•  $• 
multiple  of  CF,  that  GK  is  of  AB  ;  GK  therefore  is  the  fame 
multiple  of  AB,  that  LN  is  of  CD;  that  is,  GK,  LN  are  equi- 
multiples of  AB,  CD.  Next,  bccaufe  HK  is  the  fame  multiple 
of  EB,  that  MN  is  of  FD ;  and  that  KX  is 
alfo  the  fame  multiple  of  EB,  that  NP  is 
of  FL>  J  therefore  HX  is  the  fame  multiple 
■»  of  EB,  that  MP  is  of  FD.     And  becaufe 
AB  18  to  BE,  as  CD  is  to  DF,  and  that  of 
AB  and  CD,  GK  and  LN  are  equimul- 
tiples, and  of  EB  and  FIJ,  HX  and  MP  are  |J^ 

equimultiples ;  if  GK  be  greater  than  HX, 

then  LN  is  greater  than  MP;  and  if  equai], 

equal;  and  if  lefs,  lefs^:  But  if  GH  beH" 

greater  than  KX,  by  adding  the  common 

part  HK  to  both,  GK  is  greater  tdan  HX  ; 

wherefore  aJfo  LN  is  greater  than  MP ; 

and  by  taking  a\(ray  MN  from  both,  LM 

is  greater  than  N  P :  Therefore,  if  GH  be 

{greater  than  KX,  LM  is  greater  than  NP. 
n  like  manner  it  may  be  demonftrated, 
that  if  GH  be  equal  to  KX,  LM  likewifc  is  equal  to  NP ;  and 
if  lefs,  lefs :  And  GH,  LM  are  any  equimultiples  whatever  of 
AE,  CF,  and  KX,  NP  are  any  whatever  of  EB,  FD.  There- 
fore S  as  AE  is  to  EB,  fo  is  CF  to  FD.  If  then  magnitudes, 
C^E.  D. 
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PROP-    XVIIi.     T  H  E  0  It. 

JF*  mSgnitades  taken  Separately  be  proportionals,  thcyseeNif 

fliall  alfo  bf  prdportioHiils  when  taken  jointly,  that  is, 
if  the  firft  be  (o  the  fecond,  as  the  third  to  the  fourth, 
the  firft  and  fecond  together  fliall  be  to  the  fecond,  a,s 
the  third  and  fourth  together  to  the  fourth. 

Let  AE,  EB,  CF,  FD  be  proportionals  ?  that  is,  as  AE  to 
EB,  fo  is  CF  to  FD ;  they  fliall  alfo  be  proportionals  when  taken 
jointly ;  that  is,  as  AB  to  BE,  fo  CD  to  DF. 

Take  of  Afi,  BE,  CD,  DF  any  equimultiples  whatever  GH, 
HK,  LM,  MN  ;  and  again,  of  BE,  DF,  take  any  whatever  e- 
quimuldples  KO,  NF:  And  becaufe  KO,  Nf  are  equimultiples 
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fi<j6kT.  of  BE»  DF;  and  thit  KH,  NM  are  cquimaltiplcs  Vikevrifc  df 
BE,  DF,  if  KO  the  multiple  of  BE  be  greater  than  KH,.  which 
is  a  multiple  of  the  fame  BE,  NP  lijcewife  the  multiple  of  DF 
fhall  be  greater  than  NM  the  multiple  ri 
of  the  fame  PF ;  and  if  KO  be  equal  *^ 
to  KH,  NP  (Iiall  be  equal  to  NM ; 
and  if  lefs,  lefs* 

Firft,  Let'KO  not  be  greater  than 
KH,  therefore  NP  is  not  greater  than 
NM  :  And  becatife  GH,HK  areeqai-  w^ 
multiples  of  AB,  BE,  and  that  AB  is  "^^ ' 
greater  than    B£»  therefore   GH  is 
greater "  than  HK ;   but  KO  is  not 
greater  than  KH,  wherefore  GH  is 
greater  than  KO.    In  like  manner  it 
may  be  (hewn,  that  LM  is  greater  than 
NP.    Therefore,  if  KO  be  not  great- 
cr  than  KH^  then  GH  the  multiple  of 
AB  is  always  greater  than  KO  the  /^ 
multiple  of  d£  ;  and  likewife  LM  the 
nlultiple  of  CD  greater  than  NP  the  multiple  of  DP, 

New,  Let  KO  be  greater  than  KH ;  therefore,  as  has  bcca 
fliewn,  NP  is  greater  than  NM ;  And  becaufe  the  whole  GH  is 
the  fame  multiple  of  the  whole  AB,  that  HK  is  of  BE,  the  re- 
mainder GK  is  the  fame  multiple  of  g^ 
the  remainder  AE  that  GH  is  of  AB^  \J 
which  is  the  fame  that  LM  is  of  CD.  ^j 
In  like  manner,  becaufe  LM  is  the  A' ' 
fame  multiple  of  CD,  that  MN  is  of 
DF,  the  remainder  LN  is  the  fame 
multiple  of  the  remainder  CF,  that 
the  whole  LM  is  of  the  whole  CD  ^ :  Iv  ■  ■ 
But  it  was  (hewn  that  LM  id  the  fame 
multiple  of  CD  that  GK  is  of  A£ ; 
therefore  GK  is  the  fame  multiple  of 
A£  that  LN  is  of  CF^  that  is,  GK, 
LN  are  equimultiples  of  A£,  CF : 
And  becaufe  KO,  NP  are  equimul- 
tiplcs  of  BE,  DF,  if  from  KO,  NP 

there  be  uken  KH,  NM,  which  are  likewife  equitnultiples 
of  BE,  DF,  the  remainders  HO,  MP  are  either  equal  to  &E, 
DF,  or  equimultiples  of  them  *.  Frrft,  Let  HO,  MP  be  e- 
qual  to  BE,  DF^  and  becaufe  A£  is  to  £B,  as  CF  to  FD>  and 

that 
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Alt  GE,  LN  are  equimultiples  of  AE,  Cl^  i  G&  fhsJI  be  CO  Bb6l^  if. 
B,  as  LN  to  FD  <  :  But  HO  is  equal  to  EB,  and  MP  to  FD;  V-^^yO 
therefore  GK  is  to  HO,  as  LN  to  MP.    If  therefore  GK  be  d  Cor.  4.  ^ 
pater  than  HO^  I^  is  greater  thati  MP  i  and  if  equal,  equal ; 
imliflefsSlcls,  eA«.sw 

Bat  let  HO,  MP  be  equimultiples  of  EB,  FD ;  and  becaafc 
U  is  to  EB,  as  CF  to  FD,  and  that  of  AE,  CF  arc  taken  c*  ' 
quimoltiples  6K,  LN  ;  and  of  £B,  FD,  the  equimultiplei  HO^ 
li^;  if  GK  be  greater  than  HO,  LN  r% 
II  greater  than  MP;  and  if  equal,  e-  v' 
,^;  and  if  lefs,  lefs  f ;  which  was 
Bkevife  (hewn  in  the  pr eceeding  cafe* 
If  therefore  GH  be  greater  than  KO,  |{ 
iihng  KH  from  both,  GK  is  greater 
dun  HO ;   wherefore    alfo  LN  is 
greater  than  MP  ^  and  confequcntly, 
addiog  NM  to  both,  LM  is  greater   wr 
Am  NP  :    Thercfcre,  if  GH  be  *^  '   g 
treater  than  KO,  LM  is  greater  than  D 

IIP.  In  hke  manner  it  may  be  fhewn,  IT 

tliat  if  GH  be  equal  to  KO,  LM  is  "^  "      J« 

cqial  to  NP  $  and  if  lefs,  lefs.  And 
ia  the  cafe  in  which  KO  18  not  great-   G     Ji^       C 
cr  than  KH,  it  has  been  (hewn  that 

GH  is  always  greater  than  KO,  and  likewife  LM  than  NPr 
BotGH,  LM  arc  any  equimultiples  of  AB,  CD,  and  KO, 
MP  are  any  whatever  of  BE,  DF ;  therefore  <"  as  AB  is  to  BE, 
fc  ii  CD  to  DF*    If  then  magnitudes,  Sec.    Q^E.  D. 


P 


PROP.    XIX.      THE  O  R. 


p  I  whole  magnitude  be  to  a  whole,  as  a  magnitude  ^n 

taken  from  /he  firft  is  to  a  magnitude  taken  from  the 
<^er;  the  remainder  (hall  be  to^the  remainder  as  the 
vhole  to  the  whole. 

hx  the  whole  AB  be  to  the  whole  CD,  as  AE,  a  magnitude 
tteafnmi  AB, toCFa  magnitude  taken  from  CD:  there* 
mainder  EB  (hall  be  to  the  remainder  FD,  as  the  whole  AB  to 
Ac  whole  CD. 

Bccaofe  AB  is  to  CD,  as  A£  to  CF  i  likewifci  alternately  %  a  i«.  4 

BA 


A 


C 

r 
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BcH*  V.  BA  is  to  AE,  as  DC  to  CF:  And  bccaufe,  if  mag- 
V^Y^J  nitudes  taken  jointly  be  proportionals,  they  arc 
b  xr-S.  alfo  proportionals  *»  when  taken  feparately ;  there- 
fore as  BE  is  to  EA,  fo  is  DF  to  FC  \  and  alter- 
nately, as  BE  is  to  DF,  fo  is  E A  to  FC :  But  as  E- 
AE  to  CF,  fo,  by  the  hypothefis,  is  .  AB  to  CD  ; 
therefore  alfo  BE  the  remainder  ihall  be  to  the  re- 
mainder DF,  as  the  whole  AB  to  the  whole  CD : 
Wherefore,  if  the  whole,  &c.  Q.  E.  D. 

CoR.  If  the  whole  be  to  the  wtiole,  as  a  mag- 
nitude taken  from  the  firft  is  to  a  magnitude  taken 
from  the  other  ;  the  remainder  likewife  is  to  the 
remainder,  as  the  magnitude  taken  from  the  firft  to  that  takea 
from  the  other :  The  demonftration  is  contained  in  the  preceed- 
ing. 


B    D 


P  R  O  p.    £•      T  H  E  O  R. 


b  B.5. 
c  18.  5. 


TP  four  magnitudes  be  proportionals,  they  arc  alfo  pro- 
portionals  by  convcrfion,  that  is,  the  firft  i^  to  itsexccfs 
above  the  fecond,  as  the  third  to  its  excefs  above  the 
fourth. 


X 


Let  AB  be  to  BE,  as  CD  to  DF ;  then  BA  is  to 
AE,  as  DC  to  CF. 

Becaufc  AB  is  to  BE,  as  CD  to  DF,  by  divi-  J) . 
fion  S  AE  is  to  EB,  as  CF  to  FD ;  and  by  in- 
Terfion  «>,  BE  is  to  EA,  as  DF  to  FC.    Wherefore, 
by  compofition  ^,  B A  is  to  AEj  as  DC  is  to  CF : 
If,  therefore,  four,  &c.  (^E,,  D. 
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PROP.    XX,     THEOR. 


,      S«M. 


IF  there  be  three  magnitudes,  and  other  three,  which 
taken  two  and  two  have  the  fame  ratio ;  if  the  firil  be 
greater  than  the  third,  the  fourth  (hall  be  greater  than 

Pe  fixtb  i  W<t  if  equal,  equal ;  and  if  le&,  lci». 

-  let 
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Xjet  A,   B,   C  be  three  magnitudes,  and  D,  E,  F  other    Book  V. 
three»  ^hich  takea  two  and  two  have  the  fame  ratio,  viz.  as 
A  is  to  B,  fo  1$  D  to  £ ;  and  as  B  to  C,  fo  is 
£  to  F.    If  A  be  greater  than  C,  D  {hall  be 
^reater.than  F  \  and  if  equal,  equal ;  and  if  lefs, 
left. 

Becaufe  A  Is  greater  than  C,  and  B  is  any 
other  magnitude,  and  that  the  greater  has  to 
the  fame  maraitode  a  greater  ratio  than  the  lefs  . 

has  to  it  * ;  therefore  A  has  to  B  a  greater  ra-     1        I 
tie  than  C  hds  to  B  :  But  as  D  is  to  £.  fo  is  A 


>  t,$k 


b  13-  5. 


cCor.ij.^* 


«  M. 


ABC 

to  B ;  therefore  ^  D  has  to  £  a  greater  ratio  T)    IT    TT 

than  C  to  B :  And  becaufe  B  is  to  C,  as  E  to  F,  "^^     "^    * 

hy  inverfion,  C  is  to  B,  as  F  is  to  £  $  and  D 

was  fiiewn  to  have  to  £  a  greater  ratio  than  C 

to  B ;  therefore  D  has  to  £  a  greater  ratio  than  F 

to  £  ^ :  But  the  magnitude  which  has  a  greater 

ratio  than  another  to  the  fame  magnitude,  is  the  greater  of  the 

two  <* :  D  is  therefore  greater  than  F.  ^  "•  *• 

Secondly,  Let  A  be  equal  to  C ;  D  ihall  be  equal  to  F :  Be- 
caufe A  and  C  are  equal  to  one  an- 
other, A  is  to  B,  as  C  is  to  B*: 
But  A  is  to  B,  as  D  to  £  ;  and  C  is 
to  B,  as  F  to  £ ;  wherefore  D  is  to 
£,  as  F  to  £  f  ;  and  therefore  D  is 
equal  toF'. 

Next,  Let  A  be  lefs  than  C  ;  D  -^ 
ihall  be  lefs  than  F :  For  C  is  great-  U    Jtli    JC    Tl    li^    T^ 
er  than  A,  and,  as  was.  (hewn  in    '        '        i     '-^  •* 

the  firft  pafe,  C  is  to  B,  as  F  to  £, 
and  in  lijce  manner  B  is  to  A,  as  £ 
|o  D  ;  therefore  F  is  greater  than 
D,  by  the  firft  cafe;  and  therefore 
P  is  le(s  than  F.    Therefore,  if  there  be  three,  &c.  Q.  £.  D. 


s  p*  !•; 


PROP.    XXL      T  H  E  O  R. 

IF  there  be  three  magnitudes,  and  other  three,  whic^ 
have  the  fame  ratio  taken  two  and  two,  but  in  a  crofs 
order  ;  if  the  firft  magnitude  be  greater  than  the  third, 
the  fourth  fhall  be  greater  than  the  fixth ;  and  if  equal^ 
caual ;  aad  if  lefs,  lefs. 

1  M 
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t  8.  ^ 


b  13.  5. 


d  10.5. 


7.  S. 

f  II.  5 


BookV.  Let  A,  B,  C  be  three  magnitudes,  and  D,  E,  F  othet 
three,  which  have  the  fame  ratio,  taken  two  and  two^  bat  in  i 
crofs  order,  viz,  as  A  is  to  B,  fo  is  £  to  F, 
aild  as  B  is  to  C,  fo  is  D  to  £.  If  A  be  g^eat* 
cr  than  C,  D  Iball  be  greater  than  F  5  and  if  e- 
qual,  equal ;  and  if  lefs,  lefs. 

Becaufe  A  is  greater  than  C>  and  B  is  any  o- 
thcr  magnitude,  A  has  to  B  a  greater  ratio  • 
than  C  has  to  B :  But  as  E  to  F,  fo  is  A  to  B ; 
therefore*^  E  has  to  F  a  greater  ratio  than  C  to 
B :  And  becaufe  B  is  to  C,  as  D  to  E,  by  invcr-    A     B     C 
fion,  C  Is  to  B,  as  E  to  D :  And  E  was  (hewn  to    Ti     "R     F 
have  to  F  a  greater  ratio  thart  C  to  Bj  there- 
c  Cor.  13.5.  fore  E  has  to  F  a  greater  ratio  than  E  to  D  ^ ; 
;  but  the  magnitude  to  which  the  fame  has  a 
greater  ratio  than  it  has  to  another,  is  the  lefler 
of  the  two  ^  ;  F  therefore  is  fefs  than  D;  that  is, 
;D  is  greater  than  F.    ' 

'  Secondly,  Let  A  be  equal  to  C ;  D  fliall  be  equal  to  F.  Be- 
caufe  A  and  C  arc  equal,  A  is  *  to  B,  as  C  is  to  B  :  Bat  A  is  to 
.B,  as  E  to  F;  and  C  is  to  B,  as  E 
:to  D ;  wherefore  E  is  to  F  as  E 
.to  Df ;  and  therefore  D  is  equal 
toF«.  ' 

Next,  Let  A  be  lefs  than  C  ;     . 
;D  (hall  be  lefs  thiin  ? :  For  C  is  A.    B    C 
;greatcr  than  A,  and,  as  was 
(hewn,  C  is  to  B,  as  E  to  D,  J)    E    F 
and  in  like  manner  B  is  to  A, 
'as  F  to E;  therefore  F is  greater 
than    D,   by    cafe    firfl: ;    and 
^therefore    D    is    lefsf  than  F. 
Therefore,   if  there  be  three, 
&c.  (^E.  D. 


SeeK. 


PROP.    XXn.     T  H  E  O  R.' 

TF  there  be  any  number  of  magnitudes,  and  as  ma|i| 
.  others,  which  taken  two  and  two  in  order  have  thi 
fame  ratip ;  the  firft  ihall  have  to  the  laft  of  the  firft 
magnitudes  the  fame  ratio  which  the  firft  of  the  others^ 
has  to  the  laft/  N.  B.  3^bij  is  ufualty  cited  by  the  words, 
** esc aequaliy*  cr  **  ex aequo.*^ 
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a  4«  5' 


Firft,  Let  there  be  three  magnitudes  A,  B,  C,  and  as  ma-   Book  V. 
ny  others  D,  E,  F,  which  taken  two  and  two  have  the  fame 
ratio,  that  is,  fuch  that  A  is  to  B,  as  D  to  E  ;  and  as  B  is  to 
C^  fo  is  £  to  F  ^  A  fhall  be  to  C,  as  D  to  F. 

Take  of  A  and  D  any  equimultiples  whatever  G  and  H  j 
and  of  B  and  £  any  equimultiples 
iN^hatever  El  and  L ;  and  of  C  and 
F  any  whatever  M  and  N :  Then, 
becaufe  A  is  to  B,  as  D  to  £,  and 
that  G,  H  are  equimultiples  of  A, 

D»andK,LequimultiplesofB,E;    ABO       D   H    F 

as  G  is  to  K,  fo  is  *  rf  to  L :  For 

the  fame  reafon  K  is  to  M,  as  L  to 

N  :  And  becaufe  there  are  three 

magnitudes  G,  K,  M,  and  other 

three  H,  L,  N,  which  two  and 

two  have  the  fame  ratio ;  if  G  be 

greater  than  M^  H  is  greater  than 

N  ;  and  if  equal,  equal }  and  if 

lefs,  lefs  ^  :  And  G,  H  are  ^any  e- 

quimultiples  whatever  of  A,  D, 

and  M,  N  are  any  equimultiples 

whatever  of  C,  F  :  Thereiore  *=  as  A  is  to  C,  fo  is  D  to  F. 

Next,  Let  there  be  four  magnitudes  A,  B,  C,  D,  and  other 
four  E,  F,  G,  H,  which  two  and  two  have  the 
fame  ratio,  viz.    as  A  is  to  B,  fo  is  E  to  F ; 
and  as  B  to  C,  fo  F  to  G ;  and  as  C  to  Df 
fo  G  to  A;  H  {hall  be  to  D,  as  E  to  H. 

Becaufe  A,  B,  C  are  three  magnitudse,  and  E,  F,  G  other 
three,  which  taken  two  and  two  have  the  fame  ratio ;  by  the 
foregoing  cafe,  A  is  to  C,  as  £  to  G :  But  C  is  to  D,  as  G  is  to 
H  ;  wherefore  again,  by  the  firft  cafe,  A  is  to  D,  as  £  to  H  ; 
^nd  fo  on,  whatever  be  the  number  of  magnitudes*  There^ 
jfiore,  if  there  be  any  number,  &c.    Q^E-  D. 


b  20,  s* 
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PROP.    XXIU.     T  H  E  O  R. 


6eeN. 


I 

TF  there  be  any  number  of  magnitudes,  and  as  many 
others,  \vhich  taken  two  and  two,  in  a  crols  order, 
hare  the  fame  ratio ;  the  firft  fhall  have  to  the  laft  of  the 
firft  magnitudes  the  fame  ratio  which  the  firft  of  the  o« 
thers  has  to  the  laft.  N.  B.  This  is  ufually  cited  by  the 
words  **  ex  aequali  in  froportione  perturbata  ;*' 
aequo  ferturbate.^* 


or  "«r 


«  15*  5. 


%  II.  5* 


C  4*  5. 


b  fti.  X. 


Firft,  let  there  be  three  magnitudes  A,  B,  C,  and  other 
three  D,  £,  F,  which  taken  two  and  two  in  a  crofs  order  have 
the  fame  ratio,<^that  is^fuch  that  A  is  to  B,  as  £  to  F;andasB 
is  to  C,  fo  is  D  to  E  :  A  is  to  C,  as  D  to  F* 

Take  of  A,  B,  D  any  equimuhiples  whatever  G,  H,  K;  and 
of  C,  £,  F  any  equimultiples  whatever  L,  M,  N:  Andbe- 
caufe  G,  H  are  equimultiples  of 
A,  B,  and  that  magnitudes  have 
the  fame  ratio  which  their  equi* 
multiples  have '  ;  as  A  is  to  fi, 
fo  is  G  to  H  :  And  for  the  fame 

reafon,  as  £  is  to  F,  fo  is  M  to  I 

N  :  But  as  A  is  to  B,  fo  is  E  to  A,  B  C  D  E  F 
F;  as  therefore  G  is  to  H,fo  is M  /J  T J  T  IT  TUf  Kl 
toN«>:  AndbecsufeasBistoC,  ""-*-•  X^JXLX^ 
fo  is  D  to  £,  and  that  H,  K  are 
equimultiples  of  B,  D,  and  L, 
M  of  C,  £  ;  as  H  is  to  L,  fo  is 
*^  K  to  M:  And  it  has  been  fliewn 
that  G  is  to  H,  as  M  to  N :  Then, 
becaufe  there  are  three  magni<* 
tades  G,  H,  L,  and  other  three 
K,  M,  N  which  have  the  fame 
ratio  taken  two  and  two  in  a  crofs 
order ;  if  G  be  greater  than  L, 
K  is  greater  than  N ;  and  if  equal,  equal ;  and  if  lefs,  lefs^j 
and  G,  K  are  any  equimultiples  whatever  of  A,  D  ;  and  L,  N 
any  whatever  of  C,  F  j  asy  therefore^  A  is  to  C,  fo  is  D  to  F. 

Next, 
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Next,  Let  there  be  four  magnitudes.  A,  B,  C,  Jt),  aad  o-  Book.  v. 
iherfourEy  F,  G,  H,  which,  taken  two  and  i 
two  in  a  crofs  order,  have  the  fame  ratio,  viz.  I  A«  B.  C.  D. 
-A  to  B,  as  G  to  H;  B  to  C,  as  F  to  G ;  and  C  I  E.  F.  G.  H. 

:  A  is  to  D,  as  E  to  H.  ' — 


to  D^  as  E  to  F 

Becaufe  A,  B,  C  are  three  magnitudes,  and  F,  G,  H  other 
three,  which,  taken  two  and  two  in  a  crofs  order,  have  the  fame 
ratio  ;  by  the  firft  cafe,  A  is  to  C,  as  F  to  H:  But  C  is  to  D,  as  E 
is  to  F ;  wherefore  again,  by  the  firft  cafe,  A  is  to  D  as  E 
to  H :  And  fo  on,  whatever  be  the  number  of  magnitudes. 
Therefore,  if  there  be  any  number,  &c«  Q^E.  D. 


PROP.    XXIV.      T  H  E  O  R. 

TF  the  firft  has  to  the  fccond  the  fame  ratio  which  the  Scc  N. 

third  has  to  the  fourth  ;  and  the  fifth  to  the  fecond 
the  iknie  ratio  which  the  fixth  has  to  the  fourth ;  the 
firft  and  fifth  together  (hall  have  to  the  fecond,  the  fame 
ratio  which  the  third  and  fixth  together  have  to  the 
fourth. 


B- 


Let  AB  the  firft  have  to  C  the  fecond  the  fame  ratio  which 
D£  the  third,  has  to  F  the  fourth ;  and  let  BG  the  fifth  have 
to  C  the  fecond  the  fame  ratio  which  EH 
the  fixth  has  to  F  the  fourth  :  AG,  the   vj^i  .^^ 

firft  and  fifth  together,  ihall  have  to  C  the        I  £1 

fecond  the  fame  ratio,  which  DH,  the 
third  and  fixth  together,  has  to  F  the 
fourth.  —  I 

Becsiufe  BG  is  to  C,  as  EH  to  F  ^  by  in-        |         £ 
verfion,CiitoBG,asFto£H:  And  becaufe  • 
a»  AB  is  to  C,  fo  is  D£  to  F ;  and  as  C 
to  BG,  fo  F  to  EH ;  ex  aequali  %  AB  is  to  \ 

BG,  as  D£  to  EH :  And  becaufe  thefe  1 

magnitudes  ate  proportionals,  they  ihall  I 

likewife  be  proportionals  when  taken  joint-      ^  O   D   F 
ly  ^  ;  as  therefore  AG  is  to  GB,  fo  is  DH 
to  HE  ;  but  as  GB  to  C,  fo  is  HE  to  F.    Therefore,  ex  aequa- 
li •,  as  AC  is  to  C,  fo  is  DH  to  F.    Wherefore,  if  the  firft,  &c. 
Q^.  D. 

v^OR.  I*   If  the  fame^hvpothefis  be  made  ts  in  the  propofi- 
tion^  th«  cxcefs  of  the  im  and  fifth  {hall  be  to  the  fecond^  as 

K3  the 


a  %%•  !• 


b  X8.S< 
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the  excefs  of  the  third  and  fixth  to  the  fourth  :  The  demonfira* 
tion  of  this  is  the  fame  \rith  that  of  the  propofitioiii  if  divifion 
be  ufed  inftead  of  compofition. 

CoR.  2.  The  propofitioi)  hold^  true  of  two  ranks  of  magni* 
tudes,  whatever  be  their  number^  of  which  each  of  the  firft 
rank  has  to  the  fecond  magnitude  the  fame  ratio  that  the  corre- 
fponding  one  of  the  fecond  rank  has  to  a  fourth  magnitude  ;  as 
18  manifeft. 


PROP.    XXV.      T  H  E  O  R. 

IF  four  magnitudes  of  the  fame  kind  are  proportionals, 
the  greatcft  and  laft  of  them  together  arc  greater 
than  the  other  two  together. 

Let  the  four  magnitudes  AB,  CD,  E,  F  be  prmortionab, 
viz.  AB  to  CD,  as  £  to  F$  and  let  AB  be  the  greateft  of  them, 

a  A.  ft  14-  and  confequently  F  the  leaftS  AB  together  vith  F  arc  greater 

*^'  than  CD  together  with  E. 

Take  AG  equal  to  £,  and  CH  equal  to  F :  Then,  becaoieas 
AB  is  to  CDyfo  is  E  to  F,  and  that  AG  is  equal  to  £,  and  CH 
equal  to  F ;  AB  is  to  CD,  as  AG  to  CH.  g 
AndbecaufeAB  the  whole  is  to  the  whole  ^ 
CD,  as  AG  is  to  CH,  likewife  the  re-  (j  -  T% 
mainder  GB  {hall  be  to  the  remainder 


b  If.  J. 
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H^ 


AC  EF 


HD,  as  the  whole  AB  is  to  the  whole  ^ 
CD  :  But  AB  is  greater  than  CD,  there- 
fore ^  GB  it  greater  than  HD  :  And  be- 
caufe  AG  is  equal  to  £,  and  CH  to  F; 
AG  and  F  together  are  equal  to  CH  and 
E  together,  fr  therefore  to  the  unequal 
magnitudes  GB,  HD,  of  which  GB  is 
tbe  errcater,  there  be  added  equal  magnitudes,  viz,  to  GB  the 
two  AG  and  F,  and  CH  and  E  to  HD ;  AB  and  F  together  arc 
greater  than  CD  and  E.  Therefore^  if  four  magnitudes,  &c. 
Q.E.D 


Tt 
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[^':.^*^  which  ? re  compounded  of  the  fiuae  ratios^ 

a- c  ir^L  :.::;jc  witii  ')nc  aaothcr^ 

Let 
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B.  C. 
E.  F. 


I 


Let  A  be  to  B,  as  D  to  E  ;  and  B  to  C,  as  £  to  F :  The  ra-  Book  v. 
tia  which  is  convpounded  of  the  ratios  of 
A  to  fi,  and  B  to  C,  which^  by  the  definition 
of  compound  ratio,  is  the  ratio  of  A  to  C,  is 
the  fame  with  the  ratio  of  D  to  F»  which,  by 
the  lame  definition,  is  compounded  of  the  ra- 
tios of  D  to  E,  and  £  to  F. 

Becaufe  there  are  three  magnitudes  A,  B,  C,  and  three  o< 
thers  D,  E,  F  which  taken  two  and  two  in  order^  have  the  fame 
ratio  $  ex  aequali,  A  is  to  <^  as  D  to  F  *• 

Next,  Let  A  be  to  B,  as  £  to  F,  and  B  to  C,  as  D  to  £  ; 
therefore,  ex  aequali  in  proportione  perturbata 
^,  A  is  to  C^  as  D  to  F  J  that  is,  the  ratio  of  A 
to  Cy  which  is  compounded  of  the  ratios  of  A  to 
Bf  and  B  to  C,  is  the  fame  with  the  ratio  of  D 
to  F,  which  is  compounded  of  the  ratios  of  D 
to  E,  and  £  to  F :  And  in  like  manner  the  propofition  may  be 
dcmonftrated^  whatever  be  the  number  pf  ratios  in  either  cafe. 


A.  B.  C. 
D.  E.  F. 


a  1».  5< 
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P  R  O  P.    G.     T  H  E  O  R. 

IF  feveral  ratjps  be  the  fame  with  feveral  ratios^  each  see  n. 
to  each ;  the  ratio  which  is  compounded  of  ratios 
which  are  the  fame  with  the  firft  ratios,  each  to  each,  is 
the  fame  with  the  ratio  compounded  of  ratios  which  are 
the  fame  with  the  other  ratios,  each  to  each. 


A.  B.  C:  D.     K.  L.  M. 
E.  F.  G.  H,     N.  O.  P. 


I 


Let  A  be  to  B,  as  £  to  F ;  and  C  to  D,  as  G  to  H :  And  let 
A  be  to  B,  as  K  to  L ;  and  C  to  D,  as  L  to  M :  Then  the  ra- 
tio of  K  to  M,  by  the  definition 
of  compound  ratio,  is  compound- 
ed of  the  ratios  of  K  to  L,  and 
L  to  M,  which  are  the  fame  with 
the  ratios  of  A  to  B,  and  C  to  D : 
And  as  £  to  F,  fo  let  N  be  to  O  ;  and  as  G  to  H,  fo  let  O  beto 
P)  then  the  ratio  of  N  to  P  is  compounded  of  the  ratios  of  N  to 
O,  and  O  to  P,  which  are  the  fame  with  the  ratios  of  E  to  F, 
and  G  to  H :  And  it  is  to  be  (hewn  that  the  ratio  of  K  ,to  M, 
is  the  fame  with  the  ratio  of  N  to  P,  or  that  K  is  to  M,  as  N  to  P. 

Becaufe  K  is  to  L,  as  (A  to  B,  that  is,  as  £  to  F,  that  is,  as) 
N  to  0}  and  ai  L  to  M>  fo  is  (C  to  D,  aad  fo  is  G  to  H, 

K4  and 
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BwA  V.  ^  and  fo  is)  O  td  P :  Ex  acquali  ■,  K  is  to  M,  as  N  to  P.    There- 
""""  '  fore,  if  fcvcral  ratios,  &c.    Q^E,  D. 


A  M.  5. 
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P  R  O  P.    H.     T  H  E  O  R. 

TF  a  ratio  compounded  of  feveral  ratios  be  the  fame 
with  a  ratio  compounded  of  any  other  ratios,  and  if 
one  of  the  firfl  ratios,  or  a  ratio  compounded  oi  any  of 
the  firft,  be  the  fame  with  one  of  the  laft  ratios^  or  with 
the  ratio  compounded  of  any  of  the  lad  ;  then  the  ratio 
compounded  of  the  remaining  ratios  of  the  firft,  or  the 
remaining  ratio  of  the  firft,  if  but  one  remain,  is  the 
fame  with  the  ratio  compounded  of  thofe  remaining  of 
the  laft,  or  with  the  remaining  ratio  of  the  laft. 

* 

Let  the  firft  ratios  be  thofe  of  A  to  B,  B  to  C«  C  to  D, 
D  to  E,  and  £  to  F ;  and  let  the  other  ratios  be  thofe  of  G  to 
H,  H  to  K,  K  to  L,  and  L  to  M :  Alfo  let  the  ratio  of  A  to 

ft  Definition  F,   which    IS    compounded  of  *  the 

pla*!SdS     firft  ratios  be  the  fame  with  the  ratio 

Mtio,         of  G  to  M,  which  is  compounded  of 
the  other  ratios  :  And  befides,  let  the 


A.  B.  C.  D,  E-  F. 
G.  H.  K.  L.  M. 


ratio  of  A  to  D,  which  is  compounded  of  the  ratios  of  A  to  B, 
B  to  C,  C  to  D,  be  the  fame  witKthe  ratio  of  G  to  K,  which  is 
compounded  of  the  ratios  of  G  to  H,  and  H  to  K :  Then  the 
ratio  compounded  of  the  remaining  firft  ratios,  to  wit,  of  the  ra- 
tios of  D  to  £,  and  E  to  F,  which  compounded  ratio  is  the  ra« 
txo  of  D  to  F,  is  the  fame  with  the  ratio  of.  K  to  M,  which  ig 
compounded  of  the  remaining  ratios  of  K  to  L,  and  L  to  M^f 
the  other  ratios. 
Becaufe,  by  the  hypothefis,  A  is  to  D,  as  G  to  K,  by  in- 

•  *•'•       Yerfion<>,  Dis  to  A,  as  KtoGj  and  as  AistoF,fois  Gto  M;. 

^  *****      therefore «,  ex  aequali,  D  is  to  F,  as  K  to  M.    If  therefore  » 
ratio  which  is,  8cc»    Q^E.  D. 


PROP. 
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I  IF  there  be  any  number  of  ratios,  and  any  number  of  see  n. 
I  other  ratios  fuch,  that  the  ratio  compQunded  of  ra- 
I  tioi  which  are  the  fame  with,  the  firft  ratios,  each  to  each^ 
I  is  die  lame  with  the  ratio  compounded  of  ratios  which 
I  are  the  fame,  each  to  each,  with  the  lad  ratios  ;  and  if 
ione  of  the  firft  ratios^  or  the  ratio  which  is  compounds 
cd  of  ratios  which  are  the  fame  with  fevcral  of  the  firft 
ntios,  each  to  each,  be  the  fame  with  one  of  the  lafl: 
lados,  or  with  the  ratio  compounded  of  ratios  which  are 
Ae  iame,  each  to  each,  with  feveral  of  the  laft  ratios  : 
Thea  the  ratio  compounded  of  ratios  which  are  the  lame 
vith  the  remaining  ratios  of  the  firft,  each  to  each,  or  the 
icmaining  ratid  of  the  firft,  if  but  one  ;remain ;  is  the 
fame  with  the  ratio  compounded  of  ratios  which  are  the 
&ne  with  thofe  remaining  of  the  laft,  each  to  each^  or 
irith  the  remaining  ratio  of  the  laft« 

Let  the  ratios  of  A  to  B,  C  to  D,  £  to  F  be  the  firft  ratios  ; 

ttdthe  ratios  of  6  to  H,  K  to  L,  M  to  N»  O  to  P,  Qjto  R« 

k  the  other  ratios :    And  let  A  be  to  B,  as  S  to'C ;  and  C  to 

;B|  as  T  to  V ;  and  E  to  F,  as  V  to  X :  Therefore,  by  the  dc^ 

!  iucioD  of  compottnd  ratio,  the  ratio  of  S  to  X  is  compounded 


h. 

f 

k,  1. 

A. 

Bi 

C,D, 

E,F. 

s. 

T, 

V, 

X. 

G,Hi 

.  K. 

L} 

M,Ni 

O,  P;  (^  R. 

Y, 

z, 

a. 

b. 

c,  d. 

e» 

f.g. 

m. 

n,  o,  p. 

•fie  ratios  of  S  to  T,  T  to  V,  and  V  to  X,  which  are  the 
^me  with  the  ratios  of  A  to  B,  C  to  D,  E  to  F,  each  to  each  : 
iifo  as  G  to  H,  fo  let  Y  be  to  Z  ;  and  K  to  L,  as  Z  to  a ;  M 
tD  N,  a3  a  to  b,  O  to  P,  as  b  to  c ;  and  Q^to  R,  as  c  to  d : 
Therefore,  bv  the  fame  definition»  the  ratio  ot  Y  to  d  is  com- 
pcunded  of  the  ratios  of  Y  to  Z,  Z  to  a,  a  to  b,  b  to  c,  and 

cto 
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BookV.  c  to  dy  ^ich  are  the  fame,  each  to  each,  with  the  ratios  (i( 
O'VnJ  G  to  H,  K  to  L,  M  to  N,  O  to  P,  and  Qto  R :  Thcrefoit, 
by  the  hypotbefis,  S  is  to  X,  as  Y  to  d :  Affo  let  the  ratio  cj 
A  to  Bf  chat  is,  the  ratio  of  S  to  T,  which  is  one  of  the  iti 
ratios,  be  the  fame  with  the  ratio  of  e  to  g,  which  is  ooib- 
pounded  of  the  ratios  of  e  to  f,  ahd  f  to  g,  which,  by  die 
hypothefis,  are  the  fame  with  the  ratios  of  G  to  H,  and  Kto 
L»  two  of  the  other  ratios ;  and  let  the  ratio  of  h  to  1  be  dut 
which  is  compounded  of  the  ratios  of  h  to  k,  and  k  to  1,  whid 
are  the  fame  with  the  remaining  firft  ratios*  viz.  of  C  to  D,  asl 
£  to  F  ;  alfo  let  the  ratio  of  m  to  p  be  that  which  is  compounded 
of  the  ratios  of  m  to  n,  n  to  o,  and  o  to  p,  which  are  the  fame 
each  to  each,  with  the  remaining  other  ratios,  viz.  of  M  to  N,0 
to  P,  and  Qjo  R :  Then  the  ratio  of  h  to  1  is  the  fame  with  die 
ratio  of  m  to  p,  or  h  is  to  1,  as  m  to  p. 


h,  k,  1. 
A,  B }  C,  D ;  £,  F..  S,  T,  V,  X. 

G,  H;  K,  L}  M,  Nj  O,  Pj  Q,R.   Y,Z,  a,  b,  c,  d. 

c>  f»  g«  ™»  n»  °i  P* 


J 


Becaufe  e  is  to  f,  as  (G  to  H,  that  is,  as)  T  to  Z  s  and  f  is 
to  g,  as  (K  to  L,  that  is,  as)  Z  to  a ;  therefore,  ex  aequalii  e 
is  to  g,  as  Y  to  a :  And,  by  the  hypothefis,  A  is  to  B,  that  is, 
S  to  T,  as  e  to  g ;  wherefore  S  is  to  T,  as  Y  to  a ;  and,  by  in- 
veriion,  T  is  to  S,  as  a  to  Y ;  and  S  is  to  X,  as  Y  to d; 
therefore,  ex  aequali,  T  is  to  X,  es  a  to  d :  Alfo,  becaufe  h  is 
to  k».  as  (C  to  D,  that  is,  as)  T  to  V }  and  k  is  to  ),  as  (E  to 
F,  that  is,  as)  V  to  X ;  therefore,  ex  aequali,  h  is  to  1,  as  T  to 
X :  In  like  manner,  it  may  be  demonftrated,  that  m  is  to  p,  as  a 
to  d :  And  it  has  been  (hewn,  that  T  is  to  X,  as  a  to  d :  Tliere* 
fore  *  h  is  to  1,  as  m  to  p.     Q^E.  D. 

The  propofitions  G  and  K  are  ufually,  for  the  fake  of  brevity, 
expreifed  in  the  fame  terms  with  propofitions  F  and  H  :  And 
therefore  it  was  proper  to  (hew  the  true  meaning  of  them  when 
they  are  fo  exprefied ;  efpecially  fince  they  are  very  frequeotlj 
inade  ufc  of  by  geometers. 
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DEFINITIONS. 

/ 
I. 

SIMILAR  rcflilincal  figures  ^/\ 

arc  thofe  which  have  their  ^f^  I                    y^ 

feveral  angles  equal,  each  to  yi^         I             ^/1 

OBch,  and  the  fides  about  the  ^^    .    ..    .i.l           r^  ■    ■i 
equal  angles  proportionals. 

^^Keciprocal   figures,   viz.  triangles  and  parallelograms,  ar^  See  H. 

**  fuch  as  have  their  fides  about  two  of  their  angles  propor* 

"  tionals  in  fuch  manner,  that  a  fide  of  the  firft  figure  is  to 

''  a  fide  of  the  other,  as  the  remaining  fide  of  this  other  is  to 

^  the  remaining  fide  of  the  firft." 

IIL 
A  firaight  line  is  faid  to  be  cut  in  extreme  and  mean  ratio« 

when  the  whole  is  to  the  greater  fegment^  as  the  greater  feg- 

ment  is  to  the  lefs. 

IV. 
The  altitude  of  any  figure  is  the  ftraight  line 

drawn  from  its  vertex  perpendicular  to  the  . 

bafe. 


PROP. 
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r 

^^^^      V'T^RiANGLEs  and  parallelograms  of  the  fame  altitude 
J     are  one  to  another  as  their  bafes. 

Let  the  triangles  ABC,  ACD,  and  the  parallefograms  EC, 
CF  hare  the  fame  altitude,  viz.  the  perpendicular  drawn  from 
the  point  A  to  BD  :  Then,  as  the  bafe  BC  is  to  the  bafe  CD,  fi> 
is  the  triangle  ABC  to  the  triangle  ACD,  and  the  parallelo- 
gram EC  to  the  parallelogram  CF. 

Produce  BD  both  -ways  to  the  points  H,  L,  and  take  anr 
number  of  ftraight  lines  BG,  GH,  each  equal  to  the  Im 
BC ;  and  DK,  KL,  any  number  of  them,  each  equal  to  the 
bafe  CD;  and  join  AG,  AH,  AK,  AL:  Then,  becaufe  CB» 
BG,  GH  are  all  equal,  the  triangles  AHG^  AGB,  ABC 
A  38.  I.  3'^  ^^'  equal  ■ :  Therefore,  whatever  multiple  the  bafe  HC 
is  of  the  bafe  BC,  the  fame  multiple  is  the  triangle  AHC 
of  the  triangle  ABC :  For  the  (ame  reafon,  whatever  mulupk 
the  bafe  LCI  is  of  the  ir    a  r> 

bafe  CD,  the  fame  mul-  ^  A         t 

tible  is  tbe  triangle  ALC 
o»  the  triangle  ADC  : 
And  if  the  bafe  HC  be  e* 
qual  to  the  bafe  CL,  the 
triangle  AHC  is  alfo  e- 
qual    to   the    triangle 

ALC '  ;  and  if  the  bafe  rr  r^,  -n    r^  n         t?"""^ 

HC  be  greater  than  the  **  ^  •**  t>  1)        K.        L 

bafe  CL,likewife  the  triangle  AHC  is  greater  than  the  triangle 
ALC  \  and  if  lefs,  lefs  :  Therefore,  fince  there  are  four  magni- 
tudes, viz.  the  two  bafcs  BC,  CD,  and  the  two  triangles  ABCt 
ACD ;  and  of  the  bafe  BC  and  the  triangle  ABC,  the  Mt  and 
third,  any  equimultiples  whatever  have  been  taken,  vis.  the 
bafe  HC  and  triangle  AHC  ;  and  of  the  bafe  CD  and  triangle 
ACD,  the  fecond  and  fourth,  have  been  taken  any  equimuIti{Scs 
whatever,  viz.  Tthe  bafe  CL  and  triangle  ALC ;  and  that  it  has 
been  fliewn,  that  if  the  bafe  HC  be  greater  than  the  bafe  CL,  the 
triangle  AHC  is  greater  than  the  triangle  ALC  ;  and  if  equal, 
h  s.dd.  s'  equal ;  and  if  lefs,  lefs :  Therefore^  as  the  bafe  BC  is  to  thib 
bafe  CD,  fo  is  the  triangle  ABC  to  the  triangle  ACD. 
jLjxd  b^cauf^  the  parallelogram  C£  is  double  of  the  triangle 
0  ABC, 
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iBC «,  and  the  parallclogrnm  CP  double  of  tlie  triairglc  ACD,  B«>k ▼»♦ 

and  that  magnitudes  have  the  fame  ratio  which  their  equimul-  ^-'''^^^►y 

tiplcsbaTe<i;  as  the  triangle  ABC  is  to  the  triangle  ACD,  fo^Y/Zi^^ 

is  the  panllelogram  EC  to  the  paraUelogram  CF :  And  becaufe 

it  has  been  (hewn,  that  as  the  bafe  BC  is  to  the  bafe  CD,  fo  is 

the  triangle  ABC  to  the  triangle  ACD;  and  as  the  triangle 

ABC  to  the  triangle  ACD,  fo  is  the  parallelogram  EC  to  the 

pinilclogram  CF ;  therefore^  as  the  bafe  BC  is  to  the  bafe  CO, 

k)  is* the  parallelogram  EC  to  the  parallelogram  CF.    Where- e  tx.  ^, 

ibfc  triangles^  &c.    C^E.  D. 

Cor.  From  this  it  is  plain,  that  triangles  and  parallelograms 
that  hare  equal  altitudes,  are  one  to  another  as  their  bafes* 

Let  the  figures  be  placed  fo  as  to  have  their  bafes  in  the  fame 
Sraight  line }  and  having  drawn  perpendiculars  from  the  vertices 
of  the  triangles  to  the  bafes,  the  ftraight  line  which  joins  the 
vertices  is  parallel  to  that  in  which  their  bafes  are  ^,  becaufe  the  f  3S-  r 
perpendiculars  are  both  eaual  and  parallel  to  one  another :  Then, 
if  the  fame  conflradiion  oe  made  as  in  the  propofition,  the  de- 
iwmftracion  will  be  the  fame. 


P  R  O  P.    n.      T  H  E  O  R 

♦ 
TF  a  ftraight  line  be  drawn  parallel  to  one  of  the  fides  of  g^  ^^ 

a  triangle,  it  (hall  cut  the  other  fides,  or  thefe  produ- 
ced, proportionariy :  And  if  the  (ides,  or  the  fides  pro- 
teed,  be  cut  proportionally,  the  ftraight  line  which 
joins  the  points  of  fedion  (hall  be  parallel  to  the  remain- 
»ng  fide  of  the  triangle* 

Ui  TMt  be  drawn  parallel  (o  BC  one  of  the  (ides  of  the  tri- 
angle ABC :  BD  is  to  DA,  as  C  to  E  A. 

Join  BE,  CD$  then  the  triangle  BDE  ir  equal  to  the  tri- 
uglc  CD£S  becaufe  they  are  on  the  fame  bafe  D£,  and  be-  ^  ^,^  ^ 
tveea  the  fame  parallels  D£,  BC  :  AD£  is  another  triangle^ 
and  equal  magnitudes  have  to  the  fame,  the  fame  ratio^ ;  there-  b  y.  s. 
iorei  as  the  triangle  BDE  to  the  trian^e  ADE,  fo  is  the  tri- 
agie  CDE  to  the  triangle  ADE ;  but  as  the  tF&ngle  BDE  to 
the  triangle  ADE,  fo  is  ^  BD  to  DA,  becaufe  haTing  the  fame  tt.^ 
altitude,  tIz   the  perpendicular  drawn  from  the  point  E  to 
M  tbqf  are  to  01^0  ^nother  as  their  bafes  j  and  for  the  fame 

reafouit 
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5«>k  VT.  rcafon,  as  the  triangle  CDE  to  the  triangle  ADE,  fo  Is  CE  i| 
\,/^>rKj  E^,    Therefore  as  BD  to  DA,  fo  is  CE  to  E A  *». 
4  n.  5.       •  jjcxt,  Let  the  fides  AB,  AC  of  the  triangle  ABC,  or  thdt 


\ 


|x.  tf. 


f  ^5* 
f  39'  »• 


E    B 


produced,  be  cut  proportionally  in  the  points  D,  £,  that  is,  b 
that  BD  be  to  DA,  as  CE  to  £A,  and  join  D£ :  DE  is  paral- 
lel to  BC, 

The  fame  conftrudiion  being  made,  becaufe  as  BD  to  DA, 
fo  is  CE  to  EA ;  and  as  BD  to  DA,  fo  is  the  triangle  BD£  to 
the  triangle  ADE  ^ ;  and  as  CE  to  EA,  fo  is  the  triangle  CDE 
to  the  triangle  ADE ;  therefore  the  triangle  BDE  is  to  the 
triangle  ADE,  as  the  triangle  CPE  to  the  triangle  ADE; 
that  is,  the  triangles  BDE,  €DE  have  the  fame  ratio  to  the 
triangle  ADE  ;  and  therefore  ^  the  triangle  BDE  is  equal  ta 
the  triangle  Cf)E  :  And  they  are  on  the  lame  bafe  DE  5  butc- 
qual  triangles  on  the  fame  bafe  are  between  the  fame  parallels  <; 
therefore  DE  is  parallel  no  BC.  Wherefore,  if  a  ftraight  line, 
&c,  Q^E.  D. 


P  R  O  P.    in.      T  H  E  O  R. 

IF  the  angle  of  a  triangle  be  divided  into  two  equal 
angles,  by  a  ftraight  line  which  alfo  cuts  the  bale  9 
the  fcgnnents  of  the  bafe  fhall  have  the  fame  ratio  which 
the  other  fides  of  the  triangle  have  to  one  another :  And 
if  the  fegments  of  the  bafe  have  the  fame  ratio  which  the 
other  fides  of  the  triangle  have  to  one  another,  the  ftraight 
line  drawn  from  the  vertex  to  the  point  of  fcdion,  di- 
vides the  vertical  angle  into  two  equal  angles. 

Let  the  angle  B AC  of  any  triangle  ABC  be  divided  into  two 
e^ual  angles  by  the  ftraight  line  AD :  BD  is  toDCjas  BA  to  AC. 

Thro' 
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Tbro'the  point  C  draw  C£  parallel*  to  DA,  and  let  B A   BookVL 

fodaced  meet  C£  in  £.    Becaufe  the  ftraight  line  AC  meets  ^^^^^^^^ 
parallels  AD,  EC,  the  angle  ACE  is  equal  to  the  alternate  *  ^^'  '* 
^ieCAD'*:  But  CAD,  by  the  hypothefis,  is  equal  tothe*>»9*»« 
igk  BAD ;  wherefore  BAD  is  equal  to  the  angle  ACE.     Ar 
in,  becaufe  the  ftraight  line  wp 

AE  meets  the  parallels  AD,  •  ^ 

C,  the  outward  angle  BAD  a 

qual  to  the  inward  and  op-  ** 

fite  angle  A£C :    But  the 

igle  ACE  has  l>een  proved  e» 

linl  to  the  apgle  BAD ;  there- 
alfo  ACE  is  equal  to  the 

Igle  A£C,  and  confequently  n  J\       f* 

-  fide  AE  is  equal  to  the  *^  Xf       l> 

*  AC :  And  becaufe  AD  is  drawn  parallel  to  one  of  the  fides  *^  ^'  '• 
die  triangle  BCE,  viz.  to  EC,  BD  is  to  DC,  as  B  A  to  AE  <*  5  ^  *•  «• 

t  AE  is  equal  to  AC ;  therefore,  as  BD  to  DC,  fo  is  BA  to 

Let  now  BD  be  to  DC,  as  B  A  to  AC,  and  join  AD ;  the 
{le  B AC  is  divided  into  two  equal  angles  by  the  ftraight  line 

The  fame  conftru£tion  being  made  ;  becaufe  as  BD  to  DC, 
is  BA  to  AC ;  and  as  BD  to  DC,  fo  is  B A  to  AE  <>,  becaufe 
D  is  parallel  to  EC  ;  therefore  B  A  is  to  AC,  as  B  A  to  AE  f  2  ^  '»•  *• 
fequently  AC  is  equal  to  AE  *,  and  the  angle  AEC  is  there-  g  9*  s* 
(e equal  to  the  angle  ACE** :  But  the  angle  AEC  is  equal  to  h  5.  z« 
ic  outward  and  oppofite  angle  BAD  \  and  the  ai^gle  ACE  is 
tqaal  to  the  alternate  angle  CAD  ^  :  Wherefore  alfo  the  angle 
Bad  is  equal  to  the  angle  CAD ;  Therefore  the  angle  BAC  is 
cut  into  two  equal  angles  by  the  ftraight  line  AD.    Therefore, 
if  die  angle,  &c.  Q.  £.  D. 
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PROP.    A.     T  H  E  O  R. 

IF  the  outward  angle  of  a  triangle  made  by  produdng 
one  of  its  fides,  be  divided  into  two  equal  angles,  by 
a  flraight  line  which  alfo  cuts  the  bafc  produced  ;  the 
ff  gments  between  the  dividing  line  and  the  extremities 
of  the  bafc  have  the  fame  ratio  which  the  other  fides  rf 
the  triangle  have  to  one  another :  And  if  the  fegmeou 
of  the  bafe'  produced,  have  the  fame  ratio  which  the  o- 
thcr  fideft  of  the  triangle  have,  the  ftraight  line  dravn 
from  the  vertex  to  the  point  of  fcdion  divides  the  out* 
ward  angle  of  the  triangle  into  two  equal  angles* 

Let  the  outward  angle  C  A£  of  any  triangle  ABC  be  dindci 

into  two  equal  angles  by  the  ftraight  line  AD  which  meets  ik 

bafe  produced  in  D  :  BD  is  to  DC,  as  B  A  to  AC. 
\,  3f .  I .  Through  C  draw  CF  parallel  to  AD  * ;  and  becaufe  the  (Iraigbt 

line  AC  meets  the  parallels  ADt  FC,  the  angle  ACF  is  equal 
1^  ip.  I.  to  the  alternate  angle  CAD  ^ :  But  CAD  is  equal  to  the  angle 
^  Hypw       DA£  ^  I  therefore  alfo  DAE  is  equal  to  the  angle  ACF.   Again^ 

becaufe  the  ftraight  line  FAE  meets  the  parallels  AD,  FC,  th% 

outvard  angle  DAE  is  e«  J^ 

qual  to  the  inward  and  op-  ^ 

pofitc  angle  CFA :  But  the  A 

angle  ACF  has  been  prored 

equal  to  the  angle  DAE ; 

therefore    alfo    the    angle 

ACF  is  equal  to  the  angle     

CFA,  and  confequcntly  the   to  t^  T\ 

fide  AF  is  equal  to  the  fide    ^ 
d  €.  I.       AC  ^ :  And  becaufe  AD  is  parallel  to  FC  a  fide  of  the  triangk 
e  ». «.        BCF,  BD  is  to  DC,  as  BA  to  AF  * ;  but  AF  is  equal  to  AC; 

as  therefore  BD  is  to  DC,  fo  is  BA  to  AC. 

Let  now  BD  be  to  DC,  as  BA  to  AQ,  and  join  AD ;  the 

angle  CAD  is  equal  to  the  angle  DAE. 

The  fame  conftruAion  being  made,  becaufe  BD  is  to  DC, 

as  BA  to  AC ;  and  that  BD  is  alfo  to  DC,  as  BA  to  AF^ ; 
f  II.  J.  therefore  BA  is  to  AC,  as  BA  to  AF  ^ ;  wherefore  AC  is  equal 
P;  ••       ?o  AF»,  and  the  angle  AFC  equal* to  the  angle  ACF:  But 
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^t  attglc  AFC  is  equal  to  the  outward  angle  EAD,  and  ttie  Bookji.^ 
angle  ACF  to  the  alternate  angle  CAD  ;  therefore  alfo  EAD  is 
equal  to  the  angle  CAD.    WhereiFofc,  if  the  outward,  &c. 
C^E.  D. 


P  R  O  P.    IV.      T  H  E  O  R. 

THE  fides  about  the  equal  angles  of  equiangular  tri- 
angles arc  proportionals ;  and  thofc  which  are  op* 
polite  to  the  equal  angles  are  homologous  fides^  that  is^ 
are  the  antecedents  or  confequents  of  the  ratios* 

Let  ABC,  DCE  be  equiangular  triangles,  having  the  angle 
ABC  equal  to  the  angle  DCE,  and  the  angle  ACB  to  the  angle 
X)£C,  and  confequently  *  the  angle  BAC  equal  to  the  angle  »  s*,  i. 
CDE.  The  fides  about  the  equal  angles  of  the  triangles  ABC» 
DCE  are  proportionals  ;  and  tbofe  are  the  homologous  fides 
trhich  are  oppofite  to  the  equal  angles. 

Let  the  triangle  DCE  be  placed  fo  that  its  fide  CE  may  be 
contiguous  to  BC,  and  in  the  fame  ftraight  line  with  it :  And 
becaufe  the  angles  ABC,  ACB  are  together  lefs  than  two  right 
angles  *,  ABC  and  DEC,  which  is  p  *»  «^  * 

equal  to  ACB,  are  alfo  lefs  than 
two  right  angles ;  wherefore  BA, 
ED  produced  ihall  meet^;  let  them 
be  produced  and  meet  in  the  point 
F  :  And  becaufe  the  angle  ABC  is 

equal  to  the  angle  DCE,  BF  is  pa-        \        ^\     \  \^  ^  ^8^  ,^ 

lallcl  ^  to  CD.    Again,  becaufe  the 
angle  ACB  is  equal  to  the  angle 
DEC,   AC  is  parallel   to  FE«: 
Therefore  FACD  is  a  parallelogram  ;  and  confequently  AF  is 
equal  to  CD,  and  AC  to  FD  «  :  And  becaufe  AC  is  parallel  to  «  34- 1. 
F£,  one  of  the  fide&of  the  triangle  FBE,  BA  is  to  AF,  as  BC 
to  CE^  :  But  AF  is  equal  to  CD  ;  therefore*  as  BA  to  CD,  fo  ^  »•  ^* 
is  BC  to  CE ;  and  alternately,  as  AB  to  BC,  fo  is  DC  to  CE »» :  * ''  *• 
Again,  becaufe  CD  is  parallel  to  BF,  as  BC  to  CE,  fo  is  FD  to 
D£  f  ;  but  FD  is  equal  to  AC ;  therefore,  as  9C  to  CE,  fo  is  AC 
to  DE:  And  alternately,  as  BC  to  CA,  fo  CE  to  ED:  Therefore, 
becaufe  it  has  been  proved  that  AB  is  to  BC,  as  DC  to  CE, 
and  as  BC  to  CA,  fo  CE  to  ED,  ex  aequali  S  BA  is  to  AC,  as  **  ***  ** 
,CD  to  PE*    Therefore  the  fides,  &c,    Q^E.  D. 

L  PROP. 
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.    P  R  O  P.    V.     T  a  E  O  R. 

TF  the  fides  of  two  triangles,  about  each  of  their  angles, 
be  proportionals,  the  triangles  fhall  be  equiangular, 
and  have  their  equal  angles  oppofite  to  the  homologous 
fides. 

Let  the  triangles  ABC,  DEF  have  their  fides  proportionals, 
fo  that  AB  18  to  BC,  as  DE  to  EF ;  and  BC  to  CA,  as  EF  to 
FD  \  and  confequently,  ex  aequali,  BA  to  AC,  as  ED  to  DF : 
the  triangle  ABC  is  equiangular  to  the  triangle  DEF,  and  tbdr 
equal  angles  arc  oppofite  to  the  homoloeous  fides,  viz.  die 
angle  ABC  equal  to  the  angle  DEF,  and  BCA  to  EFD,  and  al- 
fo  BAC  to  EDF. 
»  *3-  »•  At  the  points  E,  F,  in  the  ftraight  line  EF,  make'  the  angle 

F£G  equal  to  the  angle  ABC,  and  the  angle  EFG  equal  Vi 
BCA ;  wherefore  the  re- 
maining angle  BAC  is  equal 
to  the  remaining  angle 
b}x.  i;  EGF*',  and  the  triangle 
ABC  is  therefore  equiangu- 
lar to  the  triangle  GEF ;  and 
confequently  they  have  their 
fides  oppofite  to  theequal  an- 
c  4-  V.  gles  proportionals  ^ :  Where- 
fore, as  AB  to  BC,  fo  is  GE 

to  EF ;  but  as  AB  to  BC,  fo  is  DE  to  EF ;  therefore  as  DE  to 

d  1 1«  |.      EF,  fo  d  GE  to  EF :  Therefore  DE  and  GE  have  the  fame  rabo 

c  9.  5*        to  EF,  and  confequently  are  equal  ^ ;  For  the  fame  reafon,  DFIs 

equal  to  FG.;  And  becaufe,in  the  triangles  DEF,  GEF,  DEi« 

equal  to  EG,  and  EF  common,  the  two  fides  DE,  EF  are  equal 

to  the  two  GE,  EF,  and  the  bafe  DF  is  equal  to  the  bafe  GF; 

^  ^-  '•        therefore  the  angle  DEF  is  equal  f  to  the  angle  GEF,  and  Ac 

other  angles  to  the  other  angles  which  are  fubtended  by  the  e- 

g  4,  X.        qual  fides  s,     Wherefore  the  angle  DFE  is  equal  to  the  angle 

GFE,  and  EDF  to  EGF :  And  becaufe  the  angle  DEF  is  eqoal 

to  th£  aiigie  GEF,  and  GEF  to  the  angle  ABC ;  therefioit  die 

angle  ABC  is  equal  to  the  angle  DEF :  For  the  ixa^^^^Sf^ 

the  angle  ACB  is  equal  to  the  angle  DFE,  and  the  aa^^it  A 

to  the  angle  at  D.    Therefore  the  triangle  ABC  is  equiangtilar 

to  the  triangle  DEF.    Wherefore,  if  the  fides,  &c«    Q*  £•  D* 
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PROP.    VI.     T  H  E  O  R.  L/VSi^ 

JF  two  triangles  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  fides  about  the  equal 
angles  proportionals,  the  triangles  (hall  be  equiangular, 
and  fliall  have  thofe  angles  equal  which  are  oppofitc  to 
^c  homologous  fides. 

Let  the  triangles  ABC,  DEF  have  the  angle  BAC  in  the 

one  equal  to  the  angle  EDF  in  the  oth^r,  and  the  fides  about 

tbofe  angles  proportionals ;  that  is,  BA  to  AC,  as  ED  to  DF ; 

The  triangles  ABC,  DEF  are  equiangular,  apd  have  the  angle 

ABC  equal  to  the  angle  DEF,  and  ACB  to  DFE. 
At  the  points  D,  F,  in  the  ftraight  line  DF,  make*  the  a  13.1; 

angle  FDG  equal  to  cither  of  the  angles  BAC,  EDFj  and  the 

angle  DFG  equal  to  the 
•  angle  ACB  :  Wherefore      p^ 

the  remaining  angle  at  B 

is  equal  to  the  remaining 

one  at  G»>,   and  confc-      /      \  *^/\  1       fc3».  «J 

quently  the  triangle  ABC 

is  equiangular  to  the  tri- 
angle DGF ;  and  there- 
fore as  B  A  to  AC,  fo  is «  jj    ■  J^    ^   ■»       ^   .       c  4.  t 
GD  to  DF :  But,  by  the  *" 
hypothefis,  as  B  A  to  A  C, 

fo  is  ED  to  DF ;  as  therefore  ED  to  DF,  fo  is  «>  GD  to  DF ;  d  11. 5, 
wherefore  ED  is  equal  ^  to  DG ;  and  DF  is  common  to  the  two  e  9-  5« 

''triangles  EDF,  GDF  :  Therefore  the  two  fides  ED,  DF  are  e- 
qual  to  the  two  fides  GD,  DF ;  and  the  angle  EDF  is  equal  to 
the  angle  GDF ;  wherefore  the  bafe  EF  is  equal  to  the  bafe  FG  f ,  1 4.  t. 
and  the  triangle  EDF  to  the  triangle  GDF,  and  the  remaining 
angles  to  the  remaining  angles,  each  to  each,  which  are  fub- 

*  tended  by  the  equal  fides :  Therefore  the  angle  DFG  is  equal  to 
the  angle  DFE,  and  the  angle  at  G  to  the  angle  at  E :  But  the 
angle  DFG  is  equal  to  the  angle  ACB ;  therefore  the  angle 
ACB  is  equal  to  the  angle  DFE :  And  the  angle  BAC  is  equal 
to  the  angle  EDF*  5  wherefore  alfo  the  remaining  angle  at  B  8  ^f?i 
is  equal  to  the  remaining  angle  at  E.  Therefore  the  triangle 
<ABC  is  equiangular  to  the  triangle  DEF*  Wherefore,  if  two 
*iiangle5,  &c.    Qi,E.  D* 

L2'  PROPt 
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"^^^"^^^  P  R  O  P.    VII.      T  H  E  O  R. 

See  N.  jF  two  triangles  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  fides  about  two  other 
angles  proportionals,  then,  if  each  of  the  remainiDg 
angles  be  either  lefs,  or  not  lefs,  than  a  right  angle ;  or 
if  one  of  them  be  a  right  angle  :  The  triangles  Ihall  be 
equiangular,  and  have  thofe  angks  equal  about  which 
the  fides  are  proportionals* 

V 

Let  the  two  triangles  ABC,  DEF  have  one  angle  in  the  one 
equal  to  one  angle  in  the  other,  viz.  the  angle  B  AC  to  the  angle 
EDF,  and  the  fides  about  two  other  angles  ABC,  DEF  pro- 
portionalSf  fo  that  AB  is  to  BC,  as  D£  to  EF;  and,  in  the 
firfl  cafe,  let  each  of  the  remaining  angles  at  C,  F  be  lefs  tbaa 
a  right  angle.  The  triangle  ABC  is  equiangular  to  the  triangle 
DEF,  viz.  the  angle  ABC  is  equal  to  the  angle  DEF,  and  die 
remaining  angle  at  C  to  the  remaining  angle  at  F. 

For,  if  the  angles  ABC,  DEF  be  not  equal,  one  of  them  is 
greater  than  the  X)ther ;  let  ABC  be  the  greater,  and  at  the 
point  B,  in  the  ftraight  line  . 

AB,  make  the  angle  ABG  c-  ^  -»^ 

•  *^'-     qual  to   the  angle*  DEF:  /\  l* 

And  becaufe.theangle  at  A  '  ^r       \ 

i$  equal  to  the  angle  at  D,       X^^.^^^'^v^ 
and  the  angle  ABG  to  the     ^ — '         \ 
angle  DEF ;  the  remaining  JJ  O    E 

*»  34« «.      angle  AGB  is  equal  ^  to  the 

remaining  angle  DFE :  Therefore  the  triangle  ABG  is  equiangu- 

**"*•  lar  to  the  triangle  DEF;  wherefore « as  AB  is  to  BG,  fo  is 
DE  to  EF ;  but  as  DE  to  EF,  fo,  by  hypothefis,  is  AB  to  BC  5 

\  "•/•  therefore  as  AB  to  BC,  fo  is  AB  to  BG  <* ;  and  becaufe  AB  has 
the  fame  ratio  to  each  of  the  lines  BC,  BG ;  BC  is  equal  ^  to 
BG,  and  therefore  the  angle  BGC  is  equal  to  the  angle  BCG  ^ : 
But  the  angle  BGG  is,  by  hypothefis,  kfs  than  a  right  angle ; 
therefore  alfo  the  angle  BGC  is  lefs  than  a  right  angle,  and  the 
adjacent  angle  AGB  muft  be  greater  than  a  right  angle  s.  But 
it  was  proved  that  the  angle  AGB  is  equal  to  the  angle  at  F; 
therefore  the  angle  at  F  is  greater  than  a  right  angle :  But,  by  the 
hypothecs^  it  is  lefs  than  a  right  angle }  which  is  abfurd.  Thero* 

fore 
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fere  the  angles  ABC,  DEFarc  not  unequal,  that  is,  they  are  ^^ookVi.^ 
equal :  And  the  angle  at  A  is  equal  to  the  angle  at  D;  wherefore 
the  remaining  angle  at  C  is  equal  to  the  remaining  angle  at  F; 
Therefore  the  triangle  ABC  is  equiangular  to  the  triangle  DEF. 

Next,  Let  each  of  the  angles  at  C,  F  be  not  lefs  than  a  right 
angle :  The  triangle  ABC  is  alfo  in  this  cafe  equiangular  to  the 
triangle  DEF. 

The  fame  con(lru£iion 
being  made,  it  may  be  pro- 
ved  in  like  manner  that  BC 
is  equal  to  BG,  and  the 
angle  at  C  equal  to  the  an- 
gle BGC :  But  the  angle  B 
at  C  is  not  lefs  than  a  right 
angle ;  therefore  the  angle 

BGC  is  not  lefs  than  a  right  angle  :  Wherefore  two  angles  of 
the  triangle  BGC  are  together  not  lefs  than  two  right  angles, 
which  is  impoffible'*  $  and  therefore  the  triangle  ABC  may  be 
proved  to  be  equiangular  to  the  triangle  D£F,  as  in  the  firft 
cafe. 

Laftly,  Let  one  of  the  angles  at  C,  F,  viz.  the  angle  at  C, 
be  a  right  angle ;  in  this  cafe  likewife  the  triangle  ABC  is  e* 
quiangular  to  the  triangle  DEF. 

For,  if  they  be  not  equian- 
gular, make,  at  the  point  fi  of 
the  Ilraight  line  AB, the  angle 
ABGequal  to  the  angleDEF; 
then  it  may  be  proved,  as  in 
the  firft  cafe,  that  BG  is  e-g 
qual  to  BC  :  But  the  angle 
BCG  is  a  right  angle,  there- 
fore i  the  angle  BGC  is  alfo  a 
right  angle  ;  whence  two  of 
the  angles  of  thetriangleBGC 
are  together  not  lefs  than  two 
right  angles,  which  is  impof- 
fihle  ^ :  Therefore  the  triangle 
ABC  is  equiangular  to  the 
triangle  DEF.    Wherefore,  if  two  triangles,  &c.    Q^  E.  D. 


i  |.  I. 
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PROP.    Vm.     T  H  E  O  R. 


See  K.      TN  a  right  angled  triangle,  if  a  perpendicular  be  drawn 
from  the  right  angle  to  the  bafe ;  the  triangles  on 
each  fide  of  it  are  fimilar  to  the  whole  triangle,  and  to 
one  another. 


Let  ABC  be  a  right  angled  triangle  having  the  right  angle 
BAC;  and  from  the  point  A  let  AD  be  drawn  perpendicular 
to  the  bafe  BC :  The  triangles  ABD,  ADC  are  fimilar  to  the 
whole  trianele  ABC}  and  to  one  another. 

Becaufe  the  angle  BAC  is  equal  to  the  angle  ADB,  each  of 
them  being  a  right  angle/and  that  the  angle  atB  is  common 
to    the    two  triangles   ABC,  ^ 

ABD  ;    the  remaining   angle  -Ak. 

ACB  is  equal  to  the  remaining 

•  3»'  r«  angle  BAD  ■ :  Therefore  the 
triangle  ABC  is  equiangular  to 
the  triangle  ABD,  and  the  fides 
about  their  equal  angles  are  pro- 

^  4-  <f-       portionals  ^  ;  wherefore  the  tri-  D 

c  z.  Def,  6.  angles  are  fimilar  ^  :  In  the  like  ' 

manner  it  may  be  dcnionftrated,  that  the  triangle  ADC  is  c- 
Guiangular  and  fimilar  to  the  triangle  ABC  :  And  the  triangles 
ABD,  ADC,  being  both  equiangular  and  fimilar  to  ABC,arK 
equiangular  and  fimilar  to  each  other.  Therefore,  in  a  right 
angle,  &c.    Q^  E.  D. 

CoR.  From  this  it  is  manifeft,  that  the  perpendicular  drawn 
from  the  right  angle  of  a  right  angled  triangle  to  the  bafe,  is  a 
mean  proportional  between  the  fegments  of  the  bafe :  Andalfo 
that  each  of  the  fides  is  a  mean  proportional  between  the  bafe, 
and  its  fegment  adjacent  to  that  fide :  Becaufe  in  the  triangles 
BD A,  ADCj^*  BD  is  to  DA,  as  DA  to  DC  *  ;  and  in  the  tri- 
angles  ABC,  DBA,  BC  is  to  BA,  as  BA  to  BD  » ;  and  in  the 
Uiangles  ABC^  ACD,  BC  is  to  CA|  as  CA  to  CD  \ 

PROF. 
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PR  O  P.    IX.      P  R  O  B. 

FROM  a  given  ftraight  line  to  cut  off  any  part  requi-  See  n. 
fed. 


Let  AB  be  the  given  ftraight  line }  it  is  required  to  cut  off 
any  part  from  it. 

Fiom  the  point  A  draw  a  ftraight  line  AC  making  any  angle 
"with  AB ;  and  in  AC  take  any  point  D,  and  take  AC  the  fame 
multiple  of  AD  that  AB  is  of  the  part 
which  is  to  be  cut  off  from  it ;  join  BC^ 
and  draw  D£  parallel  to  it :  Then  A£  is 
the  part  required  to  be  cut  off.    . 

Becaufe  £D  is  parallel  to  one  of  the  fides  of 
the  triangle  ABC,  viz.  to  BC,  as  CD  is  to  D  A, 
fois^BE  to  EAj  and,  by  compofition  *>, 
CA  is  to  AD,  as  BA  to  A£  :  But  C A  is  a 
multiple  of  AD ;  therefore  •  B  A  is  the  fame 
multiple  of  AE :  Whatever  part  therefore 
AD  is  of  AC,  AE  is  the  fame  part  of  AB : 
Wherefore,  from  the  ftraight  line  AB  the 
part  required  is  cut  off.  Which  was  to  be  done. 


a  a.  c. 

b  18.  5. 

cD.  5. 


PROP.    X.      PR  OB. 

TO  divide  a  given  ftraight  line  fimilarly  to  a  given  dir 
vided  ftraight  line,  that  is,  into  parts  that  mall  have 
the  fame  ratios  to  one  another  which  the  parts  of  the  di- 
vided given  ftraight  line  have. 

Let  AB  be  the  ftraight  line  given  to  be  divided,  and  AC  the 
divided  line  ;  it  is  required  to  divide  AB  fimilarly  to  AC. 

Let  AC  be  divided  in  the  points  D,  E  5  and  let  AB,  AC  be 
placed  fo  as  to  contain  any  angle,  and  join  BC,  and  through  the 
points  D,  £  draw  *  DF,  EG  parallels  to  it ;  and  through  D  a  31.  i. 
draw  DHK  parallel  to  AjB :  Therefore  each  of  the  figures  FH, 
|1B|  is  a  parallelogram ;  jsrherefore  UH  }$  equal  ^  to  FG,  and  b  34*  x« 

I14  HK 
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Book  VI.  HK  to  GB  :  And  becaufe  HE  is  pa- 
rallel to  KC  one  of  the  fides  of  the 
triangle  DKC,  as  CE  to  ED,  fo  is 
^  KB  to  HD  :  But  KH  is  equal  to 
BG,  and  HD  to  GF ;  therefore,  as  F 
CE  to  ED,  fo  is  BG  to  GF :  Again,  ^ 
becaufe  FD  is  parallel  to  EG  one  of 

the  fides  of  the  triangle  AGE,  as  ED  |l_ 

to  DA,  fo  is  GF  to  FA  ;  But  it  has  "  ^  C 

been  proved  that  CE  is  to  ED,  as 

BG  to  GF ;  and  as  ED  to  DA,  fo  GF  to  FA  :  Therefore  the 
given  ftraight  line  AB  is  divided  fimilarly  to  AC*  Which  was 
to  be  done* 


T 


p  R  o  p.  xr.     P  R  O  B. 

O  find  a  third  proportional  tp  two  given  ftraigh! 
lines* 


1 3>*  ^* 


Let  AB,  AC  be  the  two  given  ftraight  lines,  and  let  them 
be  placed  fo  as  to  contain  any  angle;  it  is  re-       ^ 
quired  to  find  a  third  proportional  to  AB,      ^ 
AC.  * 

Produce  AB,  AC  to  the  points  D,  E ; 
and  make  BD  equal  to  AC;  and  having  Q 
joined  BC,  through  D,  draw  DE  parallel  to 
if. 

Becaufe  BC  is  parallel  to  D£>  a  fide  of 
the  triangle  ADE,  AB  is  ^  to  BD,  as  AC  to    -^ 
CE  :  But  BD  is  equal  to  AC ;  as  therefore    ^  E   . 

AB  to  AC,  fo  is  AC  to  CE.  Wherefore  to  the  two  given 
ftraight  lines  AB,  AC  a  third  proportional  C£  is  found*  Which 
was  to  be  done. 


p  R  o  P.  xn.     P  R  O  B. 

To  find  a  fourth  proportional  to  three  given  ftraight 
lines* 


Let  A,  B,  C  be  the  three  given  ftraight  lines  i  it  is  reqoi* 
fpd  to  find  a  fourth  proportional  (o  A^  B>  Ct 

Take 
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Tale  two  ftraighc  lines  D£,  DF^  containing  any  angle  EDF ;  Book  vi/ 
and  upon  thefe  make  DG  e- 
qual  CO  A,  G£  equal  to  B^ 
and  DH  equal  to  C ;  and 
bating  joined  GH,  draw 
IF  parallel  *  to  it  through 
Ac  point  E :  And  becaufe 
GH  is  parallel  to  £F,  one  of 
the  fides  of  the  triangle 
DEF,  DG  is  to  G£,  as  DH 
&)HF^;  but  DG  is  equal  to 
A|G£toB,andDHtoC; 

I  therefore,  as  A  is  to  B»  fo  is  C  to  HF.  Wherefore  to  the  three 
!|imi  ftraight  lines.  A,  B,  C  a  fourth  proportional  HFis  found. 
I  Which  was  to  be  done. 


hz.e. 


PROP.   xra.    P  R  O  B. 

TO   find  a  mean  proportional  between  two   given 
ftraight  lines. 

Let  AB,  BC  be  the  two  given  ftraight  lines ;  it  is  required 
tt)  find  a  ipean  proportional  between  them. 

Place  AB,  BC  in  a  ftraight  line,  aqd  upon  AC  defcribe  the 
femicircle  ADC,  and  from  the 
point  B  draw  *  BD  at  right  an- 
gles to  AC,  and  join  AD,  DC. 

BeCaufe  the  angle  ADC  in  a 
femicircle  is  a  right  angle  ^,  and 
Iccaufe  in  the  right  angled  tri- 
angle ADCi  DB  is  drawn  from 
die  right  angle  perpendicular  to  J\^ 
the  bafe,  DB  is  a  mean  propor- 
tional between  AB,  BC  the  fegmcnts  of  the  bafe* :  Therefore «  Cor-  »•  • 
between  the  two  given  ftraight  lines  AB,  BC,  a  mean  propor-* 
^ooal  PB  is  found.    ^Thich  was  to  be  donet 


«  tX.  ff. 


b  31.  ii 
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PROP.    XIV.      T  H  E  O  R. 

EQUAL  parallclogran^g  which  have  one  angle  of  the 
one  equal  to  one  angle  of  the  other,  have  thdr 
fides  about  the  equal  angles  reciprocally  proportional: 
And  parallelograms  that  have,  one  angle  of  the  one  equal 
to  one  angle  of  the  other,  and  their  fides  about  the  c- 
qual  angles  reciprocally  proportional,  are  equal  to  qdc 
another. 

Let  AB,  BC  ke  equal  paraHcIograms  which  have  the  angles 
at  B  equal,  and  let  the  fides  DB,  BE  be  placed  in  the  fame 
ftraight  line ;  wherefore  alfo  FB,  BG  are  in  one  ftraight  line*; 
The  fides  of  the  parallelograms  AB,  BC  about  the  equal  angles, 
are  reciprocally  proportional  j  that  is,  DB  is  to  BE.  as  GB  to 
BF. 

Complete  the  parallelogram  FE  j  and  becfiufe  the  panOklo- 
gram  AB  is  equal  to  BC,  and      ^     •            ir» 
thatFE  is  another  paraJIelor     ^ *J^ 

fram,  AB  is  to  FE,  as  BC  to       '  ^ 

£  ^ :  But  as  AB  to  FE,  fo  is 
« «•  <•  the  hafe  DB  to  BE « j  and,  as 
BC  to  FE,  fo  is  the  bafe  GB  to 
BF ;  therefore,  as  DB  to  BE, 
*  li.  5.  fo  is  GB  to  BF ««.  Wherefore 
the  fides  of  the  parallelograms 
AB,  BC  about  their  equal  an- 
gles are  reciprocally  proportional. 

But,  let  the  fides  about  the  equal  angles  be  reciprocally  pro* 
•       portional,  viz.  as  DB  to  BE,  fo  GB  to  BF  5  the  parallelogram 
AB  is  equal  to  the  parallelogram  BC 

Becaufe  as  DB  is  to  BE.  fo  GB  to  BF  ^  and  as  DB  to  BE, 
fo  is  the  parallelogram  AB  to  the  parallelogram  FE  ;  and  as 
GB  to  BF,  fo  {s  the  parallelogram  BC  to  the  parallelogram  FE ; 
therefore  as  AB  to  FE,  fo  BC  to  FE  ^  :  Wherefore  the  parallelo- 
^  !*  h  ff^^  A^  is  equal  ^  to  the  parallelogram  BC.  Therefore  equal 
parallelograms,  &c.    Q^E.  D. 

PROP, 
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Book  VI. 

P  R  O  P.    XV.     T  H  E  O  R.  ^'^"'^ 

Xy  QUAL  triangles  which  have  one  angle  of  the  oncf 
-t--'  equal  to  one  angle  of  the  other,  have  their  fides  a-^ 
bout  the  equal  sLogles  reciprocally  proportional :  And 
triangles  which  have  one  angle  in  the  one  equal  to 
one  angle  in  the  other,  and  their  fides  about  the  equal 
angles  reciprocally  proportional,  arc  equal  to  one  ano- 
ther. 

Let  ABC,  ADE  ht  equal  triangles  which  have  the  anele 
BAC  equal  to  the  angle  D A£ ;  the  fides  about  the  equal  angles 
of  the  triangles  are  reciprocally  proportional,^  that  is,  CA  is  to  ' 

AD,  as  EA  to  AB. 

Let  the  triangles  be  placed  fo  that  their  fides  CA,  AD  be  in 
<me  ftraight  line;    wherefore  alfo  EA  and  AB  are   in  one 
ftraight  line  * ;  and  joifi  BjD*    Becaufe  die  triangle  ABC  is  e*  1 14*  r« 
qual  to  the  triangle  AD£)  and  that 
ABD  is  another  triangle;  there- 
fore as  the  triangle  C^  is  to  the 
triangle  BAD,  (o  is  triangle  EAD 

to  triangle  DAB  *> :  But.^as  triangle      /  y!^  \         ^7*s* 

CAB  fto  triangle  BAD,  fo  is  the 

bafe  CA  to  AD  * ;  and  as  triangle     /   y^  ^'^Sv  \      c  i.  tf. 

EAD  to  triangle  DAB,  fo  is  the 
bafe  £  A    to  AB  ^  ;   as  therefore 

CA  to  AD,   fo  is  E A  to  AB  < :  ^  "*"     d  11.  Si 

wherefore  the  fides  of  the  triangles  ABC,  ADE  about  the  equal 
angles  are  reciprocally  proportional. 

Bot  let  the  fides  of  the  triangles  ABC,  ADE  about  the  equal 
angles  be  reciprocally  proportional,  viz*  CA  to  AD,  as  EA  to 
AB  ;  the  triangle  ABC  is  equal  to  the  triangle  ADE. 

Having  joined  BD  as  before ;  becaufe  as  C  A  to  AD,fo  is  EA  to 
AB  )  and  as  CA  to  AD,  fo  is  triangle  ABC  to  triangle  BAD  ^ ; 
and  as  £  A  to  AB,  fo  is  triangle  EAD  to  triangle  BAD  ^ ;  there- 
fore ^  as  triangle  BAC  to  triangle  BAD,  fo  is  triangle  EAD  to 
triangle  BAD ;  that  is,  the  triangles  BAC,  EAD  have  the  fame 
ratio  to  the  triangle  BAD :  Wherefore  the  triangle  ABC  is  e^ 
quaPto  the  triangle  ADE.  Therefore  equal  triangles,  &c.«^i« 
<^E.  D. 

PROP, 
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PROP.    XVL     THEOR. 

VP  four  ftraight  lines  be  proportionals,  the  reflangfe 
contained  by  the  extremes  is  equal  to  the  rcOangk 
contained  by  the  means :  And  if  the  redangle  contai^ 
by  the  extremes  be  equal  to  the  redangle  contained  bj 
the  means,  the  foUr  ftraight  lines  are  proportionals. 

Let  the  four  ftraight  lines  AB,  CD,  £,  F  be  proportianalsi 
viz.  as  AB  to  CD,  to  £  to  F ;  the  redangle  contained  by  AB, 
F  is  equal  to  the  redangle  contained  by  CD,  E. 

I  yif  I,  From  the  points  A,  C  draw  ^  AG,  CH  at  right  angles  to 
AB,  CD ;  and  make  AG  equal  to  F,  and  CH  equal  to  £,  and 
complete  the  parallelograms  BG,  DH  :  Becaufe  as  AB  to  CD, 
fo  is  £  to  F;  and  that  £  is  equal  to  CH,  and  F  to  AG;  AB 

h  r  5.  is  ^  to  CD,  as  CH  to  AG  :  Therefore  the  fides  of  the  parallels 
grams  BG^  DH  about  the  equal  angles  are  reciprocally  pro- 
portional ;  but  parallelograms  which  nave  their  fides  about  e- 

1 14*  ^      qual  angles  reciprocally  proportional,  are  equal  to  one  another^ ; 
therefore  the  parallelogram  BG  is  equal  to  the  parallelograxn 
DH :  And  the  parallelogram    p 
BG    is   contained   by   the    *^ 
ftraight  lines  AB,  F ;  becaufe 
AG  is  equal  to  F ;  and  the 
parallelogram  DH  is  con- 
tained by  CDand  £;  becaufe 
CH  is  equal  to  £  :  There- 
fore the  rediangle  contained 
by  the  ftraight  lines  AB,  F 
is  equal  to  that  which  is 
contained  by  CD  and  £. 

And  if  the  reftangle  contained  by  the  ftraight  lines  AB,  F 
be  equal  to  that  which  is  contained  by  CD,  E  ;  thefc  four  lines 
are  proportionals,  viz.  AB  is  to  CD,  as  £  to  F. 

The  fame  conftrudlion  being  made,  becaufe  the  redlanglc 
contained  by  the  ftraight  lines  AB,  F  is  equal  to  that  whicb 
is  contained  by  CD,  £,  and  that  the  rcftangle  BG  is  contained 
by  AB,  F,  becaufe  AG  is  equal  to  F ;  and  the  redangle  DH 
by  CD,  £,  becaufe  CH  is  equal  to  £ ;  therefore  the  J)arallclo- 
gram  BQ  is  equal  to  the  parallelogram  DH  :  and  they  are  e- 

quiangular  \ 


1 
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jtttlangolar :  Bi;t  tbe  fides  about  the  equal  angles  of  equal  pa-   Book  vr. 
ralldograms  arc  reciprocally  proportional  ^ :  Wherefore  as  AB  ^•Y^ 
to  CD,  fo  is  CH  to  AG  ;  and  CH  is  equal  to  E,  and  AG  to  F :  c  14. «. 
:  As  therefore  AB  is  to  CD,  fo  E  to  F.  Wherefore,  if  four,  &c. 
<^LD. 


PROP.    XVn.     T  H  E  O  R. 

j 

jTF  three  ftraight  lines  be  proportionals,  the  rcdkangle 
contained  by  the  extremes  is  equal  to  the  fquare  of 
the  mean :  And  if  the  redlangle  contained  by  the  ex- 
tremes be  equal  to  the  fquare  of  the  mean,  the  three 
inught  lines  are  proportionals. 

Let  the  three  ftraight  lines  A,  B,  C  be  proportionals,  viz. 
s  A  to  B,  fo  B  to  C ;  the  re£langle  contained  by  A,  C  is  equal 
iDthe  fquare  of  B. 

Take  D  equal  to  B  ;  and  becaufe  as  A  to  B,  fo  B  to  C,  and 
that  B  is  equal  to  D ;  A  is ""  to  B,  as  D  to  C  :  But  if  four  ftraight «  7-  r* 
lines  be  proportionals,   m. 
the  rc&angle  contain-  ^' 
edbf  the  extremes  is  J^ 
qoal  to    that  which  t\ 

is  contained    by   the  ^ .       ^  ^^  ^ 

oeans^:  Therefore  the  ^ 

icdangle  contained  by      r j  JJ 

A,  C  is  eaual  to  that  ^ 

coataincd  by  B,   D  :      I , 1 

BotthereQangle  con-  J^  Q 

tiioed  by  B,  D  is  the 


J 


fqoare  ot  B ;  becaufe  B  is  equal  to  D  :  Therefore  the  re£tangle 
contained  by  A,  C  is  equal  to  the  fquare  of  B. 

And  if  the  redanele  contained  by  A,  C  be  equal  .to  the 
iqnare  of  B ;  A  is  to  %,  as  B  to  C, 

The  lame  conftruQion  being  made,  becaufe  the  re£tangle 
contained  by  A,  C  is  equal  to  the  fquare  of  B,  and  the  fquare 
of  B  is  equal  to  the  rectangle  contained  by  B,  D,  becaufe  B  is 
equal  to  D ;  therefore  the  redangle  contained  by  A,  C  is  equal 
to  diat  contained  by  B,  D  :  But  if  the  re£bangle  contained  by 
the  extremes  be  equal  to  that  contained  by  the  means,  the  four 
ftraight  lines  are  proportionals  ^ :  Therefore  A  is  to  B|  as  D  to 
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Book  VI.  C}  but  B  is  equal  to  D ;  wherefore  as  A  to  6,  fi»  B  taC 
Therefore,  if  three  ftraight  lines,  &c.    Q^  £.  D. 


PROP.    XVIII.      P  R  O  B. 

UPON»a  given  ftraight  line  to  defcribe  a  reOiliDci 
figure  fimilar,  and  fimiiarly  fituated  to  a  pm 
re&ilineal  figure. 

Let  AB  be  the  given  ftraight  line,  and  CDEF  the  given  rec- 
tilineal figure  of  four  fides ;  it  is  required  upon  the  giia 
ftraight  line  AB  to  defcribe  a  re£lilineal  figure  fimilar^  and  fr 
milarly  fituated  to  CDEF. 

Join  DF,  and  at  the  points  A,  B  in  the  ftraight  line  AB 

a  %$.  f •  make  *  the  angle  BAG  equal  to  the  angle  at  C,  and  the  angle 
ABG  equal  to  the  angle  CDF ;  therefore  the  remaining  angle 

h  SI*  u  CFD  is  equal  to  the  remaining  angle  AGB  ^ :  Wherefore  uie 
triangle  FCD  is  c^ 

quiangulartothetri-       g^  ^^^ 

angle  GAB;  Again,      ^  ^ 

at  the  points  G,  B 
in  the  ftraight  line 
GB  make*  the  angle 
BGH  equal  to  the 
angle  DF£,  and  the 
angle  GBH  equal  to 
FDE ;  therefore  the 
remaining  angle  FED  is  equal  to  the  remaining  angle  GHB» 
and  the  triangle  FDE  equiangular  to  the  triangle  GBH :  Theoi 
becaufe  the  angle  AGB  is  equal  to  the  angle  C!FD,  and  BGH 
to  DFE,  the  ivhole  angle  AGH  is  equal  to  the  whole  CFE: 
For  the  fame  r^afon,  the  angle  ABH  is  equal  to  the  angle  CD£» 
alfo  the  anele  at  A  is  equal  to  the  angle  at  C,  and  the  angle 
GHB  to  F^ :  Therefore  the  redilineal  figure  ABHG  is  eqoi- 
angular  to  CDEF :  Butlikewife  thefe  figures  have  their  fides  a- 
bout  the  equal  angles  proportionals :  Becaufe  the  trianglesGABi 

«  4.  tf.  FCD  being  equiangular,  BA  is  *=  to  AG,  as  DC  to  CF;  ani 
becaufe  AG  is  to  GB,  as  CF  to  FD ;  and  as  GB  to  GH,  fOi 
by  reafon  of  the  equiangular  triangles  BGH,  DFE,  is  FD  to 

*  **•  ^-  FE ;  therefore,  ex  aequali  ^,  AG  is  to  GH,  as  CF  to  FE :  In 
the  fame  manner  it  may  be  proved  that  AB  is  to  BH  as  CD  to 

D£ :  And  GH  is  to  HB,  as  FE  to  £D  "^    Wherefore^  becanfe 

the 
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t\ie  TeekiUncal  figures  ABHG,  CDEF  arc  equiangular,  and  iookvi. 
bavc  their  fides  about  the  equal  angles  projportidnals,  they  are   v^n^nJ 
Cmilar  to  one  another  ••  e  i.  det  «• 

Nctt,  Let  It  be  required  to  defcribe  upon  a  given  ftraight  line 
AB»  a  re&ilineal  figure  fimilar,  and  fimilarly  fituated  to  the 
rcailineal  figure  CDKEF  of  five  fides. 

Join  D£,  and  upon  the  given  ftraight  line  AB  defcribe  the 
re&ilineal  figure  ABHG  fimilar,  and  fimilarly  fituated  to  the 
quadrilateral  figure  CDEF,  by  the  former  cafe;  and  at  the 
points  B,  H  in  the  ftraight  line  BH,  make  the  angle  HBL  e- 
qual  to  the  angle  SDK,  and  the  angle  BHL  equal  to  the  angle 
I>E1C ;  therefore  the  remaining  angle  at  K  is  equal  to  the  rer 
maining  angle  at  L :  And  becaufe  the  figures  ABHG,  CDEF 
are  fimilar,  the  angle  GHB  is  equal  to  the  angle  FED,  and 
BHL  is  equal  to  DEK ;  wherefore  the  whole  angle  GHL  is  e- 
qual  to  the  whole  angle  FEK :  For  the  fame  reafon  the  angle 
ABL  is  equal  to  the  angle  CDK  :  Therefore^  the  five  fided  fi- 
gures AGHLB,  CFEKx)  are  equiangular :  And  becaufe  the  &-> 
gures  AGHB,  CFED  are  fimilar,  GH  is  to  KB,  as  FE  to  ED ; 
and  as  HB  to  HL,  fo  is  ED  to  EK^ ;  therefore,  ex  aequall  d,  c  4-  ^' 
GH  is  to  HL,  as  FE  to  EK :  For  the  fame  reafon,  AB  is  to  BL,  ^  ***  ^ 
as  CD  to  DK :  And  BL  is  to  LH,  as  <"  DK  to  KE,  becaufe  the 
triangles  BX^H,  DKE  are  equiangular :  Therefore,  becaufe  the 
five  fided  figures  AGHLB,  CFEKD  are  equiangular,  and  have 
their  fides  about  the  equal  angles  proportionals,  they  are  fimilar 
to  one  another :  And  in  the  fame  manner  a  re^ilineal  figure  of 
fix  or  more  fides  may  be  defcribed  upon  a  given  ftraight  line  fi* 
fnilar  to  one  given,  andfo  on.    Which  was  to  be  done* 


s 


PROP.    XIX,      T  H  E  O  R. 

Imilae  triangles  are  to  one  another  in  the  duplicate 
ratio  of  their  homologous  fides. 


Let  ABC,  DEF  be  fimilar  triangles  havine  the  angle  6  equal 
to  the  angle  E,  and  let  AB  be  to  £C,  as  D£  to  EF,  fo  that  the 
fide  BC  is  homologous  to  EF* :  The  triangle  ABC  has  to  the*«»-^-l« 
triangle  DEF,  the  duplicate  ratio  of  that  which  BC  has  to  EF. 

Take  BG  a  third  proportional  to'BC,  EF  \  fo  that  BC  is  tob  iz.  €. 
£F,  as  EF  to  BG,  and  join  GA :  Then,  becaufe  as  AB  to  BC, 

fe  D£  to  £F }  alternately  %  AB  is  to  DE,  as  BC  to  £F :  But  c  itf.  s* 

as 
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Book  VL  ^  ^C  ^^  ^^>  ^^  ^^  £F  to  BG ;  tberefore  ^  as  AB  to  DE,  fo  i» 
EF  to  BG  :  Wherefore  the  fides  of  the  trianeles  ABG,  DEF 
which  are  about  the  equal  angles  are  reciprocally  proportional : 
But  triangles  which  have  the  fides  about  two  equal  angles 
procally  proportional  ^ 

are  equal  to  one  ano-  " 

«  II.  tf.  ther  ^  :  Therefore  the 
triangle  ABG  is  equal 
to  the  triangle  DEF: 
And  becau^  as  BC  is 
to  EF,  fo  EF  to  BG  ;• 
and  that  if  three 
ftraight  lines  be  pro- 
portionals, the  firft  is 

r  10.  dfi&  5*  faid  f  to  have  to  the  third  the  duplicate  ratio  of  that  which  it  has  to 
the  fecond  ;  BC  therefore  has  to  BG  the  duplicate  ratio  of  diat 

f  »•  ^<  which  BC  has  to  EF :  But  as  BC  to  BG,  fo  is  » the  triangle  ABC 
to  the  triangle  ABG.  Therefore  the  triangle  ABC  has  to  the 
triangle  ABG  the  duplicate  ratio  of  that  which  BC  has  to  EF: 
But  the  triangle  ABG  is  equal  to  the  triangle  DEF;  wherefore 
alfo  the  triangle  ABC  has  to  the  triangle  DEF  the  duplicate  ra- 
tio of  that  which  BC  has  to  EF.  Therefore  umilar  trianglesj  &c« 
Q^  E.  D. 

Cor.  From  this  it  is  manifeft,  that  if  three  ftraight  lines  be 
proportionals,  as  the  firft  is  to  the  third,  fo  is  any  triangle  up* 
on  the  firft  to  a  fimilar,  and  fimilarly  defcribed  triangle  upon 
the  fecond. 


P  R  O  P.    XX.      T  H  E  O  R. 

* 

oImilar  polygons  may  be  divided  into  the  fame  num- 
^  ber  of  dmilar  triangles,  having  the  fame  ratio  to  one 
another  that  the  polygons  have ;  and  the  polygons  have 
to  one  another  the  duplicate  ratio  of  that  which  thdr 
homologous  (ides  have. 

Let  ABCDE,  FGHKL  be  fimilar  polygons,  and  let  AB  be 
the  homologous  fide  to  FG  :  The  polygons  ABCDE,  FGHSX 
may  be  divided  into  the  fame  number  of  fimilar  triangles, 
whereof  each  to  each  has  the  fame  ratio  which  the  polygons 
have ;  and  the  polygon  ABCDE  has  to  the  polygon  FGHEIL 
the  duplicate  ratio  of  that  which  the  fide  AB  has  to  the  fide 
FG. 

Join  B£^  EC|  GL>  LH :  And  becaufe  the  polygon  ABODE  is 

fimilar 


O  P    E  U  C  L  I  D-  177 

fimilar  to  the  polygon  FGHKL,  the  angle  B  AE  is  equal  to  the    Book  VJ. 
angle  GFL*,  and  BA  is  to  AE,  as  GF  to  FL* :  Wherefore,   v^z-W-i 
becaufe  the  triangles  ABE,  FGL  have  an  angle  in  one  equal  a  i*  def.  6» 
to  an  angle  in  the  other,  and  their  fides  about  thefe  equal  angles 
proportionals,  the  triangle  ABE  is  equiangular^,  and  there- ^  ^*  ^• 
fore  fimilar  to  the  triangle  FGL^ ;  wherefore  the  angle  ABE  c  4-tf- 
is  equal  to  the  angle  FGL :  And,  becaufe  the  polygons  are  fi- 
milar, the  whole  angle  ABC  is  equal  *  to  the  whole  angle  FGH  ; 
therefore  the  remaining  angle  EBC  is  equal  to  the  remaining 
angle  LGH :  And  becaufe  the  triangles  ABE,  FGL  are  fimilar^ 
£B  is  to  BA,  as  LG  to  GF^;  and  alfo,  becaufe  the  polygons 
are  iimilar,  AB  is  to  BC,  as  FG  to  GH  * ;  therefore,  ex  ae-^ 
quali  *,  EB  is  to  BC,  ^s  LG  to  GH  ;  that  is,  the  fides  about  ^  **•  *• 
the  equal  angles  EBC,    LGH  are  proportionals;  therefore^ 
the  triangle  EBC  is  equiangular  to  the  triangle  LGHj  and  £• 
milar    to    it  ^ 

*=.     For    the  -A.  „ 

fame  reafon,  ^x'^^''^^^\w       F 

the  triangle 
BCD  like- 
wife  18  fimi* 
Jar  tothe  tri* 
angle  LHK : 
Thereforethe 
fimilar  poly- 
gons ABCt)£,  FGHKL  are  divided  into  the  fame  number  of 
(imilar  triangles. 

Alfo  thefe  triangles  have,  each  to  each,  the  fame  ratio  which 
the  polygons  have  to  one  another,  the  antecedents  being 
ABE,  EBC,  ECD,  and  the  confequents  FGL,  LGH,  LHK : 
And  the  polygon  ABCDE  has  to  the  polygon  FGHKL  the  du- 
plicate ratio  of  that  which  the  fide  AB  has  to  ,the  homologous 
fide  FG. 

Becaufe  the  triangle  ABE  is  fimilar  to  the  triangle  FGL, 
ABE  has  to  FGL  the  duplicate  ratio  ^  of  that  which  the  Me^JP^^i 
BE  has  to  the  fide  GL :  For  the  fame  reafon,  the  triangle  BEG 
has  to  GLH  the  duplicate  ratio  of  that  which  3E  has  to  GL : 
Therefore,  as  the  triangle  ABE  to  the  triangle  FGL^  fo  f  is  the  f  xx.  s%' 
triangle  BEC  to  the  triangle  GLH.  Again,  becaufe  the  tri« 
angle  EBC  is  fimilar  to  the  triangle  LGH,  EBC  has  to  LGH 
the  duplicate  ratio  of  that  which  the  fide  EC  has  to  the  fide 
LH :  For  the  fame  reafon,  the  triangle  ECD  has  to  the  triangle 

M  LHK^ 
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Book  VI.  LHKy  the  duplicate  ratio  of  fhat  which  EC  has  to  LH :  As 

Vtf^V^J  therefore  the  triangle  EBC  to  the  triangle  LGH,  fo  is  f  the 
f  II*  ^  triangle  BCD  to  the  triangle  LHK  :  But  it  has  been  proved  thtc 
the  triande  EBC  is  likewife  to  the  triangle  LGH,  as  the  triangle 
ABE  to  tne  triangle  FGL.  Therefore,'  as  the  triangle  ABE  Is  co 
the  triangle  FGL|  fo  is  triangle  EBC  to  triangle  LGH|  and  tri« 
angle  ECD  to  triangle  LHK:  And  therefore  as  one  of  the  ante- 
cedents to  one  of  the  confequents,  fo  are  all  the  antecedents  to 

g  11.  |.  all  the  confequents  ^.  Wherefore,  as  the  triangle  ABE  to  die 
triangle  FGL*  fo  is  the  polygon  ABCDE  to  the  polygon 
FGHKL  :  But  the  triangle  ABE  has  to  the  triangle  FGL«  the 
duplicate  ratio  of  that  which  the  fide  AB  Iv&s  to  the  homologous 
fide  FG.  .  Therefore  alfo  the  polygon  ABCDE  has  to  the  poly- 
gon FGHKL  the  duplicate  ratio  of  that  which  AB  has  to  the  ho- 
mologous fide  FG.  Wherefore  fimilar  polygons,  &c.  Q^E.  P. 
Cor.  I.  In  like  manner,  it  may  be  proved,  that  fimilar  four 
fided  figures,  or  of  any  number  of  fides,  are  one  to  another  is 
the  duplicate  ratio  of  their  homologous  fides,  and  it  has  al- 
ready been  proved  in  triangles.  Therefore,  univerfally,  fimilar 
re&Uineal  ngures  are  to  one  another  in  the  duplicate  ratio  of 
their  homologous  fides. 

CoR.  2.  And  if  to  AB,  FG,  two  of  the  homologous  fida, 

hioMtS'  a  third  proportional  M  be  taken,  AB  has '^  to  M  the  duplicate 
ratio  of  that  which  AB  has  to  FG:  But  the  four  fided  figure 
or  polygon  upon  AB  has  to  the  four  fided  figure  or  polygon  up- 
on PG  likewife  the  duplicate  ratio  of  that  which  AB  has  to  FG ; 

'Cor  I  6  '^^^^^^^^  ^^  '^  ^^  ^^  ^'  ^^  ^^  ^^  figure  upon  AB  totbcfiEore 
'  ^'  '  upon  FG,  which  was  alfo  proved  in  triangles  K  Therefotc, 
univerfally,  it  is  manifeft,  that  if  three  ftraight  lines  be  propor- 
tionals, as  the  firft  is  to  the  third,  fo  is  any  re&ilineal  figure  upoa 
the  firft,  to  a  fimilar  .and  fimilarly  defcribed  reCliliaeal  figure 
upon  the  fecond. 
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BookVT. 

PROP.    XXL      T  H  E  O  R* 

RECTILINEAL  figures  which  are  fimilar  to  the  fame 
re&ilineal  figure^  are  alfo  fimilar  to  one  another. 


each  of  the  rc£liliheal  figures  A,  B  be  fimilar  to  the  rec- 
tilineal figure  C :  The  figure  A  is  fimilar  to  the  figure  B. 

Becaufe  A  is  fimilar  to  C,  they  are  equiangular,  and  alfo 
have  their  fides  about  the  equal  angles  proportionals ".    Agaiiii  ■  '•  ^'  ^» 
becaufe  B  is  fimilar  to 
C,  they  are  equiangu- 
lar, and  have  their  fides  /   \  /  C 
about  the  equal  angles 

proportionals*  { There-    /     ^^       \^  /  B 

fore  the  figures  A,  B 
are  each  of  them  equi- 
angular to  C,  and  have  the  fides  about  the  equal  angles  of  each 
of  them  aod  of  C  proportionals.    Wherefore  tKe  re£lilineal  fi- 
gures A  and  B  are  equiangular  ^,  and  have  their  fides  about  the  ^  '*  ^^  '« 
equal  angles  proportionals^.    Therefore  A  is  fimilar* to  B.^"'5« 
<^E.  D. 


PROP.    XXU.      T  H  E  O  R. 

• 

TF  four  ilraight  lines  be  proportionals,  the  fimilar  rec^ 
^  tilineal  figures  fimilarly  defcribed  upon  them  fhall  al- 
fo be  proportionals ;  and  if  the  fiimlar  re£tilineal ,  fi-> 
gures  fimilarly  defcribed  upon  four  ftraigbt  lines  be 
proportionals,  thofe  ftr^ght  lines  fhall  be  proportion- 
als/ 

Let  the  four  ftraight  lines  AB,  CD,  £F,  GH  be  propor- 
tionals, viz.  AB  to  CD,  as  £F  to  GH,  and  upon  AB,  CD  let 
the  fimilar  rectilineal  figures  KAB,  LCD  be  fimilarly  defcri- 
bed }  and  upon  £F,  GH  the  fimilar  redilineal  figures  MF,  NH, 
in  like  manner  :  The  re£tilineal  figure  KAB  is  to  LCD^  as  MF 
toNH. 

To  AB,  CD  take  a  third  proportional  •  X ;  and  to  EF,  GH  ■ 
a  third  proportional  O  :  And  becaufe  AB  is  to  CD',  as  EF  to 
GH,  and  that  CD  is  »  to  X,  as  GH  to  O ;  wherefore,  ex  ae-  ^  "•*' 
quali%  as  ABtoX,  foEFtoO:  Butas  ABtoX,  fo  i«*'thca**^-j^; 

Ma  re^Ulinaal  ^/ 
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Book  VL  rcaUineal  KAB  to  the  reailineal  LCD,  and  as  £F  to  O,  fo  is 
V^v-v-*  <"  the  reailineal  MF  to  the  reailineal  NH :  Therefore  as  KAB 
d  ..  Cor.    to  LCD,  fo  ">  is  MF  to  NH. 
»°;*-  And  if  the  reailineal  KAB  be  to  LCD,  as  MF  to  NH  ;  the 

*•      ttraight  line  AB  is  to  CD,  as  EF  to  GH. 
e  II. «.  Make  *  as  AB  to  CD,  fo  EF  to  PR,  and  upon  PR  dcfcxibe  ' 

the  reailineal  figure  SR  fimilar  and  fimiljirly  fituatcd  to  cither 


IS.A. 


SmN. 
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X 
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of  the  figures  MF,  NH  :  Then,  becaufe  as  AB  to  CD,  fo  is  £F 

to  PR,  and  that  Upon  AB,  CD  are  defcribed  the  fimilar  and 

fimilarly  fituated  redilineals  KAB,  LCD,  and  upon  £F,  PR, 

in  like  manner,  the  fimilar  refliliueals  MF»  SR ;  KAB  is  to 

LCD,  as  MF  to  SR ;  but,  by  the  hypothefis,  KAB  is  to  LCD, 

as  MF  to  NH  ;  and  therefore  the  re£lilineal  MF  having  the 

t  f  •  s*        fame  ratio  to  each  of  the  two  NH,  SR,  thefe  are  equal '  to  one 

another:  They  are  alfo  fimilar,  and  fimilarlv  fituated;  tber^ 

fore  GH  is  equal  to  PR  :  And  becaufe  as  AB  to  CD,  fo  is  £F 

'     to  PR,  and  that  PR  is  equal  to  GH  ;  AB  is  to  CD,  as  £F  to 

«        GH.    If  therefore  four  ftraight  lines,  &c«    (^E.  D. 


PROP.    XXin.     T  H  E  O  R. 

TT  Qui  ANGULAR  parallelograms  have  to  one  another 
JCj  me  ratio  v^hich  is  compounded  of  the  ratios  of 
their  fides* 

I^t  AC,  CFbe  equiangular  parallelograms,  having  the  angle 

BCD  ^V^  ^^  ^^^  angle  ECG :  The  ratio  of  the  parallelogram 

AC  to  ^^^  parallelogram  CF,  is  the  fame  with  the  ratio  which 

•         pounded  of  the  ratios  of  their  fides. 

IS  com«^  j^ 
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Let  BC,  CG  be  placed  in  a  ftraight  line  ;  therefore  DC  and  Book  VI. 
CE  arc  alfo  in  a  ftraight  line ' ;  and  complete  the  parallelogram  V-^VX/ 
DG;  and,  taking  any  ftraight  line  K,  make «» as  BC  to  CG,  •  '4-  i. 
fo  K  to  L ;  and  as  DC  to  CE,  fo  make  "  L  to  M ;  Therefore    '*'  * 
the  ratios  of  K  to  L,  and  L  to  M  are  the  fame  with  the  ratios 
of  the  fides,  viz.  of  BC  to  CG,  and  DC  |to  CE.    But  the  ra- 
tio of  K  to  M  is  that  which  is  faid  to  be  compounded  *  of  the  ra-  c  A.  dcf.  s» 
tios  of  K  to  L,  and  L  to  M  :  Wherefore  alfo  K  has  to  M,  the 
ratio  compounded  of  the  ratios       A  2)      ]-f 

of  the  fides:  And becaufc as  BC  ^ 
to  CGy  fo  is  the  parallelogram 
AC  to  the  parallelogram  CH  ^ ; 
but  as  BC  to  CG,  fo  is  K  to  L ; 
therefore  K  is  ^  to  L,  as  the  pa- 
rallelogram AC  to  the  parallelo- 
gram CH :  Again,  becaufe  as  DC 
to  CE,  fo  is  the  parallelogram 
CH  to  the  parallelogram  CF;  but 
as  DC  to  CE,  fo  is  L  to  M  ; 
wherefore  L  is  ^to  M,  as  the  pa« 

rallelogram  CH  to  the  parallelogram  CF :  Therefore,  flnce  it  has 
been  proved,  that  as  K  to  L,  fo  is  the  parallelogram  AC  to  the 
parallelogram  CH  ;  and  as  L  to  M,  fo  the  parallelogram  CH  to 
the  parallelogram  CF ;  ex  aequali  ^ ,  K  is  to  M,  as  the  paralle-  ^  ^^  ^ 
logram  AC  to  the  parallelogram  CF :  But  K  has  to  M  the  ra* 
tio  which  is  compounded  of  the  ratios  of  the  (ides ;  therefore 
alfo  the  parallelogram  AC  has  to  the  parallelogram  CF  the  ratio 
which  is  compounded  ef  the  ratios  of  the  fides.  Wherefore  e- 
quiangular  parallelograms,  &c.     Q^E.  D. 


KLM 


PROP.    XXIV.      T  H  E  O  R. 


THE  parallelograms  about  the  diameter  of  any  pa-  s«e  n. 
rallelogram,  are  fimilar  to  the  whole,  and  to  one 
another. 

Let  ABCD  be  a  parallelogram,  of  which  the  diameter  is 
AC ;  and  EG,  HK  the  parallelograms  about  the  diameter :  The 
parallelograms  EG,  HK  are  fimilar  both  to  the  whole  paralle* 
logram  ABCD,  and  to  one  another. 

Becaufe  DC,  GF  are  parallels,  the  angle  ADC  is  equal  *  to  ^  *»•  ^ 
^c  sm^lc  AGF ;  For  the  fame  r^on^  b^ufe  BC,  £F  are  pa- 

M3  ralielsi 
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Book  VL  rallels,  the  angle  ABC  is  equal  to  the  angle  AEF  :  And  each 

^^^'^'''^  of  the  angles  BCD>  EFG  is  equal  to  the  oppofite  angle  DAB^, 
^  ^' ''      and  therefore  are  equal  to  one  another ;  wherefore  the  paral- 
lelograms ABCDy  AEFG  are  equiangular :  And  becaufe  the 
angle  ABC  is  equal  to  the  angle  A£F,  and  (he  angle  BAG 
common  to  the  two  triangles  BAC,  EAF,  they  are  equiangn- 

€4*  (•        lar  to  one  another ;  therefore  ^  as  AB        a        V*  R 

to  BC,  fo  is  AE  to  EF :  And  becaufe       A       r^  D 

the  oppofite  fides  of  parallelograms 

4  J.  ^»       are  equal  to  one  another  *>,  AB  is  **  to  r^l     ^JF 
I  AD,  as  AE  to  AG ;  and  DC  to  CB,  ^^  ^^^^ 

^  as  GF  to  FE  ;  and  alfp  CD  to  DA, 

as  FG  to  GA :  Therefore  the  fides  of 
the  parallelograms  ABCD,  AEFG  a-  ____ 
bout  the  equal  angles  are  proportion-  |v   *   |^ 
als ;  and  they  are  therefore  fimilar  to 

t  f •  dcfi  tf.  ^)ug  another  * :  For  the  fame  reafon,  the  parallelogram  ABCD  is 
fimilar  to  the  parallelogram  FHCK.  Wherefore  each  ol  die 
parallelograms  GE,  KH  is  fimilar  to  DB :  But  rectilineal  figures 
which  are  fimilar  to  the  fame  re^ilineal  figure,  are  alfo  fimilar 

M^  r  to  one  another  ^ ;  therefore  the  parallelogram  G£  is  finailar  id 
KH*    Wherefore  the  parallelograms,  &c.    Q^  £•  D. 


PROP.    XXV.      P  R  O  B. 

Sfe  N.       rirfO  dcfcribc  a  rcSllineal  figure  which  (hall  be  (imilar 
X    to  one,  and  equal  to  another  given  redilineai  fi- 
gure. 

Let  ABC  be  the  given  reflilineal  figure,  to  which  the  figure 
to  be  defcribed  is  required  to  be  fimilar,  and  D  that  to  which 
it  muft  be  equal.  It  is  required  to  defcribe  a  redilineal  figure 
fimilar  to  ABC  and  equal  to  D. 

•Cor.4S.i.  Upon  the  ftraight  line  BC  defcribe  •the  parallelogram  BE 
equal  to  the  figure  ABC ;  alfo  upop  CE  defcribe  ^  the  paralk- 
Ipgram  CM  equal  to  D,  and  haying  the  angle  FCE  cqmi 
to  the  angle  CBL :  Therefore  BC  and  CF  are  in  a  ftraight 

jr%9'  !•  line  ^^  as  alfo  LE  and  EM :  Between  BC  and  CF  find  ^  a  meal 
L'4*  i-  proportional  GH,  and  upon  GH  defcribe  ^  the  re&ilineal  fi* 

d  i8  ^i  fS^^  KGH  fimilar  and  fimilarly  fituated  to  the  figure  ASC: 
And  becaufe  BC  is  to  GH  as  GH  to  CF»  and  if  three  ftraight 

f  L.^*    lines  be  proportionalsi  as  the  ficil  t§  to  the  third^  fo  is  "^  chf'^ 
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figure  upon  the  firft  to  the  fimilar  and  fimilarly  defcribed  fi-  Book  ri 
gure  upon  the  fecond ;  therefore  as  BC  to  CF,  lo  is  the  tcfki-  v>^r\»« 
fineal  figure  ABC  to  KGH  :  But  as  BC  to  CF,  fo  is  f  the  pa>  f  i.  0. 
rallelogram  BE  to  the  parallelogram  £F :  Therefore  as  the  reo 
tiiineal  figure  ABC  is  to  KGH,  fo  is  the  parallelogram  BE  to 
the  parallelogram  £F  <:  And  theredilineal  figure  ABC  is  equal  ^  "'  ^* 


to  die  parallelogram  BE ;  therefore  the  re&iliileal  figure  KGH 
is  equal  *•  to  the  parallelogram  EF :  But  15^  is  equal  to  the  fi-  h  i4'  f • 
gure  D  ;  wherefore  alfo  KGH  is  equal  to  D ;  and  it  is  fimilar 
to  ABC.  Therefore  the  reflilineal  figure  KGH  has  been  de- 
fcribed fimilar  to  the  figure  ABC,  and  equal  to  D.  Which  was 
to  be  done. 


F  R  O  P. 


XXVL     T  H  E  O  R. 


IF  two  limilar  parallelograms  have  a  common  angle^ 
and  be  fimilarly  fituated ;  tfaey  are  about  .the  lame 
diameter. 

Let  the  parallelograms  ABCD,  AEFG  be  fimilar  and  fimi- 
larly fituated»  and  have  the  angle  DAB  common*  ABCD  an4 
AEFG  are  about  the  fame  diameter. 

For,  if  not,  let>  if  pofiible,  the 
parallelogram  BD  have  its  dia- 
meter  AHC  in  a  different  ftraight 
line  from  AF  the  diameter  of  the 
parallelogram  EG,  and  let  GF 
meet  AHC  in  H  ^  and  through 
H  dr^w  HK  parallel  to  AD  or 
BC :  Therefore  the  parallelograms 
ABCD,AKH6  being  about  the  B 
fame  diameter^  they  are  fimilar 
to  one  another  * :  Wherefore  as  DA  to  AB,  fo  is^GAto  AK:  *  H 


$Q(  begaufe  ABCD  and  AEFG  are 

»4 


parallelograms. 

Id 


bi. 
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dp.  s. 


Book  VI.  as  DA  is  to  AB,  fo  is  GA  to. AE;  therefore  ^  as  GA  to  AE^  lb 
G A  to  AK ;  wherefore  G A  has  the  fame  ratio  to  each  of  the 
ftraight  lines  A£>  AK ;  and  confequetitly  AK  is  equal  ^  to  AE, 
the  lefs  to  the  greater,  which  is  impofllble :  Therefore  ABCD 
and  AKHG  are  not  about  the  fame  diameter  ;  wherefore  ABCD 
and  AEFG  muft  be  about  the  fame  diameter.  Therefore,  if 
two  (imilar,  &c.     Q^E*  D. 

<  To  underftand  the  three  following  propofitions  moreeafilj, 
*  it  is  to  be  obferved, 

*  I.  That  a  parallelogram  is  faid  to  be  applied  to  a  ftraight 
line,  when  it  is  defcribed  upon  it  as  one  of  its  fides.  Ex.  gr. 
the  parallelogram  AC  is  faid  to  be  applied  to  the  ftraight  line 
AB. 

<  2.  But  a  parallelogram  AE  is  faid  to  be  applied  t6  a  ftraight 
line  AB,  deficient  by  a  parallclogiamj  when  AD  the  bafc  of 


EC       G 


I 


D    B 


AE  is  lefs  than  AB^and  there- 
fore AE  is  lefs  than  the  paral- 
lelogram AC  defcribed  upon 
AB  in  the  fame  angle,  and  be- 
tween the  fame  parallels,  by  the 
parallelogram  DC  ^  and  DC  is  A. 
therefore  called  the  defe£t  of 
AE. 

*  3.  And  a  parallelogram  AG  is  faid  to  be  applied  to  a  ftraight 
line  AB,  exceeding  by  a  parallelogram,  when  AF  the  bafe  of 
AG  is  greater  than  AB,  and  therefore  AG  exceeds  AC  the  pa- 
rallelogram defcribed  upon  AB  in  the  fame  angle,  and  betireen 
the  fame  parallels,  by  the  parallelogram  BG.^ 


PROP.    XXVn.      T  H  E  O  R. 

See  N«  /^^  ^^^  parallelograms  applied  to  the  fame  ftraight' 
V^  line,  and  deficient  by  parallelograms  fimilar  and 
iimilarly  fituatefl  to  that  which  is  defcribed  upon  the  half 
of  the  line ;  that  which  is  applied  to  the  half,  and  is 
iimilar  to  its  defcd,  is  the  greatcft. 

Let  AB  be  a  ftraight  line  divided  into  two  equal  parts  in  C^ 
and  let  the  paraUelogram  AD  be  applied  to  the  half  AC» 
which  is  therefore  deficient  from  the  parallelogram  upon  the 
whole  line  AB  by  the  parallelogram  C£  upon  the  other  half 
CB :  Of  all  the  parallelograms  applied  to  any  odicr  parts  of 


^ ^^^Mt 
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^B,  and  deficient  bj  parallelograms  that  are  fimilar,  and  fimi*  Book  Vi. 
hrlf  fituated  to  C£,  AD  is  the  greateft.  Vi^VKi 

Let  AF  be  anv  parallelogram  applied  to  AK,  any  other  part 
o{  AB  than  the  half»  fo  as  to  be  deficient  from  the  parallelo- 
gnm  upon  the  whole  line  AB  by  the  parallelogram  |KH  fimi- 
lar,  and  fimilarly  fituated  to  C£ }  AD  is  greater  than  AF. 

Firft,  Let  AK,  the  bafe  of  AF,  be  greater  than  AC  the  half 
rf  AB  ;  and  becaufe  C£  is  fimilar  to  Fl  f-      T 

the  parallelogram  KH,  they  are  about  ^  ^ — ±* 

the  fame  diameter  ■  :  Draw  their  dia-       J    .         A  I        /        *  a^«  ^» 
meter  Dfi,  and  complete  the  feheme :       1  1  \|p     I 

Becattfc  the  parallelogram  CF  is  equal  Qj  ■  |    \ J  JfJ 

»to  FE,  add  KH  to  both,  therefore      /  1      \     I         '^  ♦^ '• 

the  whole  CH  is  equal  to  the  whole      I  I     I  \  I 

IE:  But  CH  is  equal* to  CG,  be-     j  /     |    V         ^  ^*' '• 

oufc  the  bafe  AC  is  equal  to  the  bafe     ' ^     * — ^ 

CB  ;  therefore  CG  is  equal  to  K£ :     A       C  K    B 
To  each  of  thefe  add  CF ;  then  the 

vbole  AF  is  equal  to  the  gnomon  CHL :  Therefore  CE,  or  the 
parallelogram  AD,  is  greater  than  the  parallelogram  AF. 

Next,  Let  AK  the  bafe  of  AF, 
be  lefs  than  AC,  and,  the  fame 
conftruAion  being  made,  the  paral- 
lelogram DH  is  equal  to  DG  ^,  for 

HM  is  equal  to  MG ^,  becaufe  BC        /    ^t  '\'^ /E  *  34.  t. 

b  equal  to  CA  •  wherefore  DH  is 
greater  than  LG  :  But  DH  is  equal  ^ 
to  DK  'y  therefore  DK  is  greater  than 
LG:  To  each  of  thele  add  AL  ;  then 
the  whole  AD  is  greater  than  the 
whole  AF.  Therefore  of  all  paralle- 
jo^ms  applied,  &c.    Q.  £.  D. 
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PROP.    XXVni.      PROS. 

A 

Sec  N.  tTnO  a  given  ftraight  line  to  apply  a  parallelogram  c- 
J[  ^^^  ^^  ^  given  rcftilincal  figure,  and  deScient  by 
a  par Alletomm  fimilar  to  a  given  parallelogram :  Bat  the 
given  re&iiineal  figure  to  which  the  parallelogram  to  be 
applied  is  to  be  equal,  muft  not  be  greater  than  thep^ 
raUelogram  applied  to  half  of  the  given  line,  having  iti 
defef):  fimikr  to  the  dcfe&,  of  that  which  is  to  be  ap> 
plied ;  that  is^  to  the  given  parallelogram. 

Let  AB  be  the  given  ftraight  line,  and  C  the  given  rediE* 
neal  figuref,  to  which  the  parallelogram  to  be  applied  is  requi- 
red to  be  cquilf  whidh  figore  muft  not  be  greater  than  the  pi- 
rallelogram  applied  to  the  half  of  the  line  having  its  defcfifirafli 
that  upon  the  whole  line  fimilar  to  the  defe£l  of  that  whickli 
to  be  applied ;  and  let  D  be  the  parallelogram  to  which  Urn 
dcftGt  IS  required  to  be  fimilar.  k  is  required  to  apply  a  fii 
raQelogralii  to  the  ftraight 
linr  AB,  Whicti  (hall  be  equal 
to  the  figure  C,  and  be  defi- 
cient from  the  parallelogram 
upon  the  whole  line  by  a  pa* 
rallelogram  fimilar  to  D. 

Divide  AB  into  two  equal 


» lo.  I.  parts  *  in  the  point  £,  and 
upon  EB  defcribe  the  paraN 

b  ift.  c  lelogram  EBFG  fimilar  ^  and 
fimilarly  fituated  to  D,  and 
complete  the  parallelogram 
AG,  which  muft  either  be  e- 
qual  to  C,  or  greater  than  it, 
by  the  determination :  And  if 

AG  be  equal  to  C,  then  what  was  required  is  already  done: 
For,  upon  the  ftraight  line  AB,  the  parallelogram  AG  is  applid 
eqiual  to  the  figure  €»  and  deficient  by  the  parallelogram  0 
fimilar  to  D :  But  if  AG  be  not  equal  to  C9  it  is  greater  dia 
it ;  and  £F  is  equal  to  AG ;  therefore  £F  alfo  is  greater  dus 

c95«^*      C.    Make  ^  the  parallelogram  KLMN  equal  to  thecxce&fli 
£F  above  C,  and  fimilar  and  fimilarly  fituated  to  D ;  but  D 

4  »x.  f.     is  fimilar  to  £Fj  therefore  <^  alfo  KM  is  fimilar  to  £F :  Let  D 


O  F    E  U  C  L  I  D,  187 

the  fcoraologous  fide  to  EG,  and  LM  to  Gf :  And  becaure    Book  VI* 
Hs  equal  to  C  and  KM  together,  EF  is  greater  than  KM  ;  V^vvJ 
^crefpre  the  ftraight  line  EG  is  greater  than  )CL,  and  OF 

LM :  Make  GX  equal  to  LK,  and  GO  equal  to  LM,  and 
iplete  the  parallelogram  XGOP ;  Therefore  XO  is  equal 

fimilar  to  KM  &  but  KM  is  fimilar  to  EF  ^  wherefore  alfo 

is  fimilar  to  EF,  and  therefore  3^0  and  EF  are  about  the 

le  diameter  ^ :  Let  GPB  be  their  diameter,  and  complete  the  ^  ^^*  tf« 

leme :  Then  becauie  EF  is  equal  to  C  and  KM  togetner,  and 

[0  a  part  of  the  one  is  equal  to  KM  a  part  of  the  other,  the 

mainder,  viz.  the  gnomon  ERO,  is  equal  to  the  remainder 

:  And  becaufe  OH  is  equal  ^  to  XS,  by  adding  SR  to  each,  ^  34-  <• 

whole  OB  is  equal  to  the  whole  XB :  But  XB  is  equal  <  to  S  30*  u 
if  becaufe  the  bafe  A£  ia  equal  to  the  bafe  £B  1  wherefore 

T£  is  equal  to  OB :  Add  XS  to  each,  then  the  whole  TS 
equal  to  the  whole,  viz.  to  the  gnomon  £R0 :  But  it  has  been 
)Yed,  that  the  gnomon  ERO  is  equal  to  C,  and  therefore  aL- 
TS  is  equal  to  C.  Wherefore  the  parallelogram  TS,  equal 
the  giTen  reAilineal  figure  C,  is  applied  to  £e  given  ftraight 

AB  deficient  by  the  parallelogram.  SR,  fimilar  to  the  ri- 

onc  D,  becaufe  SR  is  fimilar  to  EF K    Which  was  to  be  ^^^ 
ione.  i 


PROP-    XXIX.      P  R  O  B. 

TO  a  given  ftraight  line  to  apply  a  parallelogram  e- s^ if! 
qual  to  a  given  re&ilineal  figure,  exceeding  by  a 
parallelogram  fiipilar  to  another  given. 

Let  AB  be  the  given  ftraight  line,  and  C  the  given  re£bill« 
neal  figure  to  which  the  parallelogram  to  be  applied  is  required 
to  be  equal,  and  D  the  parallelogram  to  which  the  excefs  of 
die  one  to  be  applied  above  that  upon  the  given  line  is  requi- 
red to  be  fimilar.  It  is  required  to  apply  a  parallelogram  to  the 
gi?ea  ftraight  line  AB  which  fliall  be  equal  to  the  figure  C,  , 
CKeeding  oy  a  parallelogram  fimilar  to  D« 
Divide  AB  into  two  equal  parts  in  the  point  E,  and  upon 
n  j^._;t _ ,  ^^  pvaHdogram  fil^  fimijar  aad  fimihrly  Ctua-  n  ?a,  c 


■I 


188  T  H  E    E  L  E  M  E  N  T  S 

Book  vr.  ted  to  D  :  And  make  ^  the  parallelogram  GH  equal  to  EL  aal 
V^^'^^'^J  C  together,  and  flnoilar  and  Cmilarly  lituated  to  D  ;  where- 
e  a/  1  ^^^^  ^^  ^^  fimilar  to  EL  *  :  Let  KH  be  the  fide  homologous  to 
FLy  and  KG  to  F£ :  And  becaufe  the  parallelogram  GH  is 
greater  than  EL)  therefore  the  fide  KH  is  greater  than  FI^ 
and  KG  than  FE :  Produce  FL  an^FE,  and\make  FLM  equal 
to  KH)  and  FEN  to  KG^  and  complete  the  parallelogram  MN. 

MN  is  therefore  c-  ,«-  ,..««____  Vf 

qual  and  fimilar  to      A         J>fc.\  X** 

GH  ;  but  GH  is  fi- 
milar to  EL;  where- 
foreMN  is  fimilar  to 
ELy  and  confequent- 
iy  EL  and  MN  are 
about  the  fame  dia- 

d  id.  .^  meter  ^ :  Draw  their 
diameter  FX»  and 
complete  the  fcheme. 
Therefore  fince  GH 
is  equal  to  EL  apdC 
together^  and  that 
GH  is  equal  to  MN ; 
MN  is  equal  to  EL  and  C :  Take  away  the  common  part  £L; 
then  the  remainder,  viz*  the  gnomon  NOL,  is  equal  to  C  AikI 

e  3«.  t.      becaufe  AE  is  equal  toEB,  the  parallelogram  AN  is  equal 'to 

f  43.1.  the  parallelogram  N^,  fhat  is>  to  BMf.  Add  NO  to  each; 
therefore  the  whole,  viz.  the  parallelogram  AX,  is  equal  to  the 
gnomon  NOL.  But  the  gnomon  NOL  is  equal  to  C  ;  therefore 
alfo  AX  is  equal  to  C.  Wherefore  to  the  ftraight  line  AB, 
there  is  applied  the  parallelogram  AX  equal  to  the  given  redi- 
lineal  C}  exceeding  bv  the  parallelogram  PO,  which  is  fimilar 

$  «f.  6.      to  D,  becaufe  PO  is  limilar  to  EL»,    Which  was  to  be  <Ionc« 


PROP.    XXX.      P  R  O  B- 

npo  cut  a  given  ftraight  line  in  extreme  and  mean 
•*■   ratio. 


Let  AB  be  the  given  ftraight  line ;  it  is  required  to  cut  it  in 

extreme  and  mean  ratio. 

Upon 
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b  99.  €• 


c  X4.  tf« 


4  34.  !• 


.     Upon  AB  dcfcribe  *  the  fquare  BC,  and  to  AC  applythe   Book  vr. 
Jparallelogram  CD  equal  toBC,  exceeding  by  the  figure  AU^fi- 
«ilar  to  BC  ^  :   But  BC   is  a  fquare» 
Acrefore  alfo  AD  is  a  fquare ;  and  be- 
.caufe  BC  is  equal  to  CD^  by  taking  the 
^common  part  CE  from  each^  the  re- 
mainder BF  is  equal  to  the  remainder    ^ 
AD :  And  thefe  figures  are  equiangu-  ^^ 
bri  therefore  their  Odes  about  the  equal 
angles  are  reciprocally  proportional  ^ : 
merefore  as  F£  to  ED,  fo  AE  to  EB  : 
But  F£  is  equal  to  AC  <>,  that  is,  to  AB ; 
and  ED  is  equal  to  AE  :  Therefore  as 
BA  to  AE,  fo  is  AE  to  EB :  But  AB  is 
greater  than   AE;   wherefore   AE   is 

greater  than  EB  * :  Therefore  the  ftraight  line  AB  is  cut  in  ex-  •  '4-  J- 
treme  and  mean  ratio  in  £  f.    which  was  to  be  done*  ^  i*^'  ^ 

Otherwife, 

Let  AB  be  the  given  ftraight  line ;  it  is  required  to  cut  it  in 
extreme  and  mean  ratio. 

Divide  AB  in  the  point  C,  fo  that  the  reQangle  contained 
by  AB,  BC  be  equal  to  the  £quare  of  AC  «.  y  s  w.  •• 

Thcn,becaufethere£tangleAB,BC  is  equal  J^  ^     ]^ 

to  the  fquare  of  AC,  as  B  A  to  AC,  fo  is 

AC  to  CB*» :  Therefore  AB  is  cut  in  Extreme  and  mean  ratio  h  17.  6. 
VOL  C  ^    Which  was  to  be  done. 


PROP.    XXXI.     T  H  E  O  R. 

JN  right  angled  triangles,  the  ^cftilincal  figure  defcribcd  see  K. 
L     upon  the  fide  oppofite  to  the  right  angle,  is  equal  to 
'  the  fimilar,  and  fimilarly  dcfcribcd  figures  upon  the  fides 

containing  the  right  angle. 

Let  ABC  be  a  right  angled  triangle,  having  the  right  angle 
BAC :  The  rcdilineal  figure  defcribed  upon  BC  is  equal  to  the 
fimilar,  and  fimilarly  defcribed  figures  upon  BA,  AC. 

Draw  the  perpendicular  ADj  therefore,  becaufe  in  the 
ri^t  angled  triangle  ABC,  AD  is  drawn  from  the  right  angle 
at  A  perpendicular  to  the  Safe  BC,  the  triangles  ABD,  ADC 
arc  fimilar  to  the  whole  triangle  ABC,  and  to  one  another  %  •  a.  #. 

and 


\ 
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b4*tf« 


e  ft.  Cor. 
ao.  #• 


4K5. 


^^J^\  mi  bccaufc  the  triangle  ABC  is  fimilar  to  ABD,  as  CB 

BAy  fo  is  BAto  BD'^;  and  becaufe  thefe  thiee  ftraigbt 

are  proportionals',  as  the  firft  to  the  third,  fo  is  the  figure  op> 

on  the  firft  to  the  fimilar,  and  fimilarly  defcribed  figure  upoi 

the  fecond*:  Therefore  as  CB 

to  BD,  fo  is  the  figure  upon 

CB  to  the  fimilar  and  fimi- 

larly   defcribed   figure  upon 

BA :  And,  inverfely*,  as  DB 

to  BC,  fo  is  the  figure  upon 

BA  to  that  upon  BC :  Tor 

the  fame  reafon,    as  DC  to 

CBf  fo  is  the  figure  upon  C  A 

to  that  upon  CB.    Wherefore 

as  BD  and  DC  together  toBC,  fo  are  the  figures  upon  BA,  AC 
•  ^  *•  to  that  upon  BC  ^ :  But  BD  and  DC  together  are  equal  to  BC 
f  A.  5-       Therefore  the  figure  defcribed  on  BC  is  equal  f  to  the  fimiltf 

and  fimilarly  defcribed  figures  on  BA,  AC.    WherefbrCp  is 

right  angled  triangles,  &c.    Q.  E.  D. 


SceM. 


«  ftp.  !• 


PROP.    XXXn.      T  H  E  O  R. 

TF  two  triangles  which  have  two  fides  of  the  one  pro* 
portional  to  two  fides  of  the  other,  be  joined  at  one 
angle,  fo  as  to  have  their  homologous  fides  parallel  to 
one  another ;  the  remaining  fides  ifaall  be  in  a  ftr^gbt 
fine. 

Let  ABC,  DCE  be  two  triangles  which  have  the  two  fides 
BA,  AC  proportional  to  the  two  CD,  D£,  viz.  BA  to  AQ 
as  CD  to  D£ ;  and  let  AB  be  parallel  to  DC»  and  AC  to  DL 
BC  and  C£  are  in  a  ftraight  line. 

Becaufe  AB  is  parallel  to 
DC, '  and  the  ftraight  line  £ 
AC  meets  them,  the  ah 
ternate  angles  B  AC,  ACD 
are  equal  *  ;  for  the  fame 
reafon,  the  angle  CDE  is 
equal  to  the  angle  ACD  $ 
wherefore  alfo  BAC  is  e« 
qaal  to  CDE ;  And  becaofe 


'  — 1 
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Ac  trian^es  ABC^  DCE  have  one  angle  at  A  eqnal  to  one  at  Book  ¥i« 

Dj  and  the  fides  a^ut  thefe  angles  proportionals,  viz.  BA  to  K^y^ 

AC,  as  CD  to  DE,  the  triangle  ABC  is  equiangular «» to  DCE  ik6,6. 

Therefore  the  angle  ABC  is  equal  to  the  angle  DCE  :  And  the 

aagle  B AC  was  proved  to  be  equal  to  ACD :  Therefore  the 

whole  angle  ACE  is  equal  to  the  two  angles  ABC,  B  AC  |  add 

die  common  angle  ACB,  then  the  angles  ACE,  ACB  are  e- 

qual  to  the  angles  ABC,  BAC,  ACB  :  But  ABC,  B  AC,  ACB  ^ 

arc  equal  to  two  right  angles  ^  ^  therefore  alfo  the  angles  ACE, «  s*-  «•        W 

ACB  are  equal  to  two  right  angles :  And  fince  at  the  point 

C,  in  the  ftraight  line  AC,  the  two  ftraight  lines  BC,  CE, 

which  axe  on  the  oppofite  fides  of  it,  make  the  adjacent  angles 

ACE,  ACB  equal  to  two  right  angles  j  therefore  ^  BC  anddZ4.z« 

CE  are  in  a  ftraight  line.    Wherefore,  if  two  triangles,  &c, 

Q^E.  D. 


PROP.    XXXm.     T  H  E  O  R. 

TN  eqaal  circles,  angles,  whether  at  the  centers  or  cir«seeK^ 

cumierences,  have  the  fame  ratio  which  the  circum« 
ferences  on  which  they  ftand  have  to  one  another :  So 
aUb  have  the  fedors. 


Let  ABC,  DEF  be  equal  circles ;  and  at  their  centers  the 
angles  BGC,  EHF,  and  the  angles  BAC,  EDF  at  their  cir« 
cnmferences ;  as  the  circumference  BC  to  the  circumference 
i  EF,  fo  is  the  angle  BGC  to  the  angle  EHF,  and  the  angle 
'  BAC  to  the  angle  EDF  -,  and  alfo  the  fedor  BGC  to  the  fe£tor 
EHF. 

Take  any  number  of  circumferences  CK,  KX,  each  equal  to 
BC,  and  any  number  whatever  FM,  MN  each  equal  to  EF ; 
And  join  GK,  GL,  HM,  HN.  Becaufe  the  circumferences 
BC,  CK,  KL  are  all  equal,  the  angles  BGC,  CGK,  KGL 
are  alfo  all  equal  *  :  Therefore  what  multiple  foevei:  the  circum-  a  »^  5; 
feience  BL  is  of  the  circumference  BC,  the  fame  multiple  is 
die  angle  BGL  of  the  angle  BGC :  For  the  fame  reafon,  what- 
crer  multiple  the  circumference  EN  is  of  the  circumference 
;  EF,  die  fame  multiple  is  the  angle  £HN  of  the  angle  EHF  : 

And 
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Book  VI.  And  if  the  circumference  BL  be  equal  to  the  circumfefeui 
EN,  the  angle  BGL  is  alfo  equal  *  to  the  angle  EHN ;  ai 
if  the  circumference  BL  be  greater  than  EN,  likcwifc  the  anjit 
BGL  is  greater  than  EHN ;  and  if  lefs,  lefs  :  There  being  dxi 
four  magnitudes,  the  two  circumferences  BC,  EF,  and  tk 
two  angles  BGC,  EHF ;  of  the  circumference  BC,  and  of  it 
angle  BGC,  have  been  taken  apy  equimultiples  wbatevcr,  va 
the  circumference  BL,  and  the  angle  BGL$  and  of  the  circuh 
ference  £F,  and  of  the  angle  EHF^  any  oquimultiples  wb» 


E     F 


ever,  viz.  the  circumference  EN,  and  the  angle  EHN :  And 
it  has  been  proved,  that,  if  the  circumference  BL  be  areata 
than  EN,  the  angle  BGL  is  greater  than  EHN ;  and  i(  c« 
qual,  equal ;  and  if  lefs,  lefs :  As  therefore  the  circumfercoa 

b^Dcf.s.  BC  to  the  circumference  EF,  fo  ^  is  the  angle  BGC  to  ^ 
angle  EHF :  But  as  the  angle  BGC  is  to  the  angle  EHF,  foil 

c  15* «.      ^  the  angle  BAC  to  the  angle  EDF,   for  each  is  double  i 

d  10. 3*  each  '  :  Therefore,  as  the  circumference  BC  is  to  EF,  fo  is  tk 
angle  BGC  to  the  angle  EHF,  and  the  angle  BAC  to  the  angle 
EDF. 

Alfo,  as  the  circumference  BC  to  EF,  fo  is  the  fe£lor  BGC 
to  the  fe£tor  EHF.  Join  BC,  CK,  and  in  the  ctrcumferenco 
BC,  CK  take  any  points  X,  O,  and  join  BX,  XC,  CO,  OK' 
Then,  becaufe  in  the  triangles  GBC,  GCK  the  two  fides  BG, 
GC  are  equal  to  the  two  CG,  GK,  and  that  they  contain  ^ 

•  4*  '#  qual  angles  ;  the  bafe  BC  is  equal  ^  to  the  bafe  CK,  and  tk 
triangle  GBC  to  the  triangle  GCK  :  And  becaufe  the  circoiB* 
iference  BC  is  equal  to  the  circumference  CK,  the  remainio| 
part  of  the  whole  circumference  of  the  circle  ABC,  is  equal  to 
the  remaining  part  of  the  whole  circumference  of  the  hoc 
circle :  Wherefore  the  angle  BXC  is  equs^  to  the  angle  COK'} 

I IX.  def.  3*  j^QJ  the  fegment  BXC  is  therefore  Gmilar  to  the  fegment  COK  ^; 

and 
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atid  they  are  upoii  equal  ftraight  lines  BC,  BK :  But  fimilar  feg-  9o6k  Vh ' 
ments  of  circles  upon  equal  ilraight  line&,  are  equal  >  to  one  ano-* 
thcr:  Therefore  thd  fegment  BXC  is  equal  to  the  fegment  COK:  K  a^  3- 
Aad  the  triangle  BCC  is  equal  to  the  triangle  CGK ;  therefore 
the  whole,  the  fe£lor  BGC^  is  equal  to  the  whole,  the  fefkor  CGK: 
For  the  fame  reafon,  the  fe£tor  KGL  is  equal  to  each  of  the. 
fcftors  BGC,  CGK :  In  the  fame  manner,  the  feftors  EHF, 
FHM,  MHN  may  ht  proved  equal  to  one  another  s  Therefore, 
what  multiple  IbeVer  the  circumference  BL  is  t>f  the  circumfe- 
rence BC,  the  fame  multiple  is  the  fedor  BGL  of  the  ie£lor 
BGC:  For  the  fame  reafon,  whatever  multiple  the  circumfe* 
renee  EN  is  of  £F,  the  fame  multiple  is  the  kStor  EHN  of  the 
kOac  EHF :  And  if  the  circumference  BL  be  equal  to  £N^  the 


feSor  BGL  is  equal  to  the  feAor  EHN  j  and  if  the  circumfe- 
rence BL  be^reater  than  EN,  the  fe£tor  BGL  is  greater  than 
Ac  kEtoT  £HN  $  and  if  lefs,  lefs :  Since  then,  there  are  four 
magnitudes,  the  two  circumferences  BC,  EF,  and  the  two  fee* 
tors  BGC,  £HF»  and  of  the  circumference  BC,   and  fedor 
BGC,  the  circumference  BL  and  fe6^or  BGL  are  any  ^qui- 
}  multiples  whatever ;  and  of  the  circumference  EF  and  fedor 
;  EHF,  the  circumference  EN  and  fe£tor  EHN  are  any  equi- 
moltiples  whatever ;  and  that  it  has  been  proved,  if  the  circum* 
^  fercnce  BL  be  greater  thafn  EN,  the  feftor  BGL  is  greater  than 
fhefeOor  EHN ;  and  if  equal,  equal ;  and  if  lefs,  lefs.  There- 
fare  ^  as  the  circumference  BC  is  to  the  circumference  EF,  fo^*'^^^*'- 
is  the  feaor  BGC  to  the  feaor  ERF.    Wherefore,  jn  equal  cir- 
clcs,  &c.    Q.  E.  D. 
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P  R  O  R    B.      T  H  E  O  R. 

TF  an  angle  of  a  triangle  be  bifeded  by  a  ftraight  line, 
which  likcwife  cuts  the  bafc ;  the  reftanglc  contained 
by  the  fides  of  the  triangle  is  equal  to  the  rcftangle  con- 
tained by  the  fegments  of  the  bafe,  together-  with  the 
fquare  of  the  ftraight  line  bife£Ung  the  angle. 

Let  ABC  be  a  triangle,  and  let  the  angle  B AC  be  bifefled 
by  the  ftraight  line  AD ;  the  reftangleBA,  AC  is  equal  to  the 
reftangle  BD,  JDC,  together  with  the  fquare  of  AD. 

Defcribe  the  circle  *•  ACB  about  the  triangle,  and  produce 
AD  to  the  circumference  in  £, 
and  join  EC  :  Then,  becaufe  the 
angle  BAD  is  equal  to  the  angle 
CA£,  and  the  angle  ABDtothe 
angle  ^  AEC,  for  they  are  in  the 
fame  fegment ;  the  triangles  ABD, 
AEC  are  equiangular  to  one  an- 
:. other  :  Therefore  as  BA  to  AD, 
fo  is  *  EA  to  AC,  and  confc- 
quently  the  rcftangle  BA,  AC  is 
equal  °  to  the  re£tangle'EA,  AD, 
that  is*,  to  the  reftangleED,DA 
together  with  the  fquare  of  AD  !  But  the  re&angle  ED,  DA 
i^  equal  to  the  reftangle  f  BD,  DC.  Therefore  the  reftanglc 
B  A,  AC  is  equal  to  the  re£l;angle  BD,  DC,  together  with  the 
fquare  of  AD.    Wherefore,  if  an  angle,  &c.    Q^  E.  D. 


S«N. 


P  R  O  P.    C.      T  H  E  O  R. 

XF  from  any  angle  of  a  triangle  a. ftraight  line  be  drawn 
perpendicular  to  the  bafe ;  the.  rc^^angle  contained  by 
the  fides,  of  the  tuanglc  is  equal  to  the  redanglc  con- 
tained by  the  perpendicular  and  the  diameter  of  the  cir- 
cle defcrlbed  about  the  triangle. 


Let 


ang 


..ec  ^-  BC  be  2  triangle,  and  AD  the  perpendicular  from  the  • 
^..J(  A    » t^e  •  r?^o  fiC}  the  rcQangle  BA,  AC  is  equal  tothe 
re^iAii^'.*  CG.  ^aine'i  by  AD  dixyi  the  duiflieter  of  the  circle  de» 
fciiucd  ^iK'M  tl^e  triangle. 

Defcnbe 
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d  4*  tf  • 


e  itf.  tf« 


Oercribe*  the  circlf  ACB  aboiit 
le  triangle,  and  draw  its  diame* 
T  A£,  and  join  EC :  Becaufe  the 
ight  angle  BI)  A  is  eqlial  ^  to  the 
ngleECA  in  a  fcmicircle,  and 
le  angle  ABD  to  the  angle  AEC 
1  die  fame  fegment  ^ ;  the  tri« 
ngles  ABD^'AEC  are  equian- 
|alar :  Therefore  as  ^  B A  to  AD» 
0  is  EA  to  AC;  and  confequent- 
y  the  redanglc  BA,  AC  is  equal 
'to  the  reaangle  EA,  AD.  If 
dicrefore^  from  an  angle,  &c.    Q^  E.  D. 

P  R  O  P.    D.      T  H  E  O  R. 

r[E  redangle  contained  by  the  diagonals  of  a  qua- 
drilateral infcribed  in  a  circle,  is  equal  to  both  the 
icdangles  contained  by  its  oppofite  (ides. 

[^  Let  ABCD  be  any  quadrilateral  infcribed  in  a  circle,  and 
join  AC,  BD ;  the  re£tang]e  contained  by  AC,  BD  is  equal  to 
Ae  two  re^angles  contained  by  AB,  CD,  and  by  AD,  BCf. 
Make  the  angle  ABE  equal  to  the  angle  DBC  ;  add  to  each 
q(  diefc  the  common  angle  EBD,  then  the  angle  ABD  is  e- 
qui  to  the  angle  EBC :  And  the  angle  BDA  isequal  *  to  the  ■  ax.  3. 
tt^e  BCE,  becaufe  they  are  in  the  fame  fegment ;  therefore 

Ac  triangle  ABD  is  equiangular  to     -w^  ^ —-x^ 

*€  triangle  BCE :  Wherefore  «>  as     "^^  >-       •  *  ♦•  ^• 

K  is  to  CE,  fo  18  BD  to  DA;  and 

wnfcquently  the  reftangle  BC,  AD 

«qttal « to  the  reaangle  BD,  CE : 

gain,  becaufe  the  angle  ABE  is 

IMl  to  the  angle  DBC,  and  the 

Jglc*  BAE  to  the  angle  BDC,  the 

igle  ABE  is  equiangular  to  the 

gie  BCD  :  A%  therefore  B A  to 

fo  is  BD  to  DC ;  wherefore  

re&ngle  BA,  DC  is  eaual  to  the  redangle  BD,  AE  :  But 

redangle  BC,  AD  has  been  (hewn  equal  to  the  reaangle 

>  CE  J  therefore  the  whole  reaangle  AC,  BD  <*  is  equal  to 

^itftangleAB,  DC,  together  with  the  reftangle  AD,  BC. 

wcforc  the  reaangle,  &c.    C^E  D, 

N  a  THE. 

♦  "^  J}  »  Lemma  ^  %  f  ^loo^ps,  19  P«r  h  ?f  1m»  Miy«A^  t^}xmh^% 
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BOOK        XI. 


OSFINITIONS. 

A  I. 

Solid  is  that  which  hath  lengthy  breadlb|  and  thickndL 

11. 
That  v/hich  bounds  a  iblid  is  a  fiiperCcies. 

m. 

A  ftraight  line  is  perpendicular,  or  at  right  aneles  to  a  pine, 
when  it  makes  right  angles  with  every  ftrai^t  line  mecdms 
it  in  that  plane. 

W. 

A  plane  is  perpendicular  to  a  plane,  when  the  ftraight  liacf 
drawn  in  one  of  the  planes  perpendicularly  to  the  comnxBi 
fe£^ion  of  the  two  plaA^s,  are  perpendicular  to  tho  otbtf 
plane. 

y. 

7he  inclination  of  a  ftraight  line  to  a  plane  is  the  acute  an^ 
contained  by  that  ftraignt  line,  and  another  drawn  fiom  ^ 
point  in  which  the  firn  line  meets  the  plane,  to  the  point  in 
which  a  perpendicular]  to  the  plane  drawn  from  any  poiac  of 
the  firft  line  above  the  plane,  meets  the  (ame  plane. 

VI. 

The  inclination  of  a  plane  to  a  plane  h  the  acute  angle  contak* 
ed  by  two  ftraight  lines  drawn  from  any  the  fame  point  d 
their  common  fe^Hon  at  right  angles  to  it|  one  upon  wr 
nlane.  9n4  the  other  upon  the  other  pisuie. 

VILTw^ 
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Two  planes  are  faid  to  have  the  fame,  or  a  like  Inclination  to 
one  another,  which  two  otbfir  planes  have,  when  the  faid 
angles  of  indinaxion  are  equal  to  one  another. 

vm. 

Parallel  planes  are  fuch  which  do  not  meet  one  another  though 
produced. 

IX. 
A  folid  angle  is  that  wfaich  is  made  by  the  meeting  of  more  See  K. 
than  two  plane  angles,  which  are  not  in  the  fame  plane,  in 
one  point. 

X. 
*  The  tenth  definition  is  omitted  for  reafons  given  in  the  notes/    ^  ^* 

XL 
Similar  folid  figures  are  fuch  as  have  all  their  folid  angles  equal,  ^  ^' 
each  to  each,  and  which  are  contaiined  by  the  fame  number 
t>f  fimilar  planes. 

xn. 

A  pyramid  is  a  folid  figure  contained  hj  planes  that  are  con* 
ftituted  betwixt  one  plane  and  one  pomt  above  it  in  which 
they  meet. 

XIII. 
A  prifm  is  a  folid  figure  contained  by  plane  figures  of  which 
two  that  are  oppoGte  are  equal}  fimilar,  and  parallel  to  one 
another  }  and  the  others  parallelograms. 

XIV. 
A  fphere  is  a  folid  figure  defcribed  by  the  revolution  of  a  femi- 
circle  about  its  diameter,  which  remains  unmoved* 

XV. 
The  axis  of  a  fphere  is  the  fixed  ftraight  line  about  which  the 
femicircle  revolves. 

XVI. 
The  center  of  a  fphere  is  tbe  fame  ^ith  that  of  the  femicircle. 

xvn. 

The  diameter  of  a  fphere  is  any  ftraight  line  which  pafles  thro* 
the  center,  and  is  terminated  both  ways  by  the  fuperficies  of 
the  fphere. 

xvin. 

A  cone  is  a  folid  figure  defcribed  by  the  revolution  of  a  right 
angled  triangle  about  one  of  the  fides  containing  the  right 
angle,  which  fide  remains  fixed. 

If  the  fixed  fide  be  equal  to  the  other  fide  contaming  the  right 
angle,  the  cone  is  called  a  right  angled  cone  ;  if  it  be  i^^fs 
than  the  other  fide,  an  obtufe  angled,  and  if  greater,  an  acute 
singled  cone.  ' 

N  3  XIX.  The 
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Book  XT.  ^  XIX. 

^40^V^  The  axis  of  a  cone  is  the  Aced  ftraight  line  about  whicli  th€ 
triangle  revolves. 


The  bafe  of  a  cone  is  the  circle  defcribed  by  that  fide  contain^ 
ing  the  right  angle,  which  revolves. 

XXL 
A  cylinder  is  a  folid  figure  defcribed  by  the  revolution  of  a 
^  right  angled  paralleloigram  about  one  pf  its  fides  which  rt* 
mains  filled. 

XXII, 
The  axis  of  a  cylinder  is  the  filled  ftraight  line  about  which  the 
parallelogram  revolves. 

xxni. 

The  bafes  of  a  cylinder  are  the  circles  defcribed  by  the  two  rtw 
yplving  oppofite  fides  of  the  parallelogram. 

Similar  cones  and  cylinders  are  thofe  which  have  their  axes  and 
the  diameters  of  their  bafes  pronortionals. 

A  cube  is  a  fblid  figure  contained  by  fix  equal  fquares. 

XXVI. 
A  tetrahedron  is  a  folid  figure  conultjed  by  four  equal  and  e* 
quilateral  triangles. 

XX  vn. 

An  o£tahedron  is  a  folid  figure  contained  by  eight  equal  and 
equilateral  triangles. 

"  xxvm. 

A  dodecahedron  is  a  folid  figure  contained  by  twelve  equal 
pentagons  whicfi  are  equilateral  and  equiangular. 

An  icofahedron  is  a  folid  figure  contained  by  twenty  equal  and 

equilateral  triangles* 

DEF.    A. 
^  parallelopiped  Js  a  folid  figure  contained  by  fix  quadrilateral 

figures  whereof  every  oppofite  two  are  paralleL 
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P  R  O  P.    I.     T  H  E  O  R. 

ONE  part  of  a  ftraight  line  cannot  be  in  a  plane  and  ^  ^« 
another  part  above  it. 

If  it  be  poflible,  let  AB|  part  of  the  ftraight  line  ABC,  be  in 
the  plane^  and  the  part  BC  above  it :  And  fince  the  ftraight 
line  AB  is  in  the  plane,  it  can  be 
produced  in  that  plane :  Let  it  be 
produced  to  D:  And  let  any  plane 

tafs  thro*  the  ftraight  line  AD,  and 
e  turned   about  it  until  it  pafs 
thro' the  point  C ;  and  becaufe  the 

points  B,  C  are  in  this  plane,  the  ftraight  line  BC  is  in  it  ^ :  «  7*  def.  i. 
Therefore  there  are  two  ftraight  lines  ABC,  ABD  in  the  fame 
plane  that  have  a  common  fegment  AB,  which  is  impoidible^.  *>Cor.xi.i. 
Therefore  one  part,  &c.    (^  £.  D. 


P  R  O  P.    H.     T  H  E  O  B. 

TWO  ftraight  lines  which  cut  one  another  are  in  one  Sec  n. 
plane,  and  three  ftraight  lilies  which  meet  one 
.another  are  in  one  plane. 

Let  two  ftraight  lines  AB,  CD  cut  one  another  in  E  ;  AB, 
CD  are  one  plane  c  And  three  ftraight  lines  EC,  CB,  BE 
which  met  one  another,  are  in  one  plane. 

Let  any  plane  pafs  through  the  ftraight 
line  £B,  and  let  the  plane  be  turned  a* 
bout  EB,  produced,  if  neceflary,  until  it 
pafs  through  the  point  C :  Then  becaufe 
the  points  £,  C  are  in  this  plane,  the 

ftraight  line  EC  is  in  it  • :  For  the  fame  /  \  ^    ^^  ^ 

reafon,  the  ftraight  line  BC  is  in  the 
fame ;  and,  by  the  hypothefis,  £B  is  in 
it:  Therefore  the  three  ftraight  lines  EC, 

CB^BEare  in  one  plane:  But  in  the  plane  G mm    u 

in  which  EC,  EB  arc,  in  the  fame"are «»  i*    *  '•*'' 

CD,  AB:   Therefore  AB,  CD   arc  in 

^T\c  plane.    Wherefore  two  ftraight  lines,  &c.    Q-  E.  D. 

N4  P  R  OR 
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PROP.    III.      T  H  E  O  R. 

JF  two  planes  cut  one  another,  their  common  feOilon  k 
*  a  ftraight  line. 


Let  two  planes  AB,  BC  cut  one  another,  and  let  the  line 
DB  be  their  common  feftion ;  DB  is  a 
ilraight  line  :  If  it  be  not,  from  the  point 
I)  to  B,  draw^  in  the  plane  AB,  the 
ftraight  line  DEB,  and  in  the  plane  BC 
the  ftraight  line  DFB :  Then  two  ftraight 
lines  DEB,  DFB  have  the  fame  extre- 
mities, and  therefore  include  a  fpace  be- 
1 10.  Ax.  I.  twixt  them;  which  is  impoffible* :  There- 
fore BD  the  common  (cGtion  of  the  planes 
AB,  BC  cannot  but  be  a  ftraight  line. 
Wherefore,  if  two  planes,  &c.  Q,  E.  D. 


SecN, 


«ij.  r. 
b  4. 1. 


c  a^.  It 


P  R  O  p.    IV.     T  H  E  O  R. 

TF  a  ftraight  line  ftand  at  right  angles  to  each  of  two 
■    ftraight  lines  in  the  point  of  their  ihterfcftion,  it  fliall 
alfb  be  at  right  angles  to  the  plane  which  pafles  througl^ 
theni^  that  is,  to  the  plane  in  which  they  are. 

Let  the  ftraight  line  EP  ftand  at  right  angles  to  ^ach  of  the 
ftraight  lines  AB,  CD  in  E,  the  point  of  their  interfeAion :  EF 
is  alfo  at  right  angles  to  the  plane  paffing  through  AB,  CD. 

Take  the  ftraight  lines  AE,  EB;  CE,  ED  all  equal  to  one 
another ;  and  thro'  £  draw,  in  the  plane  in  which  arc  AB,  CD, 
any  ftraight  line  GFH  ;  and  join  AD,  CB  •,  th|^,  from  anj 
point  F  in  EF,  draw  FA,  FG,  FD,  FC,  FH,  FB :  Aqd  becaufc 
the  twp  ftraight  lines  AE,  ED  are  equal  to  the  two  BEf  EC, 
and  that  they  contain  equal  angles  ^  AED,  B£C,  the  bafe  AD 
is  equal  ^  to  the  bafe  BC,  and  the  angle  DAE  to  the  angle 
£BC :  And  the  angle  AEG  is  equal  to  the  angle  BEH  * ;  there- 
fore the  triangles  AEG,  BEH  have  t\(ro  angles  pf  one  equal 
to  two  angles  of  the  other,  each  to  each,  and  the  fides  A^ 
£B,  adjacent  to  the  equal  angles,  equal  to  one  another  i  where- 
fore they  ftiall  have  their  other  fides  equal "":  G£  is  therefore 

equal 


I  • 
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Atfal  to  EH,  and  AG  to  >BH ;  AM  bcc^ufe  AE  U  equal  to  EB,  Book  xt 
d  FE  common  and  at   right  angles  to  thenii  the  oafc  AF  is  ^••YN^ 
ual **  to  the  bafc  FBi  for  the  farae  reafoa,  CF  is  equal  to  ^  *•  ■•. 
And  becayfe  AP  is  equal  to  BC>  and  AF  to  F3j  the  two 
FA,  AD  are  equal  tp  the  two 
,BC,each  to  each ;  and  the  bafe  DF 
vas  proved  equal   to  (be  bafe  FC ; 
Acreforc  the  angle  FAD  is  equal  ^  to 
die  angle  FPC  :  Ag^in,  it  was  proved 
that  GA  is  equal  to  BH,  and  alfo  AF 
to  FB ;  FA  then  and  AG,  are  equal 
toFBandBH,  and  the  angle  FAG   Q 
lasb^en  proved  equal  to  the  angle 
tBH',  therefore  th^bafc  OF  is  equal 
^to  the  bafe  FH  :  Again,  becaufe  if; 
was  proved,  that  G£  is  equ^l  to  EHf 
aiui  EF  is  common ;  GE,  EF  are  e-  "[) 
qiial  to  HE,  EF ;  and  the  bafe  GF 
is  equal  to  the  bafe  FH ;  therefore  the  angle  GJEF  is  ^qu^l  *  to 
d}e  angle  HEF  j  and  confequentlv  each  of  thefe  angles  is   a 
right  *  angle.     Therefore  FE  makes  right  angles  with  GH,«»«'^-if 
that  is,  with  any  ftraigfat  line  drawn  through  E  in  the  plane 
puffing  through  AB,  CD.  In  like  manner,  it  may  be  proved,  that 
F£  makes  right  angles  with  every  ftr^igbt  line  whiqh  meets  it  in 
that  plane.    But  a  ftraight  line  is  ^t  right  angles  to  a  plane 
when  it  makes  right  angles  with  every  ftraight  line  which  meets 
kin  tlut{>]ane  ^  :  Thercfpre  EF  is  at  right  angles  to  the  plane f  3.  jet  u^ 
in  which  are  AB,  CD.    Wherefore,  if  a  ftrai£:ht  line,  &€• 
ftLD. 


P  R  O  P.    V.     T  H  E  O  R. 

TF  three  flraigbt  Hne^  meet  all  in  one  point,  and  as^feN. 

ftraight  line  (lands  at  right  angles  to  each  of  them  in 
that  point ;  thefe  three  ftraight  liiics  are  in  one  and  the 
&aic  plane. 

Let  the  ftraight  line  A3  ftand  at  right  angles  |o  ^z^h  of  the 
fright  lines  BC,  BD,  3£,  io  S  (he  point  wher^  they  mee(  i 
?C,  BD,  fi$  are  in  one  and.tbf^  (ps^  ^aoe. 
^  not,  let,  if  it  be  poflUble,  BD  »nil  B£  be  in  one  plane^  ari4 
%  be  above  it  $  nijfd  let  a  plane  pais  through  AB^  BCf  die 
^l^'Wi  ftOxQn  oi  which  with  the  plaoe^  \o  which  B^^  and  B£ 

^        are. 
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Book  Xi.  arc,  diall  be  a  ftrai eh.t  *  line ;  let  this  be  BF :  Therefore  Ac  tli 
Vi^Y^J  ftraight  line*  AB)  BC»  BP  are  all  in  one  plane,  viz.  that  irhi 
»  3*  >'•      pafles  through  AB,  BC  :  And  becaufe  AB  (lands  at  right  u 

to  each  of  the  ftraight  lines  BD,  BE,  it  is  alfo  at  right  zi 
b  4-  «!•      b  to  the  plane  palung  through  them  ;  and  therefore 
03* def.zf. right  angles^  vrith  every  ftraight  a 

line  meeting  it  in  that  plane ;  but*^ 

BF  which  is  in  that  plane  meets  it: 

Therefore  the  angle  ABF  is  a  right 

angle ;  but  the  angle  ABC,  by  the 

hypothefis*    is  alfo  a  right  angle ; 

therefore  the  angle  ABF  is  equal 

to  the  angle  ABC,  and  they  are 

both  in  the  fame  plane,  which  is 

impofiible  :  Therefore  the'  ftraight 

line  BC  is  not  above  xh€  plane  in 

wfhich  are  BD  and  BE:  Wherefore  the  three  ftraight  lines 

BO,  BE  are  in  one  and  the  fame  plane.     Therefore,  if 

straight  lines,  &€•    (^Ef  D« 


P  R  O  P.    VI.      T  H  E  O  R. 

TF  two  ftraight  lines  be  at  right  angles  to  the  fame 
plane,  they  fhall  be  parallel  to  one  another. 

Let  the  ftraight  lines  AB,  CD  be  at  right  angles  to  the! 

^ame  plane ;  AB  is  parallel  to  CD. 

Let  them  meet  the  plane  in  the  points  B,  D,  and  draw  die 

ftraight  line  Bp,  to  which  draw  DE  at  right  angles,  in  the 

fame  plane;  and  makeDE  equal  to  AB, 

and  join  BE,  AE,  AD.  Then,  bccaufe  A  i,  C 

AB  is  perpendicular  to  the  plane,  it 
|.  dA  IX.  Ihall  make  right  *  angles  with  every 
'  ftraight  line  which  meets  it,  and  is  in 

that  plane :  But  BD,  BE,  which  are  in 

that  plane,  do  each  of  them  meet  AB  : 

Therefore  each  of  the  angles  ABD, 

ABE  is  a  right  angle :  Fpr  the  fame  rea- 

fen,  each  of  the  angles  CDB,  CDE  is 

a  ririit  angle:  And  becapfe  AB  is  equal  • 

to  DE,    and  BD  common,  the   two 

fides  AB,  BD,  are  equal  to  the  two 

ED,  DB  ;  and  they  contain  right  angles ;  therefore  the  bafe 
b  4.  f, ;     ^D  is  equal  >>  to  th«  ,ba£e  BE :  Agaio^  becMfe  AB  ia  eqwl 
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to  DE,  and  BE  to  AD  ;  Afi>  BE  are  equal  to  ED,  DA  $  andi  Book  xr. 

in  the  triangles  ABE,  EDA,  the  bafe  A£  is  common ;  there-  \y^>rsj 

Fore  the  angle  ABE  is  equal  ^  to  the  angle  EDA  :  But  ABE  is  c  8.  i. 

ft  right  angle  (  therefore  EDA  is  alfo  a  right  angle,  and  ED 

perpendicular  to  DA  :  But  it  is  alfo  perpendicular  to  each  of 

the  two  BD,  DC  :  Wherefore  ED  is  at  right  angles  to  each  of 

:he  three  ftraight  lines  BD,  DA,  DC  in  the  point  in  which 

faej  meet :  Therefore  thefe  three  ftraight  lines  are  all  in  the 

ame  plane  ^  :  But  AB  is  in  the  plane  in  which  are  BD,  DA,  4  5-  xi« 

lecaufe  any  tkree  ftraight  lines  which  meet  one  another  are  in 

ne  plane  ^ :  Therefore  AB,  BD,  DC  are  in  one  plane :  And  *  ^*  >*• 

ach  of  the  angles  ABD,  BDC  is  a  right  angle ;  ther<;fore  AB  is 

ttraUcl  f  to  CD.  Wherefore,  if  two  ftraight  lines,  &c.  Q^E.  D.  ^  *»•  «• 


P  R  O  P.    Vn.      T  H  E  O  R. 

IP  two  ftraight  lines  be  parallel,  the  ftraight  line  drawn  ^  ^' 

from  any  point  in  the  one  to  any  point  in  the  other,  is 
Q  the  fame  plane  with  the  parallels. 

Let  AB,  CD  be  parallel  ftraight  lines,  and  take  any  point 
B  in  the  one,  and  .the  point  F  in  the  other :  The  ftraight  lin^ 
vhich  joins  £  and  F  is  in  the  fame  plane  with  the  parallels. 

If  not,  let  it  be,  if  poffible,  above  the  plane,  as  EGF }  and 
in  the  plane  ABCD  in  which     at?  o 

he  parallels  are,  draw  the  ftraight     ^ :  ^  « 

inc  EHF  from  E  to  Fj  and  fince 
EGF  alfo  i$  a  ftraight  line,  the 
two  ikaight  lines  EHF,  EGF 
include  a   fpace  between  them, 

^hich  is  impoffiblc  ••  Therefore N     ,,  « to.  A«,  t; 

>be   ftraight    line   joinii^g  the      C  JF  D 

points  £,    F   is  not  above  the 

plane  in  which  the  parallels  AB,  CD  are,  and  is  therefore  in 
tat  plane.    Wherefore,  if  fwo  ftraight  lines,  &c.  (X  E.  D. 


PROP-    Vm,     T  H  E  O  B. 

IF  two  ftraight  lines  be  parallel^  and  one  of  them  is  at 
right  iuigles  to  a  plane ;  the  other  alio  (hall  be  at  right 
ttigles  to  the  lame  planiCt 
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h  %^»ti 


c^h 


tct  AB^  CD  U  two  parallel  ftraight  lines,  and  let  onti 
them  AB  be  at  right  wiglcs  to  a  plane ;  the  other  CD  is  atri^ 
anj(]ea  to  the  fame  plane. 

Let  AB,  CD  meet  the  plane  in  the  points  B,  D,  and  kk 
BD :  Thcrefofc  «  AB,  CD,  BD  arc  in  one  plane.  In  the  |4ac 
to  which  AB  i9  at  right  angles,  draw  DE  at  rigbt  angb 
to  BD,  and  make  DE  equal  to  AB,  and  join  BE,  i^ 
AD,  And  becaufe  AB  is  perpendicular  to  the  jrfane,  iti 
perpendicular  to  every  ftraight  line  which  meets  it»  and  is  a- 

*3.def.  IX. that  plane  • :  Therefore  each,  of  the  angles  ABD,  ABE,  iti 
right  pngle  :  And  becaufe  the  ftraight  line  BD  meets  the  paiA 
)el  ftraight  lines  AB,  CD,  the  angles  AHD,  CDB  are  togn 
ther  equal  ">  to  two  right  angles :.  And  ABD  is  a  right  angfc^ 
therefore,  alfo  CDB  is  a  right  angle,  and  CD  perpendicnSrS 
BD :  And  becaufe  AB  is  equal  to  DE,  and  BD  common,  it 
two  AB,  BD,  are  equal  to  the  two  ED, 
DB,  and  the  angle  ABD  is  equal  to  x\ 
the  angle  EDB,  becaufe  each  of  them 
is  a  right  angle }  therefore  the  bafe  AD 
is  eqiud  "^  to  the  bafe  BE  :  Again,  be- 
paufe  AB  is  equal  to  DE,  and  BE  to 
jAD ;  the  two  AB,  BE  are  equal  to  the 
jtwo  ED,  DA  5  and  the  bafe  AE  is  com^  fi 
men  to  the  triangles  ABE,  EDA; 
/•Therefore  the  angle  ABE  is  equal  ^  to 
the  angie  EDA :  And  ABE  is  a  right 
angle ;  apd  therefore  EDA  is  a  right 
ariNgle,  and  ED  perpendicular  to  DA  : 
Biit  it  is  alfo  perpendicular  to  BD  j  therefore  ED  is  perpendic»> 

e  4.  If.      lar  *  to  the  plane  ^Jiich  pafles  through  BD,  DA,  and  ihall  f  make 

i  3.  dcf.  IX.  yjgjjt  angles  with  every  ftraight  line  meeting  it  in  that  plane:  B«t 
DC  is  in  the  plane  paffiiig  through  BD,  DA,  becaute.all  three 

^  ,  ^  .  are  in  the  plane  in  ^hich  are  jhc  parallels  AB,  CD  :  Whercfort 
IJi  is  at  right  angles  to  1)0  i  and  therefore  CD  is  at  right  as* 
gles  to  DE ;  But  CD  is  alfo  at  right  angles  to  DB  ;  CD  then  n 
at  right  an£[les  to  the  two  ftraight  liiies  DE,  DB  in  the  point  d 
their  interie^ion  D  :  and  therefore  is  at  right  angles  ^  to  dir 
plane  paffing  through  DE,  DB,  which  is  the  fame  plane  n 
^hich  AB  is  at  right  angles. '  Therefore,  if  t^o  ftraight  lines, 


P»01. 
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P  R  O  P.    IX.      T  H  E  O  R. 

TWO  ftraight  lines  which  are  each  of  them  parallel 
to  the  fame  ftraight  line,  and  not  in  the  fame  plane 
iritb  it,  are  parallel  to  one  another. 

Let  AB,  CD  be  each  of  them  parallel  to  EF,and  not  iff  the 
Sune  plane  with  it  $  AB  fhaU  be  paralle)  to  CD. 

In  £F  take  any  point  G,  from  which  draw,  in  the  plane 
pafling'tbrougl)  £r,  AB,  the  ftraight  line  GH  at  right  angles  to 
EF  ;  and  in  the  plane  paffing  through  EF,  CD,  draw  GK  at 
right  angles  to  the  fame  £F.  And      Ji^    [^ 
becaufe  EF^is  perpendicular  both 
to  GH  and  GK,  EF  is  perpendi- 
cular "to  the  fdane  HGK  pai&ng  \^  ^  a  4.  if. 
through  them :  And  EF  is  parallel 
to  AB ;  therefore  AB  is  at  right 
angles  «>  to  the  plane  HGK.  For  the              y^  ^  ••  '*• 
{amereafon^CDislikewifeatright    r^   /-mr                  r^ 
angles  to  the  plane  HGK.   There-    ^     ^                ^ 
fore  AB,  CD  are  each  of  them  at  right  angles  to  the  plane 
HGK.    But  if  two  ftraight  lines  be  at  right  angles  to  the  fame 
plane,  they  ihall  be  parallel  ^  to  one  another.    Therefore  AB  is  c  «.  ii« 
parallel  to  CD.    [Wherefore  two  ftraight  lines,  &c.  (^E«  D« 


PROP.    X.     T  H  E  O  R. 


TF  two  ftraight  lines  meeting  cme  another  be  parallel  to 
two  others  that  meet  one  another,  and  are  not  in  the 
lame  plane  with  the  firft  two  j  the  firft  two  and  the  other 
two  fhaU  contain  equal  angles. 


Let  the  two  ftraight  lines  AB,  BC  which  meet  one  another 
be-paralld  to  the  two  ftraight  lines  DE,  EF  that  meet  one  an- 
other, and  are  not  in  the  fame  plane  with  AB,  BC*  The  angle 
▲BC  is  eqaal  to  the  angle  DEF. 

Take  BA»  SC|  ED,  £F  all  equal  to  one  another  \  and  joim 

AD, 
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B»okXI.   AD,  CF,  BE,  AC,  DF :  Becaufe  BA  is  equal  and  parallel  to 

£D,  therefore  AD  is  *  both  equal  and  "Q 

parallel  to  BE.     For  the  fame  reafon, 

CF  is  equal  and  parallel  to  BE.  There- 
fore AD  and  CF  are  each  of  them  e-  /\ 

qual  and  parallel  to  BE.     But  ftraight 

lines  that  are  parallel  to  the  fame  ftraight 

line,  and  not  in  the  fame  plane  with  it, 

are  parallel  *>  to  one  another.    Therefore 
c  z.  Ax.  I.  AD  is  parallel  to  CF  *,  and  it  is  equal  ^ 

to  it,  and  AC,  DF  join  them  towards 

the  fame  parts ;  and  therefore  ^  AC  is 

equal  and  parallel  to  DF.     And  be* 

caufe  AB,  BC  are  equal  to  DE,  El?,  and  the  bafe  AC  to  the 

bafe  DF;  the  angle  ABC  is  equal  ^  to  the  angle  DEF.     Thcie-  , 

forej  if  two  ftraight  lines,  &c.  Q^E*  D. 


b  9»  II. 
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P  R  O  p.    XI.      P  R  O  B. 

O  draw  a  ftraight  line  perpendicular  to  a  plane;, 
ftom  a  given  point  above  it. 


Let  A  be  the  given  point  above  the  plane  BH ;  it  is  rcqin- 
red  to  draw  from  the  point  A  a  ftraight  line  perpendicular  to 
the  plane  BH. 

In  the  plane  draw  any  ftraight  line  BC,  and  from  the  point 
A  draw  ^  AD  perpendicular  to  BC.  If  then  AD  be  alfo  per- 
pendicular to  the  plane  BH,  the  thing  required  is  already 
done  ;  but  if  it  be  not,  from  the  A 

point  D  draw  *>,  in  the  plane  BH,  — , 

the  ftraight  line  DE  at  right  an-  £ 

gles  to  BC ;  and  from  the  point  \  /    l  xs 

A  draw    AF   perpendicular  to  G         F^^    '  " 

DE;  and  thro*  F  draw  «=  GH  pa-  ' 
rallel  to  BC  :  And  becaufe  BC  is 
lat  right  angles  to  ED  and  DA, 
BC  is  at  right  angles  ^  to  the  plane 
pafling  through  ED,  DA.  And 
GH  is  parallel    to  BC  ^  but,  if 


D 


C 


two  ftraight  lines  be  parallel,  one  of  which  is  at  right  angles  to 
«  8.  IX.      a  plane,  the  other  fliall  be  at  right ""  angles  to  the  fam^e  ^ane; 

wherefore  GH  is  at  right  angles  to  the  plane  through  £D,  DA, 
r3.M..xi,  and  is  perpendicular  ^  to  every  ftraight  line  meeting  it  in  tbac 

plane*    But  AF^  vliicb  is  in  the  plane  through  EDj  uA,  meets 


tt: 
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t:  Therefore  GH  is  perpendicular  to  AF;  and  confequently  BoQkxi. 
tF  is  perpendicular  to  GH ;  and  AF  ib  perpendicular  to  D£ ; 
kerefore  AF  is  perpendicular  to  each  of  the  ftraight  lines  GH> 
)L  But  if  a  ftraight  line  ftands  at  right  angles  to  each  of 
to  ftraight  lines  in  the  point  of  their  interfeftion,  it  fhall  alfo 
cat  right  angles  to  the  plane  pafTing  through  them.  But  the 
ihne  pai&ng  through  £D,  GH  is  the  plane  BH  ^  therefore  AF 
ppopendicular  to  the  plane  BH.  Thereforcj  from  the  given 
|out  A  above  the  plane  BH,  the  ftraight  line  AF  is  drawn 
fopendicular  to  that  plane.    Which  was  to  be  done. 


p  R  o  P.   xn.     P  R  O  B. 


To  crcGt  a  ftraight  line  at  right  angles  to  a  given 
plane,  from  a  point  given  in  the  plane. 

i  Let  A  be  the  point  given  in  the  plane ;  it  is  required  to  ereft 
I  ftraight  line  from  the  point  A  at  right  t^  -n 

^Ics  to  the  plane.  ^l        lO 

\  From  any  point  B  above  the  plane 
|fow  *  BC  perpendicular  to  it ;  and 
from  A  draw  0  AD  parallel  to  BC.   Be- 


« II.  II, 

b  31. 1. 


ike  Other  AD  is  alfo  at  right  angles  to 

it'.  Therefore  a  ftraight  line  has  been  crtGtcd  at  right  angles  to  c  i.  11. 

>  given  plane  frpm  a  point  giveA  ip  it.    Which  was  to  be  done. 


PROP.    Xin.      THE  OR. 

FROM  the  &me  point  in  a  given  plane,  there  can« 
not  be  two  ftraight  lines  at  right  angles  to  the  plane, 
upon  the  fame  fide  of  it :  And  there  can  be  but  one  per- 
P^cular  to  a  plane  from  a  point  above  the  plane. 

.  For,  if  it  be  poflible,  let  the  two  ftraight  lines  AC,  AB,  be  at 
ng^t  angles  to  a  given  plane  from  the  fame  point  A  in  the  plane, 
^  upon  the  fame  Cde  of  it ;  and  let  a  plane  pafs  through  BA» 
^Ci^e  common  feCtion  of  this  with  the  given  plane  is  a  ftraight 
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Book  XI.  •  Knc  pafling  through  A  :  Let  DAE  be  their  common  feA'oaj 
^•J^y^  Therefore  the  flraight  lines  AB,  AC,  DAE  are  in  one  plai 
«  $.  IX,      ^^j  tccaufe  CA  is  at  right  angles  to  the  given  plane,  it 

make right.anglcs  with  every  ftraight  t*  ^ 

line  meeting  it  in  that  plane.    But  ^ 

DAE,  which  is  in  that  plane,  meets 

C A ;  therefore  C A£  is  a  right  angle. 

For  the  fame  reafon  BAE  is  a  right 

ahgle.    Wherefore  the  angle  CAE 

is  equal  to  the  angle  BAE ;  and  ._ 

they  are  in  one  plane,   which  is  D 

impoifible.    Aifo,  from  a  point  a* 

bove  a  plane,  there  can  be  but  one  perpendicular  to  that  planej 
h  c.  xi«      for,  if  there  could  be   two,  they  would  be  parallel  ^  to 

another,  which  is  abfurd;   Therefore,  from  the  fame  pointy < 

Q^t.  D. 


PROP-    XIV-     T  H  E  O  R, 


p 


LANES  to  which  the  fame  ftraight  line  is 
cular,  are  pavallel  to  one  another. 


Let  the  ftraight  {line  AB  be  perpendicular  to  each  of 

planes  CD,  £F  j  tbefe  planes  are  parallel  to  one  another. 
If  not,   they  fiiall  meet  one  another  when  produced; 

them  meet ;   their  coitimon  fe£tion 

ihall  be  a  ftraight  line  GH,  in  which 

take  any  point  K,  and  join  AK,  BK : 

Then,  becaufe  AB  is  perpendicular  to 
a  |.  4ef.  II.  the  plane  £F,  it  is  perpendicular  *  to 

the  ftraight  line  BK  which  is  in  that  O 

plane.  Therefore  ABKis  a  right  angle. 

For  the  fame  reafon,  BAK  is  a  right 

angles  wherefore  the  two  angles  ABK, 

BAE  of  the  triangle  ABK  are  equal 

to  two  right  angles,  which  is  impof* 
k  ,y. ,.      fible  »> :  Therefore  the  planes  CD,  EF, 

though  produced,  do  not  meet  one  an* 
c8.dUf.si. other;   that  is,   they  are  parallel^. 

Therefore  planesi  ke.  QjL  D. 

PROP- 
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P  R  O  P.    XV.      T  H  E  O  R. 

Jt  t^o  ftraight  lines  meeting  one  another,  be  parallel  to  ^  N, 

two  ftraight  lines  which  meet  one  another,  but  are 
not  in  the  feme  plinc  with  the  firft  two  ;  the  plane  which 
paffes '  through  thefe  is  parallel  to  the  plane  paffing 
through  the  others. 

Let  AB,  BC,  two  ftraight  lines  meeting  one  another,  be  pa- 
rallel to  DE,  EF  that  meet  one  another,  but  are  not  in  the 
6tme  l)lane  with  AB,  BC :  The  planes  through  AB,  BC,  and 
p£»  £F  (hall  not  ineet,  though  produced. 

From  the  point  B  draw  BG  perpendicular  *  to  the  plane » "•  xx* 
which  paiTcs  through  DE,  EF,  and  let  it  meet  that  plane  in 
G;  and  through  G  draw  GH  parallcPto  ED,  and  GKpa-^^i.  i. 
rallel  to  EF :  And  becaufe  BG  is  perpendicular  to  the  plane 
through  DE,   EF,    it   fhall 
make  right  angles  with  every 
(Iraight  line  meeting  it  in  that    ]3 
plane  ^:  But  the  ftraight  lines 
GH,  GK  in  that  plane  meet 
it :  Therefore  each  of  the  an- 
gles BGH,  BGK  is  a  right     . 
angle :  And  becaufe  BA  is^   /V 
parallel  <*  to  GH  (for  each  of 
them  is  parallel  to  DE,  and 
they  are  not  both  in  the  fame  plane  with.it)  the  angles  GBA, 
BGH  are  together  equal  *  to  two  right  angles :  And  BGH  is  a  *  *^'  '• 
right  anglej  therefore  alfo  GBA  is  a  right  angle,  and  GB  per* 
pendiccilar  to  BA :  For  tl^e  fame  reafon,  GB  is  perpendicular 
to  BC  :  Since  therefore  the  ftraight  }ine  GB  ftands  at  right  an- 
gles to  the  two  ftraight  lines  B  A,  BC,  that  cut  one  another  in 
B  ;   GB  is  perpendicular  ^  to  the  plane  through  BA,  BC  :  And  ^  4-  n- 
it  is  perpendicular  to  the  plane  through  DE,  £F ;  therefore  BG 
is  perpendiculiflr  to  each  of  the  planes  through  AB,  BC,  and  DE, 
£F  :  But  planes  to  which  the  fame  ftraight  line  is  perpendicular, 
are  parallel  « to  one  another :  Therefore  the  plane  through  AB,  *  ?♦•  '*• 
BC  is  parallel  to  the  plane  through  DE,  EF.    Wherefore,  if 
two  ftraight  linesj  &c.    Q^  E.  D. 
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PROP.    XVI.     T  H  E  O  a. 

m 

F  two  parallel  planes  be  cut  by  another  plane,  thdr 
common  fe£tion$  with  it  are  parallels. 


Let  the  parallel  planes,  AB^  CD  be  cut  by  the  plane  EFHG^ 
and  let.  their  common  fc^ions  vrith  it  be  EF,  GU ;  EFisp 
rallel  to  GH. 

For,  if  .it  is  not,  EF,  GH  fiiall  mcetj  if  produced,  ciAcr 
on  the  fide  of  FH,  or  EG :  Firft,  let  them  be  produced  on  4c 
fide  of  FH,  and  meet  in  the  point  K :  Therefore,  fince  EFKisis 
the  plane  AB,  every  point  in- 
EFK  is  it.  that  plane;  and 
K  is  a  point  in  EFK ;  there* 
fore  K  is  in  the  plane  AB  i 
For  the  fame  reafon  K  is  alfo 
]Q  the  plane  CD :  Wherefprc 
the  planes  AB,  CD  produced 
meet  one  another ;  but  they 
do  not  meet,  fince  they  are 
parallel  by  the  hypotbe(is^ 
Therefore  the  ftraight  lines 
EF,  GH  do  not  meet  when 
produced  on  the  fide  of  FH.:  la  the  fame  manner  it  may !» 
proved,  that  EF,  GH  do  not  meet  when  produced  on  tbc  Ode 
of  EG :  But  ftraight  lines  which  are  in  the  fame  plane  and  do 
not  meet,  though  produced  either  way,  are  parallel :  Therefore 
XF  is  parallel  to  GU.  Wberefore>  if  two  parallel  planes,  && 
Q*  E.  D. 


1 


PROP.    XVII.     T  H  E  O  R. 

F  two  ftraight  lines  be  cut  by  parallel  planes,  thcyflaf 
be  cut  in  the  fame  ratio* 


Let  the  ftraight  lines  AB,  CD  be  cut  bv  the  parallel  pl^eS 
GH,  KL,  IVOf,  in  the  points  A,  E^  Bj  C,  F,  D:  As  A£i» 
to  EB,  fo  is  CF  to  FD.         ^  ^^  .   . 

Join  AC,  BD,  AD,  and  ^et  AD  meet  the  plane  KL  m  »« 
point 'X;  and  join  EX,  XF:  Becaufe  the  two  parallel ptotf 
1£L,  MN  arc  cut  by  the  plane  EBDX,  tbc  common  fcflg 


d  p  E  i;  c  L 1 15. 
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,  BD  arc  parallel  *.     For  the  fame  rcafon,  bccaufe  the  two  Book  xi. 
parallel  planes  GH,    KL  arc  v^^vx- 

cut   by  the  plane  AXFC,  the         > ^^....-^t 1^  *  *^'  *'* 

common  feftions  AC|  XF  are        /  A  tT       "    \  I 

parallel:  And    becaufe  EX  is    G^ ^ ^ ' 

parallel  to  BD,  a  fide  of  the  tri- 
angle ABD,  as  A£  to  £B^  fo 
is  ^  AX  to  XD.  Again,  be- 
caufe XF  is  parallel  to  AC,  a 
fide  of  the  triangle  ADC,  as 
AX  .to  XD,  fo  is  CF  to  FD  : 
And  it  was  proved  that  AX  is 
to  X  D,  as  AE  to  EB  :  There- 
fore «  5  as  AE  to  EB,  fo  is  CF 
to  FD.  Wherefore,  if  two 
itraight  lines,  &c.    (^£.  D. 
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PROP.    Xvra.      T  H  E  O  R. 


TF  a  ftraight  line  be  at  right  anrics  to  a  plane,  every 
plane  which  pafles  through  it  mall  be  at  right  angles 
to  that  plane. 

Let.the  ftraight  line  AB  be  at  right  angles  to  a  plane  CK; 
every  plane  which  pafles  through  AB  (hall  be  at  right  angles  to 
the  plane  CK. 

Let  any  plane  DE  pafs  throueh  AB,  and  let  CE  be  the 
common  fe£tion  of  the  planes  D£|  CK  $  take  any  point  F  in 

^^T>  «•  I'll  T^^^     • 


CEy  from  which  draw  FG  in 
the  plane  DE  at  right  angles 
to  CE :  And  becaufe  AB  is 
perpendicular  to  the  plane 
CK,  therefore  it  is  alfe  per- 
pendicular to  every  ftraight 
line  in  that  plane  meeting  it*$ 
And  confequently  it  is  perpen- 
dicular to  CE :  Wherefore 
ABF  is  a  right  angle;  but 
GFB  is  likewife  a  right  angle; 


D 
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a3.def.n{ 
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therefore  AB  is  parallel  ^  to  FG.  And  AB  is  at  right  angles  to  ^  »••  »• 
the  plane  CK ;  therefore  FG  is  alfo  at  right  angles  to  the  fame 
plane  *.  But  one  plane  is  at  right  angles  to  another  plane  when  c  8,  iju 
the  ftraight  lines  drawn  in  one  of  the  planes^  at  right  angles 
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Book  XL  to  their'  common  feQion,  arc  alfo  at  rigRt  angles  to  the  otKcf 
A^^H^  plane  ^  5  and  any  flraight  line  FG  in  the  plane  DE,  which  is 
^  •  at  right  angles  to  CE  the  common  fcftion  of  the  planes,  has 
been  proved  to  be  perpendicular  to  the  other  plane  CK ;  there- 
fore the  plane  DE  is  at  right  angles  to  the  plane  CK.  In  like 
manner,  it  may  be  proved  that  all  the  planes  which  psfs  througfa 
AB  are  at  right  angles  to  the  plane  CK.  Therefore,  if  a  ftiaigk 
line,  &c.  Q7  E.  D. 


PROP-    XIX.      T  H  E  O  R.       ^ 

tF  two  planes  cutting  one  another  be  each  of  them  per- 
pendicular  to  a  third   plane ;  their  common  fedion 
(hill  be  perpendicular  to  the  fame  plane. 

Let  the  two  planes  AB,  BC  be  each  of  them  perpendicular 
to  a  third  plane,  and  let  BD  be 'the  common  fe&ion  of  thefirft 
two ;  BD  is  perpendicular  to  the  third  plane. 

If  it  be  not,  from  the  point  D  draw,  in  the  plane  AB,  tiie 
flraight  line  DE  at  right  angles  to  AD  the  common  fe£tioa 
of  the  plane  AB  with  the  third  plane;  and  in  the  plane  BC 
draw  JDF  at  right  angles  to  CD  the  common. fcAion  of  the 
plane  BC  with  the  third  plane.  Arid  be- 
caufe  the  plane  AB  is  perpendicular  to 
the  third  plane,  and  DE  is  drawn  in  the 
plane  AB  at  right  angles  to  AD  their 
common  feciion,  DE  is  perpendicular  to 
a4.def. II.  the  third  plane".  In  the  fame  manner, 
'  it  may  be  proved  that  DF  is  perpendicu- 
lar to  the  third  plane.  Wherefore,  from 
the  point  D  two  flraight  lines  flan4  at 
right  angles  to  the  third  plane,  upon  the 
fame  fide  of  it,  which  is  impofCible^, 
Therefore,  from  the  point  D  there  cannot 
be  any  flraight  line  at  right  angles  to  the  ^ 
third  plane,  except  BD  the  common  fec- 
tion  of  the  planes  AB,  BC,  BD  therefore  is  perpendicular  to 
the  third  plane.    Wherefore,  if  two  planes,  &c.    Q^^  £•  D. 
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BbokXt 

P  R  O  P.    XX.      T  H  E  O  R.  k>orv. 

TF  a  folid  angle  be  contained  by  three  plane  angles,  any  sec  tr. 
two  of  them  are  greater  than  the  third. 

Let  the  folid  angle  at  A  be  contained  by  the  three,  plane  an* 
gles  BAC,  CAPi  DAB,  Any  two  of  them  are  greater  than 
ifae  third. 

If  the  angles  BAC,  CAD|  DAB  be  all  eqtml,  it  is  evident 
that  any  two  of  them  are  greater  than  the  thicd.  But  if  they  .,  « 
are  not,  iet  BAC  be  that  angle  which  is  not  lefs  than  either  of 
the  other  two,  and  is  greater  than  one  of  them  DAB ;  and 
at  the  point  A  in  the  ftraight  line  AB,  make,  in  the  planp 
-which  paffcs  through  BA,  AC,  the  angle  BAE  equal*  to  the*  *3-  i- 
angle  DAB ;  and  make  AE  equal  to  AD,  and  through  £ 
draw  BEC  cutting  AB,  AC  in  the  j\ 

points  B,  C,  and  join  DB,  DC.  And 
pecaufe  DA  is  equal  to  AE,  and  AB 
is  common,  the  two  DA,  AB  are  e- 
qual  to  the  two  EA,  AB,  and  the 
apgleDAB  is  equal  totheangle*EAB:  ^^^^^ 

Therefore  the  bafe  DB  is  equal  »>  to    Z^--^     ^^^^^^^^-<^     ^^- '• 
the  bafe  BE.    And  becaufe  BD,  DC   g  ^ 

are  greater  ^  than  CB,  and  one  of  them  *^    ^^    ^  *®*  '• 

BD  has  been  proved  equal  to  BE  a  part  of  CB,  therefore  the 
other  DC  is  greater  than  the  remaining  part  EC  And  becaufe 
DA  is  equal  to  AE,  and  AC  common,  but  the  bafe  DC  greater 
than  the  bafe  EC  ;  therefore  the  angle  D AC  is  greater  <*  than  ^  ^5'  ?. 
the  angle  EAC  \  and,  by  the  conilru£lion,  the  angle  DAB  is 
equal  to  the  angle  BAE ;  wherefore  the  angles  DAB,  DAC  are 
together  greater  than  BAE,  EAC,  that  is,  than  the  angle  BAC. 
But  BAC  is  not  lefs  than  either  of  the  angles  DAB,  DAC ; 
therefore  BAC,  with  either  of  them,  is  greater  than  the  other* 
"Wherefore,  if  a  folid  angle,  &c.    Q^E.  D. 
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PROP.    XXI.      T  H  E  O  R. 

VERY   folid  angle    is  contained  by  plain  angles 
which  together  are  lefs'  than  four  right  angles* 

Firft,  Let  the  folid  angle  at  A  be  contained  by  three  plane 
angles  BAC,  CAD,  DAB.  Thefe  three  together  are  lefs  than 
four  right  angles. 

O3  Tak« 
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Take  in  each  of  the  ftra!ght  lines  AB,  AC,  AD  anj  points 
B,  C,  D,  and  join  BC,  CD,  DB :  Then,  bccaufe  the  fotid 
angle  at  B  is  contained  by  the  three  plain  angles  CBA,  ABD, 
DBC,  any  two  of  them  are  greater^ than  the  third  $  tbcre- 
fore  the  angles  CBA,  ABD  are  greater  than  the  angle  DEC: 
For  the  fame  reafon,  the  angles  BCA,  ACD  are  greater  than 
the  angle  DCB ;  and  the  angles  CDA,  ADB  greater  than 
BDC :  Wherefore  the  H  angles  CBA,  ABD,  BCA,  ACD, 
CDA,  ADB  are  greater  than  the 
three  angles  DBC,  BCD,  COB  :  But 
the  three  angles  DBC,  BCD,  CDB 
are  equal  to  two  right  angles *» :  There- 
fore the  fix  angles  CBA,  ABD,  BCA, 
ACD,  CDA,  ADB  are  greater  than 
two  right  angles  :  And  becaufe  the 
three  angles  of  each  of  the  triangles  n* 
ABC,  ACD,  ADB  are  equal  to  two  ■* 
right  angles,  therefore  the  nine  angles  of  thefe  three  trianria 
Tiz.  the  angles  CBA,  BAC,  ACB,  ACD,  CDA,  DAC,  ADB, 
DBA,  BAD  are  equal  to  fix  right  angles  :  Of  thefe  the  fizas- 
gles  CBA,  ACB,  ACD,  CDA,  ADB,  DBA  are  greater  tfcan 
fwo  right  angles:  Therefore  the  remaining  three  angles  BAC, 
DAC,  BAD,  which  contain  the  folid  angle  at  A,  are  lefs  than 
four  right  angles^ 

Ne^t,  Let  the  folid  angle  ^t  A  be  contained  by  any  numba 
of  plane  angles  BAC,  CAD,  DAE,  EAF,  FAB ;  thefe  toge- 
ther are  lefs  than  four  right  angles. 

Let  the  planes  in  which  the  angles  are,  be  cut  by  a  plane,  and 
let  the  common  feAions  of  it  with  thofc 
planes  be  BC,  CD,  DE,  EF,  FB  :  And 
bccaufe  the  folid  angle  at  B  is  contain- 
ed by  three  plane  angles  CBA,  ABF, 
FBC,  of  which  any  two  are  greater* 
than  the  third,  the  angles  CBA,  ABF 
are  greater  than  the  angle  FBC :  For  o 
the  fame  reafon,  the  two  plane  angles 
at  each  of  the  points  C,  D,  E,  F, 
viz.  the  angles  which  are  at  the  bafes 
of  the  triangles  having  the  common 
Vertet  A,  are  greater  than  the  third 
angle  at  the  fame  point,  which  is  one 
of  the  angles  of  the  polygon  BCDEF : 
Therefore  all  the  angles  at  the  baf(^  oi  the  triaagles  arc  toge- 
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tticr  greater  than  all  the  angles  of  the  polygon :  And  becaufe  Book  XI. 
all  the  angles  of  the  triangles  are  together  equal  to  twiee  as  K^^y^J 
many  right  angles  as  there  are  triangles  ^  ;  that  is,  as  there  are  b  3%.  z. 
fides  in  the  polygon  BCDEF ;  and  that  all  the  angles  of  the 
polygon,  together  with  four  right  angles,  are  likewife  equal  to 
twice  as  many  right  angles  as  there  are  ddes  in  the  polygon  ^  •  «  1.  Cor. 
therefore  all  the  angles  of  the  triangles  are  equal  to  all  the  an-  ^^'  ^' 
gles  of  the  polygon  together  with  four  right  angles.    But  all 
the  angles  at  the  bafes  of  the  triangles  are  greater  than  all  the 
angles  of  the  polygon,  as  has  been  proved.     Wherefore  the  re* 
maining  angles  of  the  triangles,  viz.  thofe  at  the  vertex,  which 
contain  the  folid  angle  at  A,  are  lefs  than  four  right  angles* 
Therefore  evtry  folid  angle,  &c.    Q^£*  D. 


PROP.    XXP.      TH  £  0  R. 

« 

TF  every  two  of  three  plain  angles  be  greater  than  thg  Scc  ^ 

third,  and  if  the  ftraight  lines  which  contain  them  be 
all  equal }  a  triangle  may  be  made  of  the  ilraight  lines 
that  join  the  extremities  of  thofe  equal  ftraright  linetf. 


Let  ABC,  D£F,  GHK  he  three  plane  angles,  whereof  e- 
very  two  are  greater  than  the  thirds  and  are  contained  by  the 
equal  ftraight  lines  AB,  BC,  DE/EF,  GH,  HK ;  if  their 
extremities  be  joined  by  the  ftraight  lines  AC,  DF,  GK,  a 
triangle  may  be' made  of  three  ftraight  lines  eifual  to  AC,  DF, 
GK  \  that  iSy  every  two  of  them  are  together  greater  than  the 
third. 

If  the  angles  at  B,  C,  H  are  equal ;  AC,  DF,  GK  are  al- 
fo  equal*,  and  any  two  of  them  greater  than  the  third  :  But*4«  r« 
if  the  angles  are  not  all  equal,  let  the  angle  ABC  be  not  lefs 
than  either  of  the  two  at  £,  U ;  therefore  the  ftraight  line 
AC  is  not  Idh  than  either  of  the  other  two  DF,  GK^  ;  gaAi»4'^%4»u 
it  10  plain  that  AC,  together  with  either  of  the  other  two,  mtift 
be  greater  than  the  third :  Aifo  DF  with  G  K  are  greater  than 
^V  •  f^^9  ^^  ^^^  poi^^  ^  i^  die  ftraight  line  AB  make  ^  thee  13.  i. 

O4    .  angle 


2i6  T  H  E    ELEMENTS 

Book  XI.  angle  ABL  equal  to  the  angle  GHK,  and  make  BL  equal  to 
one  of  the  ftraight  lines  AB,  BC,  DE,  EF,  GH,  HK,  and 
join  AL»  LC :  Then  becaufe  AB,  BL  are  equal  to  GH,  HK, 
and  the  angle  ABL  to  the  angle  GHK,  the  bafe  AL  is  equal 
to  the  bafe  GK  :  And  becaufe  the  angles  at  E,  H  are  greater 
than  the  angle  ABC,  of  which  the  angle  at  H  is  equal  to  ABL ; 
therefore  the  remaining  angle  at  Eis  greater  than  the  angle  LBC: 


And  becaufe  the  two  fides  LB,  BC  are  equal  to  the  two  DE* 
EF,  and  that  the  angle  DEF  is  greater  than  the  angle  LBC, 

*  *♦•  '•  the  bafe  DF  is  greater  ^  than  the  bafe  LC :  And  it  has  been 
proved  that  GK  is  equal  to  AL ;  therefore  DF  and  GE  are 

e  ao.  «•  greater  than  AL  and  LC  :  But  AL  and  LC  are  greater  ^  thao 
AC ;  much  more  then  are  DF  and  GK  greater  than  AC-  Where- 
fore every  two  of  thefe  ftraight  lines  AC,  DF,  GK  are  greater 

f«2. 1.  than  the  third;  and  therefore  a  triangle  may  be  made ^ the 
fides  of  which  (hall  be  equal  to  AC/  DF,  GK.  Q^E,  D. 


PROP.    KXm.      PR  OB. 

See  N.      rTMO  make  a  folid  angle  which  fhall  be  contained  by 
J|_    three  given  plane  angles,  any  two  of  them  being 
greater  than  the  third,  and  al)  three  together  lefs  than 
four  right  angles. 

Let  the  three  given  plane  angles  be  ABC,  DEF,  GHK,  any 
two  of  which  are  greater  than  the  third,  and  all  of  them  toge- 
ther  lefs  than  four  right  angles.  It  is  required  to  make  a  folid 
angle  contained  by  three  plane  angles  equal  to  ABC,  DEF, 
GHK,  each  to  each. 

From 
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From  the  ftraight  linrs  containing  the  angles,  cut  off  AB»  Book  xt. 
JC  DE,  EF,  GH,  HK  all  equal  to  one  another ;  and  join  Ky^r\J 
AC,  DF,  GK :  Then  a  triangle  may  be  made  •  of  three  ftraight  •  »*•  «• 


D 


)incs  equal  to  AC,  DF,  GK.   Let  this  be  the  triangle  LMN  ^#  b  a».  i 
fcthat  AC  he  equal  to  l«M,  DF  to  MN,  and  GK  to  LN ;  and 
about  the  triangle  LM5I  defcribe  ^  a  circle,  and^  find  its  center  c  5*  4« 
X)  which  will  either  be  within  the  triangle,  or  in  one  .of  its 
fides,  or  without  it. 

Flrft,  Let  the  center  X  be  within  the  triangle,  and  join 
LX,  MX,  NX :  AB  is  greater  than  LX  :  If  not,  AB  muft  ei* 
thet  be  equal  to,  or  lefs  than  LX^  firft,  let  it  be  equal :  Then 
becaufe  AB  is  equal  to  LX,  and  that  AB  is  alfo  equal  to  BC, 
and  L^  to  XM,  AB  and  BC  are  equal  to  LX  and  XM,  each 
to  each;  and  the  bafe  AC  is,  by  conftruftion,  equal  to  the 
We  LM :  wherefore  the  angle  ABC  is  equal  to  the  angle 
LXM<i :  For  the  fame  reafon,  the  angle  D£F  is  equal  to  the  d  8.  u 
angle  MXN,  and  the  angle  GHK 
to  the  angle  NXL  :  Therefore  the 
Arce  angles  ABC,  DEF,  GHK 
are  equal  to  the  three  angles  LXM, 
MXN,  NXL :  But  the  three  angles 
UM,  MXN,  NXL  are  equ  J  to 
(our  right  angles  *  ;  therefore  alfo 
tbc  three  angles  ABC,  DEF,  GHK 
are  equal  to  four  right  angles :  But, 
by  the  hypothefis,  they  are  lefs 
than  four  right  angles ;  which  is 
iMurd;  therefore  A^  19  not  eqi  al 
to  LX :  But  neither  can  AB  be 


eft.Cor.  i|« 


Idi  than  LX :  For,  if  poffible,  let  it  be  lefs,  and  upon  tnc 
ftraight  line  LM,  on  the  fide  of  it  on  which  is  the  center  X,- 
Wcribc  the  triangle  LOM,  the  fides  LO,  OM,  of  which  arc 
equal  to  AB,  BC}  and  bccaufc  the  bafe  LM  is  equal  to  the 


lit 
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'  IBoekXL  bafe  AC»  the  angle  LOM  it  equal  to  the  angle  ABC*:  Ad 
K^r>nU  AB.  that  is,  LO,  by  the  hypothefis,  is  left  than  LX  5  what 
^  »•  »•       forcXO,  OM  fall  within  the  triangle  LXM  5  for,  if  they  f| 

upon  its  iides^  or  without  i^  they 

would  be  equal  to,  or  greater  than 

LX,  XM':  Therefore  the  angle 

LOM,  that  is,  the  angle  ABC,  is 

greater  than  the  angle  LXM  ^ :  In 

the  fame  manner  it  may  be  proved 

that  the  angle  0£F  is  greater  than 

the  angle  MXN,   and  the  angle 

GHK  greater  than  the  angle  NXL : 

Therefore  the  three  angles  ABC,  |N| 

DEF,  GHK  are  greater  than  the  ^ 

three  angles  LXM,  MXF,  NXL ; 

that  is,.tnan  four  right  angles:  But 

the  fame  anries    ABC,  DEF,  GHK  are  lefs  than  fourngk 

angles;  which  is  abfurd:  Therefore  AB  is  not  lefs  than Ll^ 

and  it  has  been  proved  that  it  is  not  equal  to  LX  *,  wbercfo 

AB  IS  greater  than  LX. 
Next,  Let  the  center  X  of  the  circle  fall  in  one  of  dieUei 

of  the  trrangle,  viz.  in  MN,  and 

join  XL :  In  this  cafe  alio  AB  is 

greater  than  LX.    If  not»  AB  is 

either  equal  to  LX  or  leis  than  it : 

Firft,  let  it  be  equal  to  LX :  There- 
fore AB  and  BC,  that  is,  D£  aUd 

£F,  are  equal  to  MX  ^nd  XL,  that 

IS,  to  MN :  But,  by  the  con(lru£lion^ 

MN  is  equal  to  DF ;  therefore  D£, 

EFare  equal  to  DF,  which  is  im- 
f  ao,  t.     poffiblet  •  Wherefore  AB  is  not  e* 

qual  to  LX }  nor  is  it  lefs ;  for  then, 

much  morei   an  abfurdity  would 

follow :  Therefore  AB  is  greater  than  LX. 

But,  let  the  center  X  of  the  circle  fall  without  the  triangk 

LMN,  and  join  LX,  MX,  NX.    In  this  cafe  likewifeABis 

freater  than  LX :  If  not,  it  is  either  equal  to,  or  lefs  thanLl! 
irft,  let  it  be  equal;  it  may  be  proved  in  the  fame  maim0t 
as  in  the  firft  cafe,  that  the  angle  ABC  is  equal  to  thca^ 
MXL,  and  GHK  to  LXN;  therefore  the  whole  angle  JCW 
is  equal  to  the  twa  angles  ABC,  GHK :  But  ABC  and  Gffi 
are  together,  ereater  than  the  angle  DBF  ^  therefore  aft 
the  anj^e  MaN  is  greater  than  DfF.    And  becaufe  01 
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LF  mre  equal  to  MX,  XN,  and  the  bafe  DF  to  the  bafe  Book  XT. 
HN,  the  angle  MXN  is  e<}uai  ^  to  the  angle  1>EF  9  And  it  has 
>ccn  proved  that  it  is  greater  than  DEF,  which  is  abfurd.  <^  •• »» 
Fherefore  AB  is  not  equal  to  LX.  Nor  yet  is  it  lefs)  for  then, 
SIS  lias  been  proved  in  the  firft  eafc,  the  angle  ABC  is  greater 
than  the  angle  MXL,  and  the  angle  GHK  greater  than  the 
ingle  L^N.  At  the  point  B  in  the  ftraigbt  ftne  CB  make  the 
angle  CBP  equal  to  the  angle  GHK)  and  make  BP  equal  to 


HK,  and  join  CP,  AP.  And  becaufe  C£  is  equal  to  GH  i 
CB,  BP'  are  equal  to  GH,  HK,  each  to  each,  and  ^ey  qoo- 
taui  equal  angles  •,  ivher^fore  the  bafe  CP  is  equal  to  the  bs^ 
GK,  that  is,  to  LN.  And  in  th^  ifo&eles  triangles  ABC,  MXLy  .. 
becaufe  the  angle  ABC  is  greater  than  the  angle  ftfXL,  there- 
fore  the  angle  MLX  at  the  bafe  is  greater '  than  the  angle  S  3^  '^ 
ACB  at  the  bafe.  For  the  famereafon,  Ipecauie  the  angle  GHK, 
or  CBP,  is  greater  than  the  angle 
LXN,  the  angle  XLN  is  greater 
than  the  angle  fiCP.  Therefore  the 
whole  angle  MLN  is  greater  than 
the  whole  angle  ACP.  And  becaufe 
ML^  LN  are  equal  to  AC,  CP» 
each  to  each,  but  the  angle  MLN 
is  greater  than  the  angle  ACP,  the 
bale  MN  is  greater  ^  than  the  bafe  J^ 
AP.  And  MN  is  equal  to  D^ ; 
therefore  alfo  DF  is  greater  than 
AP.  Again,  becaufe  D£,  El'  are 
equal  to  AB,  BP,  but  the  bale  DF 
greater  than  the  bafe  AP,  the  an- 
jgle  D£F  is  greater^ than  the  angle 

ABP.  And  ABP  is  equal  to  the  two  angles  ABC,  CBP,  that 
is,  to  the  two  angles  ABC,  GHK;  therefore  the  angle  DEFis 
greater  than  the  two  angles  ABC,  GHK  ;  but  it  is  alfo  lefs 
Sian  thefe  5  w]uch  t9  impo|&ble.  Therefore  AB  is  not  lefs  than 

LXj 


N^^ 


k  »5.I; 
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Book  XI.  LX  5  and  it  has  been  proved  that  it  is  not  equal  to  it ;  thercbn 

^•Wi/  AB  is  greater  than  LX. 

a  1%.  XI.        Fforo  the  point'  X  ereft'  XR  at  right  angles  to  the  plae 

of  the  circle  LMN.    And  becaufe  it  has  been  proved  in  all  tk 

cafes,  that  AB  is  greater  than  LX,  find  a  fquare  equal  to  tk 

excefs  of  the  fquare  of  AB  above 

the  fquare  of  LX,  and  make  RX  e- 

Jual  to  its  fide,  and  join  RL,  RM, 
.N.  Becaufe  RX  is  perpendicular 
.  to  the  plane  of  the  circle  LMN,  it 
b3.def.xz.is  ^  perpendicular  to  each  of  the 
ftraight  lines  LX,  MX,  NX.  And 
becaufe  LX  is  equal  to  MX,  and 
XR  common,  and  at  right  angles  \| 
to  each  of  them,  the  bafe  RL  is  e- 
qual  to  the  bafe  RM.  Forthefame 
reaYoh,  RN  is  equ?!  to  each  of  th^ 
two  RL,  RM.  Therefore  the  three 
ftraight  lines  RL,  RM,  RN  are  all 
equal.  And  becaufe  the  fquare  of 
XR  is  equal  to  the  excefs  of  the  fquare  of  AB  above  the  fquaie 
of  LX ;  therefore  the  fquare  of  AB  is  equal  to  the  fquares  fi 
LX,  XR.  But  the  fquare  of  RL  is  equal  *=  to  the  fame  fquarts, 
becaufe  LXR  is  a  right  angle.  Therefore  the  fquare  of  AB 
is  equal  to  the  fquare  of  RL,  and  the  ftraight  line  AB  to  RL 
But  each  of  the  ftraight  lines  BC,  DE,  EF,  GH,  HK  is  equal 
to  AB,  and  each  of  the  two  RM,  RN  is  equal  to  RL.  Where- 
fore AB,  BC,  DE,  EF,  GH,  HK  are  each  of  them  equal  to 
each  of  the  ftraight  lines  RL,  RM,  RN.  And  becaufe  RL, 
RM,  are  equal  to  AB,  BC,  and  the  bafe  LM  to.  the  bafe  AC : 
the  angle  LRM  is  equal  ^  to  the  angle  ABC.  For  the  fame 
reafon,  the  angle  MRN  is  equal  to  the  angle  DEF,  and  NRL 
to  GHK.  Therefore  there  is  made  a  folid  angle  at  R,  whidi 
is  contained  bv  three  plane  angles  LRM,  MRN,  NRL,*whidi 
arp  equal  to  the  three  given  plane  angles  ABC,  DEF,  GHk. 
eacfi  to  each.    Which  was  to  be  done. 


k  47-  x< 
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P  R  O  p.    A,      T  H  E  O  R. 

IV  each  of  two  folid  angles  be  contained  by  three  plane:^**  ^• 
angles  tquai  to  one  another,  each  to  each  ;  the  planes 
in  which  the  equal  angles  are,  have  the  fame  inclination 
to  one  another. 

Let  there  be  two  folid  angles  at  the  points  A,  B ;'  and  let    ^ 
the  angle  at  A  be  contained  by  the  three  pland  angles  CAD^ 
CAE,  EAD;  and  the  angle  at  B  by  the  three  plane  angles- 
FBG,  FBH,  HBG  ;  of  which  the  angle  CAD  is  equal  to  the. 
angle  FBG,  and  CAE  to  FBH,  and  EAD  to  HBG :  The  planes 
in  which  the  equal  angks  are,  have  the  fame  inclination  to  one 
another. 

In  the  ftraight  line  AC  take  any  point  K,  and  in  the  plane 
CAD  from  K  draw  the  ftraight  line  KD  at  right  angles 
to  AC,  and  in  the 
planeCAE  the  ftraight 
line  KL  at  right  angles 
to  the  fame  AC : 
Therefoie  the  angle 
DKL  is  the  inclina- 
tion •of  the  plane 
CAD  to  the  plane 
CAE  :.  In  BF  take 
BM  equal  to  AK,  and 

from  the  point  M  draw,  in  the  planes  FBG,  FBH,  the  ftraight 
lines  MG,  MN  at  right  angles  to  BF ;  therefore  the  angle  GMN 
is  the  inclination  •  of  the  plane  FBG  to  the  plane  FBH  :  Join 
LD,  NG ;  and  becaufe  in   the  triangles  KAD,   MBG,    the 
angles  KAD,  MBG  are  equal,  as  alfo  the  right  angles  AKD^ 
BMG,    and  that  the  fides  AK,   BM,  adjacent  to  the  equal 
anglcSi  are  equal  to  one  another,  therefore  KD  is  equal  *>  to  ^  *^'  '• 
MG,  and  AD  to  BG  :  For  the  fame  reafon,  in  the  triangles 
KAL,  MBN,  KL  is  equal  to  MN,  and  AL  to  BM :  And  in 
the  triangles  LAp,  NBG,  LA,  AD  are  equal  to  NB,  BG, 
and  they  contain  equal  angles  ^  therefore  the  bafe  LD  is  e* 
qual  ^  to  the  bafe  NG.    Laftly,  in  the  triangles  KLD,  MNG,  c  4-  f . 
the  fides  DK,  KL  are  equal  to  GM,  MN,  and  the  bafe  LD  to 
the  bale  NG ;  thereforfc  the  angle  DKL  is  equal  <*  to  the  angle  ^  ®'  '• 
GMN  :  But  the  angle  DKL  is  the  inclination  of  the  plane    - 
CAD  to  the  plane  CAEj  and  the  angle  GMN  is  the  inclina- 
tion 


a  c,  dcf.  u: 
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Book  Xf.  tion  of  the  plane  FB6  to  xthe  plane  FBH,  which  planes  hare 

v>*»iO>U*  thercforp  the  fame  inclination  *  to  one  another:  And  in  the 

^7.  def.  II.  fame  manner  it  may  be  demonftrated,  that  the  other  planes  ia 

which  the  equal  angles  are,  have  the  fame  inclination  to  one 

sinother.    TherefoxCt  if  two  folid  anglc3>  &c.   Q^£-  D. 


1»  R  O  P.    B.     T  H  E  O  R. 

$ie  N.  TF  two  ibiid  angles  be  contained,  each  by  three  plais 
J[  angles  which  are  equal  to  one  another,  each  to  each, 
and  alike  fituated }  thefe  folid  angles  are  equal  to  one 
another. 

Let  there  be  two  folid  angles  at  A  and  B,  of  which  the  UU 
atagl^  ^t  A  is  contained  by  the  three  plane  angles  CAD,  CAS» 
£AD  ;-and  that  at  B,  by  the  three  plane  angles  FBG,  FBHi 
HBG  ;  of  which  CAD  is  equal  to  FBG  ;  CAE  to  FBH  ;  a^ 
EAD  to  HBG  :  The  folid  angle  at  A  is  equal  to  the  folid  aqgk  ^ 
atB. 

Let  the  folid  angle  at  A  be  applied  to  the  folid  angle  at  B: 
^nd,  firfti  the  plane  angle  CAD  being  applied  to  the  {ikae 
angle  FBG,  fo  aar  the  point  A  may  coincide  with  the  point  B, 
and  the  ftraight  line  AC  with  BF  j  then  AD  coincides  mik 
BG,  becaufe  the  angle  CAD 
is  equal  to  the  angle  FBG: 
And  becaufe  the  inclination  of 
the  plane  CAE  to   the  plane 

a  A.  II.     CAD  is  equal  •  to. the  inclina- 
tion  of  the  plane  FBH  to  the 

'  plane  FBG,  the  plane  CAE 

coincides  with  the  plane  FBH, 
becaufe  the  planes  CAD,  FBG  coincide  with  one  another :  Anl 
becaufe  the  ftraight  lines  AC,  BF  coincides  and  that  the  ai^ 
CAE  is  equal  to  the  angle  FBH ;  therefore  A£  coincides  ww 
BH|  and  AD  coincides  with  BG ;  wherefore  the  plane  EAD 
coincides  with  the  plane  HBG :  Therefore  the  folid  angle  A 
coincides  with  the  folid  angle  B,  and  confequently  they  «re  e* 

b  8.  A.  #•    qQsd  b  to  one  an(^^r.    Q^  £•  D* 
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P  R  O  P.    C.      T  H  E  O  R, 

SOLID  figures  contained  by  the  fame  number  of  e«  ^*  • 
qual  and  fimilar  planes  alike  fituated,  and  having 
none  of  their  folid  angles  contained  by  more  than  three 
plane  angles  ^  are  equal  and  iimilar  to  one  another. 

Let  AG,  KQ^be  two  folid  figures  contained  by  the  fame 
number  of  fimilar  and  equal  plaoes,  alike  fituatedi  viz.  let  the 
plane  AC  be  fimilar  and  equal  to  the  plane  KM;  the  plane 
AF  to  KP ;  BG  to  LQj  GD  to  QN  ;  DE  to  NO  ;  and  laftly, 
FH  fimilar  and  equal  to  PR  :  Thelblid  figure  AG  is  equal  and 
fimilar  to  the  folid  figure  KQ. 

Becaufe  the  folid  angle  at  A  is  contained  by  the  three  plane 
angles  BAD,  BAE,  EAD^  which,  by  the  hypothefis,  are  e* 
qual  to  the  plane  angles  LKN,  LKO,  OKN>  which  contain 
Ae  folid  angle  at  Kf,  each  to  each  ;  therefore  the  folid  angle 
at  A  is  equal  *  to  the  folid  angle  at  K :  In  the  fame  manner,  a  B,  it; 
the  other  folid  angles  of  the  figures  are  equal  to  one  another. 
If  then  the  folid  figure  AG'be  applied  to  the  folid  figure  K<^ 
firft,  the  plane  fi-       •».*-•  ^ 

gurc  AC  being      H G  R  €t 

applied  to  the 
plane  figure  KM; 
the  ftraight  line 
AB  coinciding 
with  KL,  the  fi- 
gure AC  nfuft 
coincide  with  the 

figure  KM,  becaufe  they  arc  equal  and  fimilar:  Therefore  the 
ftraight  lines  AD,  DC,  CB  coincide  with  KlfJ,  NM,  ML, 
each  with  each ;  and  the  points  A,  D,  C,  B  with  the  points 
K,  N,  M,  L :  And  the  folid  angle  at  A  coincides  ^  with  the 
folid  angle  at  K ;  wherefore  the  plane  AF  coincides  with  the 
plane  KF,  and  the  figure  AF  with  the  figure  KP,  becaufe  they 
are  equal  and  fimilar  to  one  another :  Therefore  the  ftraight 
lines  AE,  EF,  FB  coincide  with  KO,  OP,  PL ;  and  the  points 
E,  F  with  the  points  O,  P.  In  the  fame  manner,  the  figure 
AH  coincides  with  the  figure  KR,  and  the  ftraight  line  DH 
:with  NR,  and  the  point  H  with  the  point  R :  And  becaufe  the 
folid  angle  at  B  is  equal  to  the  folid  angle  at  L,  it  may  be  pro- 
Ted^  in  the  fame  manner^  th^t  the  figure  BG  coincides  with 

the 


&24 


THE    ELEMENTS 


Book  XL  the  figure  LQ^  and  the  ftraight  line  CG  with  MQ^  and  dx 
*  """*"  *  poiiit  G  with  the  point  Qj  Since  therefore  tAI  the  planes 
and  fides  of  the  folid  figure  AG  coincide  with  the  planes  and 
fides  of  the  folid  figure  KQ,  AG  is  equal  and  fimilar  to  K(^ 
And,  in  the  fame  manner,  any  other  folid  figures  whatever  coa- 
tained  by  the  fame  number  of  equal  and  fimilar  planes,  aliket 
tuated,  and  having  none  of  their  folid  angles  contained  k 
more  than  three  plane  angles,  may  be  proved  to  be  equal  m 
fimilar  to  one  another*  (^  E.  D. 


SceN* 


f  l6.  II. 


k  10.  tl. 


t  4. 1. 
d  34. 1. 


PROP.    XXIV.     T  H  E  O  R. 

IF  a  folid  be  contained  by  fix  planes,  two  and  tm  of 
"tvhich  are  parallel ;  the  oppofite  planes  are  (imilaraod  ^ 
equal  parallelograms. 

Let  the  folid  CDGH  be  contained  by  the  parallel  planes  AC, 
GF;  BG,  CE;  FB,  AE:  Its  oppofite  planes  are  fimilar  arf 
equal  parallelograms. 

Becaufe  the  two  parallel  planes,  BG,  CE  arc  cut  by  tlic 
plane  AC,  their  common  fcftions  AB,  CD  are  parallels  A- 
gain,  becaufe  the  two  parallel  planes  BF,  AE  are  cut  by  tbc 
plane  AC,  their  common  feftions  AD,  BC  are  parallel  * :  Aod 
AB  is  parallel  to  CD ;  therefore  AC  is  a  parallelogram.  Id  like 
manner,  it  may  be  proved  that  each  o  tt 

of  the  figures  CE,  FG,  GB,  BF,  "  " 

AE  is  a  parallelogram  :  Join  AH,  A 
DF ;  and  becaufe  AB  is  parallel  to 
DC,  and  BH  to  CF;  the  two 
ftraight  lines  AB,  BH,  which  meet 
one  another,  arc  parallel  to  DC 
and  CF  which  meet  one  another, 
and  are  not  iii  the  fame  plane  with  tj 
the  other  two ;  wherefore  they  con- 
tain  equal  angles »» ;  the  angle  ABH  is  therefore  equal  to  tli« 
angle  DCF  :  And  becaufe  AB,  BH  are  equal  to  DC,  CF,  and 
the  angle  ABH  equal  to  the  angle  DCF  j  therefore  thcbafc 
AH  is  equal  ^  to  the  bafe  DF,  and  the  triangle  ABH  to  thetn. 
angle  DCF:  And  the  parallelogram  BG  is  double «« of  the  m- 
angle  ABH,  and  the  parallelogram  CE  double  of  the  m«iglc 
DCF  5  therefore  the  parallelogram  BG  is  equal  and  fimi- 
lar to  the  parallelogram  CE-  In  the  fame  manner  it  may 
be    proved,   that    the  paraUclogram   AC  is  equal  and^- 


H 

^^--^ 

c 

« . 

^ 

^ — 
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knilar  to  the  parallelogram  GF,  and  the  parallelogram  AE  to   Book  xi. 
BF.     Therefore,  if  a  folid,  '&c.    <^E.  D. 


PROP.    XXV.     T  H  E  O  R. 

TF  a  folid  parallelepiped  be  cut  by  a  plane  parallel  to  two  scc  n. 
*  of  its  oppofitc  planes  j  it  divides  the  whole  into  two 
fblids,  the  bafc  of  one  of  which  fhall  be  to  the  bafc  of 
the  other,  as  the  one  foli^  is  to  the  other. 

Let  the  folid  parallelepiped  ABCD  be  cut  by  the  plane  EV, 
which  is  parallel  to  the  oppofite  planes  AR,  HD,  and  divides 
the  "whole  into  the  two  folids  ABFV,  EGCD;  as  the  bafc 
AEFY  of  the  firft  is  to  the  bafe  EHCF  of  the  other,  fo  is  the 
fol  id  ABFV  to  the  folid  EGCD. 

Produce  AH  both  ways,  and  take  any  number  of  ftraight 
lines  HM,  MN  each  equal  to  EH,  and  any  number  AK,  KL 
each  equal  to  EA,  and  complete  the  parallelograms  LO,  KY, 
HQ,  MS,  and  the  folids  LP,  KR,  HU,  MT :  Then,  becaufe  * 
the  ftraight  lines  LK,  K  A,  AE  are  all  equal,  the  parallelograms 


€L  s 


LO,  KY,  AF  arc  equal " :  And  likewife  the  parallelograms  KX,  •  5tf.  !• 
KB,  AG  » ;  as  alfp  ^  the  parallelograms  LZ,  KP,  AR,  becaufe  b  04*  ii# 
they  are  oppofite  planes :    For  the  fame  reafon,   the  paral- 
lelograms EC,  H<i  MS  are  equal  * ;  and  the  parallelograms 
HG,  HI,  IN,  as  alio  ^  HD,  MU,  NT :  Therefore  three  planes 
of  the  folid  LP,  are  equal  and  fimilar  to  three  planes  of  the  fo« 
lid  KR,  as  alfo  to  three  planes  of  the  folid  AV  :  But  the  three 
planes  oppofite  to  thefe  three  are  equal  and  fimilar  ^  to  them 
in  the  feveral  folids,  and  none  of  their  folid  angles  are  contain^ 
cd  by  more  than  three  plane  angles  :  Therefore  the  three  folids 
LP,  KR,  AV  are  equal  ^  to  one  another :  for  the  fame  reafon,  ^  .P*  Ih . 
|he  three  folids  ED^  HU^  MT  are  equal  to  one  another ;  There- 

P  fore 
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](ook  XT.  fore  i^tt  muUiple  foever  the  bafc  LF  is  of  ike  ba£e  AF»  dkc 
'  fame  multiple  is  the  folid  LV  of  the  folid  AV :  For  the  faipe 
reafon,  whatever  multiple  the  bafe  NF  is  of  the  bafe  HF,  the 
fame  multiple  is  the  folid  NV  of  the  folid  ED  :  And  if  thebaic 
LF  be  equal  ?o  the  bafe  NF,  the  folid  LV  is  equal  '^  to  the  fo- 
lid NV  ;  and  if  the  bafe  LF  be  greater  than  the  bafc  KF,  the 
folid  LV  is  greater  than  the  folid  NV«y  and  if  iefs,  lefs  :  Sixxx 
fben  there  are  four  magnitudes,  viz*  the  tvo  bafes  AF^  FH 


pCih 


O     V     F     C    CL  S 


|U)d  the  two  folids  AV,  ED,  and  pf  the  bafe  AF  and  folid  AV» 
the  bafe  LF  and  fplid  LV  are  zny  equimultiples  whatever;  ^J 
of  the  bafe  FH  and  fdid  ED,  the  bafe  FN  and  folid  NV  arc  a- 
py  equimultiples  i^hatever ;  and  it  has  been  proyed,  (hat  if  the 
bafe  LF  is  greater  than  the  bafe  FN,  the  folid  LV  is  greater 
than  the  folid  NV ;  and  if  equal,  equal  $  and  if  lefs,  lc& 
4 1.  dcf.  $.  The^eJFpre  ^  as  the  bafe  AF  is  fo  the  bafe  FH,  fo  is  the  folid  AV 
to  t}ie  folid  ED.    Wherefore,  if  a  fplid,  &c.    Q^E.  D. 

PROP.    XKVL     P  R  O  B. 


9^Vf 


%  II.  Ill 


h  13.  t. 


e  la*  II* 


T  a  given  point  in  a  given  flraight  line,  to  make  a 
fplid  angle  equal  to  a  given  folid  angle  contained 
three  plane  angles* 

Let  A^  be  a  given  ftraight  line,  A  a  givep  point  ip  it,  and 
P  a  given  iEblid  ^ngle  contained  by  the  three  plane  ang^esEDCi 
£DF.  FDC :  It  is  required  to  make  at  the  point  A  in  the  ftraiglit 
lixie  AB  a  folid  angle  equal  to  the  folid  angle  D. 

In  the  ftraight  line  DF  take  any  point  F)  from  whidi  draw 
*  FG  perpendicular  to*  the  plane  EDC,  meeting  that  plane  ia 
C  *9  join  DG,  and  at  the  point  A  in  the  ftraight  line  AB 
make  ^  the  angle  B  AL  equal  to  the  angle  EpC>  and  in  the 
plane  BAL  make  the  ande  BAJC  equal  to  the  angle  £DG; 
^n  make  A^  e^^il  to  pG,  and  from  the  point  K  ere£t  ^  EB 
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fit  riglit  angles  to  the  plane  B  AL ;  and  make  KH  equal  t^  Book  xr; 
GF,  and  join  AH:  Then  the  folid  angle  at  A,  which  is  contain'  .V-<or\y 
ed  by  the  three  plane  angles  BAL,  BAH^  H AL^  is  equal  to  the 
folid  angle  at  O  contained  by  the  three  plane  angles  EDC,  £DF, 
FDC. 

Take  the  equal  ftraight  lines  AB,  DE,  and  join  HB»  KB, 
FE,  GE:  AndbecaufeFG  is  perpendicular  to  the  plane  EDC, 
it  makes  right  angles^  with  every  ftraight  line  meeting  it  in  d  3, dcf.  ix. 
chat  plane :  Therefore  each  of  the  angles  FGD,  FGE  is  a  right 
angle :  For  the  fame  reafon,  HKA,  HKB  are  right  angles  :  And 
becaufe  KA,  AB  are  equal  to  GD,  D£,  each  to  each,  and 
contain  equal  angles,  therefore  the  bafe  BK  is  equal  ^  to  the  «  4*  2* 
bzk  EG  :  And  KH  is  equal  to  GF,  and  HKB,  FGE,  are  right 
angles,  therefore  HB  is  equal ^ to  FE:  Again,  becaufe  AK^ 
KH  are  equal  to  DG,  GF,  and  contain  right  angles,  the 
bafe  AH  is  equal  to  the  bafe  DF ;  and  AB  is  equal  to  D£ ; 
therefore  HA,  AB  are  egual  to  ¥D,  DE,  asd  the  bafe  HB  is  e- 
qual  to  the  bafe  FE,  ^ 

therefore  the  ^  angle  ^ 

BAH  is  equal  ^  to 
thcaogleEDF:For 

*  the  fame  reafon,  the 
ang]e  ^AL  is  equal  n 
!to*c  angle  FDC  ^ 
Becai^e  if  AL  and 

'    DC  be  made  equal, 
and  KL,  HL,  GC, 

FC  be  joined,  finc^  the  whole  angle  BAL  is  equal  to  the 
whole  EDO,  and  the  parts  of  them  BAK,  EDG  are,  by 
the  conftruAion,  equal ;  therefore  the  remaining  angle  KAC 
is  equal  to  the  remaining  angle  GDC :  And  becaufe  KAf 
Ah  are  equal  to  GD,  DC,  and  contain  equal  angles,  the  bafe 
KL  is  equaP  to  the  bafe  GC :  and  KH  is  equal  to  GF,  fo  that 
LK,  KH  are  equal  to  CG,  GF,  and  thev  contain  right  angl.es; 
therefore  the  bafe  HL  is  equal  to  the  bafe  FC  :  Again,  becaufe 
JIA,  AL  arc  equal  to  FD,  DC,  and  the  bafe  HL  to  the  bafe 
yC,  the  angle  HAL  is  equal  f  to  the  angle  FDC  :  Therefore, 
becaufe  the  three  plane  angles  B  AL,B  AH,  HAL,  which  contain 
the  folid  angle  at  A,  arc  equal  to  the  three  plane  angles  EDC, 
£DF,  FDC,  which  contain  the  folLd  angle  at  D,  each  to  each^ 
and  are  fituated  in  the  fame  order,  the  folid  angle  at  A  is  e* 
qval '  to  the  folid  angle  at  D.  Therefore,  at  a  given  point  in  g  b.  xx« 
a  given  ftraight  line,  a  folid  angle  has  been  made  equal  to  a  gi- 
ven folid  angle  contained  by  three  plane  angles.  Which  was  to 

be  done. 
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PROP.    XXVIL      P  R  O  B. 

TO  dcfcribc  from  a  g'lvcn  flraight  line  a  folid  paralle* 
lepiped  fimilar,  and  fimilarly  fituatedto  one  giycn. 

Let  AB  be  the  given  ftraight  line,  and  CD  the  given  folid  pa- 
rallelepiped. It  is  required  from  AB  to  defcribe  a  folid  paralle- 
lepiped Gmilatf  and  fimilarly  fituated  to  CD. 
ii  16.  XI.         At  the  point  A  of  the  given  ftraight  line  AB,  make  *  a  folid 
angle  equal  to  the  folid  angle  at  C,  and  let  BAK,  KAH,  HAB 
be  the  three  plane  angles  which  contain  it,  fo  that  BAK  be  c* 
qua!  to  the  angle  i^G,  and  KAH  to  GCF,  and  HAB  to 
h  xft.  6.     FCE :  And  as  EC  to  CG,  fo  make  ^  B A  to  AK ;  and  as  GC  to 
c  »».  J,      CF,  fo  make  ^  KA  to  AJI ;  wherefore,  ex  aequali  *=,  as  EC  to 

CF,  fo  is  BA  to  AH :  Complete  the  parallelogram  BH,  and 
the  folid  AL:  And 

.   becaufe,  as  EC  to 

CG,  fo  BA  to  AK, 
the  fides  about  the 
equal  angles  ECG, 
BAK  are  proporti- 
onals;  therefore  the  |r  J 
parallelogram    BK  •^ 
is   ilmilar  to  EG. 
For  the  fame  rea-         A 
fon,  the  parallelo- 
gram KH  is  fimilar  to  GF,  and  HB  to  FE,    Wherefore  three 
parallelograms  of  the  folid  AL  are  fimilar  to  three  of  the  folid 

d24.  II.  CD  ;  and  the  three  oppofite  ones  in  each  folid  arc  equal  ^  and 
fimilar  to  thefe,  each  to  each.  Alfo,  becaufe  the  plane  angles 
which  contain  the  folid  angles  of  the  figures  are  equal,  each  to 
each,  and  fituated  in  the  fame  order,  the  folid  angles  are  c- 
«  B.  If.  qual  %  each  to  each.  Therefore  the  folid  AL  is  fimilar  f  to  the 
f  ii.dcf.ii.  folid  CD.  Wherefore  from  a  given  ftraight  line  AB  a  folid  pa- 
rallelepiped AL  has  been  defcrihed  fimilar,  and  fimilarly  fitaatcd 
to  ^hc  given  one  CD.    Which  was  to  be  done. 


PROP. 
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PROP.    XXVIII.      T  H  E  O  R^ 

IF  a  folid  parallelepiped  be  cut  by  a  plane  paffing  thro*  SmN. 
the  diagonals  of  two  of  the  oppofite  planes  j  it  Ihall 
be  cut  in  two  equal  parts. 


Let  AB  be  a  folid  parallelepiped,  and  DE,  CF,  the  diago- 
nals of  the  oppofite  parallelograms  AH,  GB,  viz.  thofc  which 
are  drawn  betwixt  the  equ^l  angles  in  each  :  And  becaufe  CD, 
FE  are  each  of  them  parallel  to  GA,  and  not  in  the  fame  plane 
w  lib  It,  CD,  FF  are  parallel  *  i  wherefore  the  diagonals  CF,a 
DE  are  in  the  plane  in  which  the  pa- 
rallels are,  and  arq  themfelves  paral- 
lels ^  :  And  the  plane  CDEF  fliall  cut 
the  folid  AB  into  two  equal  parts. 

Becaufe  the  triangle  CGF  is  equal 
^  to  the  triangle  CBF,  and  the  triangle 
DAE  to  DHE ;  and  that  the  paral- 
lelogram CA  is  equal  ^^  and  fimilar  to 
the  oppofite  one  BE  ;  and  the  paral- 
lelogram GE  to  CH  :  Therefore  the 
prifm  contained  by  the  two  triangles 

CGF,  DAE,  and  the  three  parallelograms  CA,  GE,  EC,  is 
equal  ^  to  the  prifm  contained    by  the  two  triangles  CBF,^ 
DHE,  and  the  three  parallelograms  BE,  CH,  EC;  becaufe 
they  are  contained  by  the  fame  number  of  equal  and  fimilar 
planes,  alike  fituatcd,  and  none  of  their  folid  angles  are  contain- 
ed by  more  than  three  plane  angles.     Therefore  the  folid  AB  ' 
is  cut  into  two  equal  parts  by  the  plane  CDEF.     Q*  E.  D. 
<  N.  B.  The  infilling  ilraight  lines  of  a  parallelepiped,  men- 


J.  II. 
b  itf.  xi« 

t 

c  34,  r. 
d  I4>  x'o 


C.  IX. 


^  ttoned  in  the  next  and  fome  following  propofitions,  are  the 
<  fides  of  the  parallelograms  betwixt  the  bafe  and  the  oppofite 


plane  parallel  to  it/ 


PROP.    XXIX.      T  H  E  O  R. 

COLID  parallelepipeds  upon  the  fame  bafe,  and  of  the^^* 

fame  altitude,  the  infifting  ftraight  lines  of  which  are 
terminated  in  the  fame  ftraight  lines  in  the  plane  oppo- 
fite to  the  bafe,  are  equal  to  one  another. 

P  4  Ul 
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^k  XT.       Let  the  folid  parallelepipeds  AH,  AK  be  upon  the  lame  bzfd 

V,,^Y>J  -^^9  ^"^  ^^  ^^^  ^^^^^  altitude,  anfd  let  their  infiAi'Dg  (Iraigfat 

See  th«  fi-    lines  AF,  AG,  LWt,  LN,  be  terminated  ;n  the  fame  ftralght  line 

gures below,  y^^  and  CD,  CE,  BH,  BK  be  terminated  in  the  fame  ftraigbr 

line  DK  \  the  folid  AH  is  equal  to  the  folid  AK. 

Firft,  Let  the  parallelograms  I)G,  HN,  which  arc  oppofite 
to  the  bafe  AB,  have  a  common  fide  HG  :  Then,  becaufe  the  fo- 
lid AH  ia  cut  by  the  plane  AGHO  paffing  through  the  diago* 
nab  AG,  CH  of  the  oppofite  planes  ALGF,  CBHD,  AH  is 
cut  into  two  equal  parts  *  by  the  plan^  AGHC  :  Therefore  the 
folid  AH  is  double  of  the 
prifm  which  is  contained  be- 
twixt the  triangles  ALG, 
CBH :  For  the  fame  reafon, 
beCaufe  the  folid  AK  is  cut 
by  the  plane  LGHB  through 
the  diagonal?  LG,  BH  of  the 
oppofite     planesr    ALNG,  A  JLi 

CBKH,  the  folid  AK  is  double  of  the  fame  prifm  which  h 
contained  betwixt  the  triangles  ALG,  CBH.  Therefore  the 
folid  AH  is  equal  to  the  folid  AK. 

But,  let  the  parallelograms  DM,  EN  oppofite  to  the  bafe, 
liave  no  common  fide :  Then,  becaufe  CH,  CK  are  .parallelo- 
grams, CB  i»  equal  ^^  to  each  of  the  oppofite  fides  DH,  £K; 
wherefore  DU  is  equal  to  £K :  Add,  or  take  away  the  common 
part  HE ;  then  D£  is  equal  to  HK  r  Wherefore  aUb  the  tri- 
angle CDE  is  equal  ^  to  the  triangle  BHK  :  And  the  parallelo- 
gram DG  is  equal  ^  to  the  parallelogram  HN  :  For  the  fame 
reafon,  the  triangle  AFG  is  equal  to  the  triangle  LMN,  and 
the  parallelogram  CF  is  equal  ^  to  the  parallelogram  BM,  and 

HE  K. 


fc  34*  I. 


c    38*  «• 
c  H*  It* 


» 


f  C  If. 


CG  to  BN :  for  they  ^rc  oppofite*  Therefore  the  prifm  which 
is  contained  by  the  two  triangles  AFG,  CDE,  and  the  three 
par^lelograms  AD,  DG,  GC  is  equal  f  to  the  prifoi,  contain- 
ed by  the  two  triangles  LMN,  BHK,  and  the  three  parallelo- 
grams BM,  MK>  KL*    If  therefore  the  prifm  LMNBHK  be 

taken 


d  ^  E  t>  c  1 1  tj.  ijr 

tat^h  frdm  tiic  foiid  of  which  the  bafe  is  the  (J^irailddgrani  ^^k  Xf* 
AB,  and  in  which  FDKN  is  the  one  oppofitc  to  it ;  and  if  ^^n^y^t/ 
from  this  fame  folid  there  be  taken  the   prifm  AFGCDE  ; 
the  remaining  foiid,  vi^.  the  parallelepiped  AH,  is  equal  to  the 
remaining  parallelepiped  AKi   Therefore  folld  parallelepipeds^ 
*c.  Qt,E.  D- 

PROP.    XXX*      T  H  E  O  R. 

SOLID  parallckpipcds  updn  the  faiiie  bafe,  ind  of  the  ^  ^* 
fame  altitude,  the  infifting  ftraight  lines  of  which 
are  not  terminated  in  the  fame  ftraight  lines  in  the  plane 
oppofite  to  the  bafe^  are  equal  to  one  another* 

Let  the  parsfllelepipeds  CM,  CN  be  upon  the  fame  bafe  AIL 
and  of  the  fame  altitude,  but  their  infifting  ftraight  lines  Ai>y 
AGy  LM,  LN,  CD,  CE,  BH,  BK  not  terminated  ia  the  fame 
ftraight  lines  2  The  folids  CM,  CN  are  equal  to  one  another. 

Produce  FD,  MH,  and  NG,  KE,  and  let  them  meet  one 
another  In  the  points  O,  P,  O,  R ;  and  join  AO,  LP,  BQ, 


CR :  And  becaufe  the  plane  LBHM  is  parallel  to  the  oppofitc 


plane  ACDF,  and  that  the  plane  LBIlM  is  that  in  wtiicti  ire 
the  parallels  LB,  MHPCL  in  which  alfo  is  the  figure  BLPO; 
and  the  plane  ACDF  h  that  hi  which  are  the  p^rallete  ACl 
ttJOR,  in  which  alfo  is  the  figure  CAOR ;  therefore  the  fi- 

fures  BLPO,  CAOR  ate  in  parallel  plane^ :  In  like  manneft 
ecaufe  the  plane  ALNG  is  parallel  to  the  oppofite  plane  CBKE, 
a&d  thit  the  ^mc  ALNO  is  that  hi  which  «re  the  Parallels 

t*3  AL^ 


* . 
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Book  XI.  AL,  OPGN,  in  which  alfo  is  the  figure  ALPO ;  an^  the  plamc 
WiOr%J  CBKE  is  that  in  which  are  the  par!allels  CB,  RQEK,  in  which 
alfo  18  the  figure  CBQR  ;  therefore  the  figur«s  ALP0,CBQR 
are  in  parallel  planes :  And  the  planes  ACBL,  ORQP  are  ]^ 
rallel ;  therefore  the  folid  CP  is  a  parallelepiped  :  But  the  fo- 
lid  CM,  of  which  the  bafe  is  ACBL,  to  which  FDHM  is  the 
a  19. 11.     oppofitc  parallelogram,  is  equal  f  to  the  folid  CP  of  which,  the 


bafe  IS  the  parallelogram  ACBL,  to  which  ORQP  is  the  one 
oppofite;  becaufe  they  are  upon  the  fame  bafe,  and  their 
infilling  ftraight  lines  AF,  AO,  CD,  CR ;  LM,  LP,  BH,  BO 
are  in  the  fame  ftraight  lines  FR,  MQj  And  the  folid  CP  is  c- 
qual '  to  the  fold  CN  ;  for  they  are  upon  the  fame  bafe  ACBL, 
and  their  inCfting  ftraight  lines  AO,  AG,  LP,  LN ;  CR,  CE, 
BO,  BK  are  in  the  fame  ftraight  lines  ON,  RK  :  Therefore  the 
folia  CM  is  equal  to  the  folid  CN.  Whcrqforc  folid  parallele- 
pipeds, &c.    Q^E.  D. ' 


PROP.    XXXL      T  H  E  O  R. 

See  N.       ^OLTD   parallelepipeds  which  arc  upon  equal  bafes, 
O  and  of  the  fame  altitude,  are  equal  to  one  another. 

Let  the  folid  parallelepipeds  AE,  CF,  be  upon  equal  bafes  AB, 
.  CD,  and  be  of  the  fame  altitude ;  the  folid  AE  is  equal  to  the 
folid  CF* 

Firft,  Let  the  infifting  ftraight  lines  be  at  right  angles  to  the 
bafes  ABi  CD|  and  let  the  bafes  be  placed  Iq  the  fame  plane, 

and 
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^3^ 


\tai  to  as  that  the  fides  CL,  LB  be  in  a  ftraight  line ;  there-'   Book  xr. 

jfcrc  the  ftraight  line  LM,  which  is  at  right  angles  to  the  plane    v,>or\J 

!}n  which  the  bafes  are,  in  the  point  L,  is  common  *  to  the  two  a  13.  u. 

fclids  AE»  CF ;  let.  the  other  infixing  lines  of  the  folids  be 

AG,  HK,  BE ;  DF,  OP,  CN  :  And  firft,  let  the  angle  ALB  be 

equal  to  the  angle  CLD  ;  then  AL,  LD  are  in  a  ftraight  line  ^.  b  14.  i« 

produce  OD,  HB,  and  let  them  meet  in  Q,  and  complete  the 

blid  parallelepiped  LR,  the  bafe  of  which  is  the  parallel6gram 

IQ,  and  of  which  LM  is  one  of  itsinfifting  ftraight  lines: 

Therefore,  becaufe  the  parallelogram  AB  is  equal  to  CD,  as  the 

kfc  AB  is  to  the  bafe  LQ^fo  is  « the  bafe  CD  to  the  lame  c  j*  ^ 

LQ^  And  becaufe  the  folid  parallelepiped  AR  is  cut  by  the 

flane  LM£B,  which  is  parallel  to  the  oppofite  planes  AK,  DR ; 

as  the  bafe  AB  is  to  the  bafe  LQ,  fo  is  ^  the  folid  AE  to  the  d  aj.  ir. 

Jblid  LR  :  For  the  fame  reafon^  becaufe  the  folid  parallelepiped 

CR  is  cut  by  the  plane  LMFDj  which  is  parallel  to  the  oppofite 

planes  CP,  dR  ;  as       n  ir  11 

Ac  bafe  CD  to  the      ^ '  '^ 

WcLQ^foisthe  \N 
fclid  CF  to  the  fo- 
%d  LR  :  But  as  the 
;WeABtothebafe 
lU^fothebafcCD 
to  the  bafe  LQ»^as 
before  was  proved : 
Therefore  as  the 
fclid  A£^«o  the  fo- 
lid LR,  fo  is  the  folicl  CF  to  the  folid  LR ;  and  therefore  the 
ibfid  AE  is  equal  *  to  the  folid  CF.  "  c  9-  S- 

But  let  the  folid  parallelepipeds' SE,  ^F  be  upon  equal  bafes 
'SB,'CD^  and  be  of^the  fame  altitude,  and  let  their  infifting 
ft^ght  lines  be  at  right  angles  to  the  bafes ;  and  place  the 
nfes  SB,  CD  in  the  fame  plane,  fo  that  CL,  LB  be  in  a  ftraight 
I  line;  and  let  tl\p  angles  SLB,  CLD  be  unequal ;  the  folid  S£ 
I  isalfo  in  this  cafe  equal  to  the  folid  CF:  Produce  DLi  TS  un- 
til they  meet  in  A,  and  from  B  draw  BH  parallel  to  DA;  and 
let  HB,  OD  produced  meet  in  Q,  and  complete  the  folids  AE, 
LR:  Therefore  the  folid  AE,  of  which  the  bafe  is  the  parallelo- 
pam  LE,  and  AK  the  one  oppofite  to  it,  is  equal  ^  to  the  fo«  f  19*  rt. 
.lid  SE,  of  which  the  bafe  is  LE,  and  to  which  SX  is  oppofite  ; 
for  they  are  upon  the  fame  bafe  LE,  and  of  the  fame  altitude, 
and  their  infifting  ftraight  lines,  viz.  LA,  LS,  BH,  BT ;  MG, 
MV,  EK,  EX  are  in  the  fame  ftraight  lines  AT,  GX :  And  be- 

caufc 
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Book  XI.  caufe  the  parallelogram  AB  is  equal '  to  SB»  for  they  aie  ^ 
on  the  fame  bafe  LB,  and  between  the  fame  parallels  LB^  AT  I 
and  that  the  bafe       p  jp 

SB  is  equal  to  the       ^  '^ 

bafe  CD:  therefore 
tliebafe  AB  is  equal 
to  the  bafe  CD,  and 
tlie  angle  ALB  is  r\ 
^qual  to  the  angle 
CLD  :  Therefore, 
by  the  firft  cafe, 
the  folid  A£  is  e- 
oual  to  the    foKd 

CF  ;  but  the  folid  A£  is  equal  to  the  folid  SE,  ^s  was  dimam 
ftrated  ;  therefore  the  folid  SE  is  equal  to  th^  folid  OF. 

But  if  the  infiflihg  ftraight  lines  AG,  HK,  BE,  LM  ;  Ot 
RS,  DF,  OP,  be  not  at  right  angles  to  the  bafes  AB,  CD ;  ii 
this  cafe  lik^wife  the  folid  A£  is  equal  to  the  folid  CF :  Vnm 
the  points  G,  K,.E,  M;  N,  S,  F,  P,  draw  the  (trambtlM 
GO,  KT,  EV,  MX  ;  NY.  SZ,  FI,  PU,  perpendicular  «^»  tfa 
plane  in  which  are  the  bafes  AB,  CD  ;  and  let  them  medkil 
the  points  O,  T,  V,  X  ;  Y,  Z,  I,  U,  and  join  QT,  TV,  V^ 
XQj  YZ,  ZT,  lU,  U Y :  Then,  bccaufe  GQ.,  KT,  arc  at  i^ 


h  zi.  ir 


M     E 
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i  #.  II.  angles  to  the  fame  plane,  they  are  parallel  ^  fo  one'  anotlM^: 
And  MG,  EK  are  parallels  j  therefore  the  planes  M<^  fil^tf 
which  one  pafTes  through  MG,  GQ.  and  the  other  thfo^ 
EK,  feT  which  are  parallel  to  MG,  GQ^ahd  not  in  the  fii 

k  1$.  II.  plane  with  them,  are  parallel  *  to  one  another  :  For  the  faJK 
reafoh,  the  planes  MV,  GT  are  parallel  to  one  another:  Hiciii 
fore  the  folid  QE  is  a  parallelepiped :  In  like  manner,  it  mf 
be  proved,  that  the  folid  YF  is  a  parallelepiped :  But,  fi* 
what  has  been  demohftratcd,  the  folid  EQis  equal  fo  tfec  &ti 
FY,  becaufe  they  are  upon  equal  bafes  MK,  ^S,  and  of  th 
fame  altitude,  and  have  their  infilling  ftraight  lines  at  right  an 
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p  (be  bafe3  :  And  the  folid  EQJs  equal '  to  the  folid  AE ;  and  Book  xr. 


ihc  folid  FY  to  the  folid  CF ;  becaufe  thej  arc  upon  the  fame  ,^  ,  ^^ 
^es  and  of  the  fame  altitude :  Therefore  the  folid  AE  is  equal  i  ap.  or  so. 
Xo  the  folid  CF.    Wherefore  folid  parallelepipeds,  &c.  Q^E.D.    xx< 


PROP.    XXXn.    t  H  E  0  tf. 

SOLID  parallelepipeds  which  have  the  fame  altitude.  See  K. 
are  to  one  another  as  their  bafes. 
•      _ 
Let  AB,  CD  be  folid  parallelepipeds  of  the  fame  altitude : 
I^Tbey  are  to  one  another  as  their  bafes ;  that  is,  as  the  bafe  AE 
^lo  Ac  bafe  CF,  fp  is  the  folid  AB  to  the  folid  CD. 
To  the  ftraight  line  FG  apply  the  parallelogram  FH  cquaI*aCor.4j.t< 
AE,  fo  that  the  angle  FGH  be  equal  to  the  angle  LuG  ; 
^  d  complete  the  folid  parallelepiped  GK  upon  the  bafe  FI^, 
tticof  wWe  infifting  lines  is  FD,  wherebv  the  folids  CD,  GK 
*  be  of  the  fame  altitude :  Therefore  tnc  folid  AB  is  e^^ual  *•  b  31.  i« ' 


B 


t 


1Z3 

A. 


o 


H 


the     folid 

6K,    becaufe 

ftcy  arc  upon 

M&al      bafes 

At,.FH,  and 
^eofthefime 

Aitttde:  And 

tftaofe  the  fo- 

U  paralklcpS- 
ICK  is  cut 

flic  plane  DG  which  is  parallel  to  its  oppofite  planes,  the  bafe 
Hs'  to  the  bafe  FC,  as  the  folid  HD  to  the  folid  DC  :  But  c  is.  x>; 

Ae  bafe  HF  is  equal  to  the  bafe  AE,  and  the  folid  GK  to  the 

Wid  AB:  Therefore,  as  the  bafe  AE  to  the  bafe  CF,  fo  is  the 

felid  AB  to  the  folid  CD.  Wherefore  folid  parallelepipeds,  &c« 

Cor.  From  this  it  is  manifefl  that  prifms  upon  triangular  ba* 
n»  of  the  fame  altitude,  are  to  one  another  as  their  bafes. 

Let  the  prifms,  the  bafes  of  which  are  the  triangles  AEM, 
CFG,  and  NBO,  PDQ^the  trianoles  oppofite  to  tnem,  ha?e 
•ihefame  altitude  j  and  complete  the  parallelograms  AE,  CF, 
iad  the  folid  parallelepipeds  AB,  CD,  in  the  firft  of  which  lee 
Mo,  and  in  the  other  let  GQJ>e  one  of  the  infifting  linesi  And 
Kcaofe  the  fofid  parallelepipeds  AB,  CD  have  the  fame  alti- 
tude, they  are  to  one  another  as  the  bale  A£  is  to  the  bafe 

CF^ 


I 


n 
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Book  XI.  CF;  wherefore  the  prifms,  which  are 
\^^^>r>U  another,  as  the  bafe  AE  to  the  bafe  CF 
*  %B.  II.    AEM  to  the  triangle  CFG.    . 


a  %4*  ir. 


b  C.  zi. 


c  I.  €• 


their  halves  ^^  are  to  m 
}  that  is,  as  the  triau 


s 


PROP.    XXXIII.      T  H  E  O  R. 

Imilar.  folid  parallelepipeds  are  one  to  another 4 
the  triplicate  ratio  of  tbeir  homologous  fides. 

f 


Let  AB,  CD  be  fimilar  folid  parallelepipeds,  and  the 
AE  homologous  to  the  fide  CF :  The  folid  AB  has  to  the 
CD,  the  triplicate  ratio  of  that  which  AE  has  to  CF. 

Produce  AE,  GE,  HE,  and  in  thefe  produced  take  EK 
qual  to  CF,  EL  equal  to  FN,  and  EM  equal  to  FR  ;  and 
plete  the  parallelogram  KL,  and  the  folid  KO  :  Becaufe  KE, 
are  equal  to  CF,FN,  and  the  angleKEL  equal  to  the  angleC 
becaufe  it  is  equal  to  the  angle  AEG  which  is  equal  to  CFN,lf 
reafon  that  the  folids  AB,  CD  are  fimilar ;  therefore  theptfit* 
lelogram  KL  is  fimilar  and  equal  to  the  parallelogram  CN:FiK 
the  fame  reafon,  the  parallelogram  MK  is  fimilar  and  equt 
CR,  and  alfo  OE 
to  FD  :  There- 
fore three  paralle- 
lograms of  the  fo- 
lid KO  are  equal 
and  fimilar  to  three 
parallelograms  of 
thefolidCD:  And 
the  three  oppofite 
ones  in  each  folid 
are  equal  *  and 
fimilar  to  thefe  (: 
Therefore  the  fo- 
lid KO  is  equal  ^ 
and  fimilar  to  the  folid  CD:  Complete  the  parallelogral 
GK,  and  complete  the-  folids  EX,  LP  upon  the  bafa 
GK.  KL,  fo  that  EH  be  an  infifting  ftraight  line  in  czAi 
them,  whereby  they  muft  be  of  the  fame  altitude  with  d^ 
folid  AB :  And  becaufe  the  folids  AB,  CD  are  fimilar,  an<i,W 
permutation,  as  AE  is  to  CF,  fo  is  EG  to  FN,  and  fo  isl| 
toFR;  and  FC  is  equal  to  EK,  and  FN  to  EL,  andFRi 
EMs  therefore  as  AE  to  EK,  fo  is  EG  to  EL,  and  fo  is  HI 
to  EM  :  But  as  AE  to  EK,  fo  ^  is  the  parallelogram  AG  tB 
the  parallelogram  GK ;  and  as  GE  to  EL,  fo  <"  is  GK  to  KL; 


_i 
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ind  ZB  HE  to  EM,  fo  ^  is  PE  to  KM :  Therefore  as  tlic  parallclo-  Book  xi, 
m  AG  to  the  parallelogram  GK,  fo  is  GK  to  KL,  and  PE 
KM:  But  as  AG  to  GK,  fo<*is  the  folid  AB  to  the  folidc  i.  6. 
'y  and  as  GK  to  KL,  fo  ^  is  the  folid  EX  to  the  folid  PL  ;<i  15*  "1 
i  as  PE  to  KM,  fod  is  the  folid  PL  to  the  folid  KO  :  And 
lerefore  as  the  folid  AB  to  the  folid  EX,  fo  is  EX  to  PL, 
d  PL  to  KO  :  But  if  four  magnitudes  be  continual,  propor- 
inals,  the  firft  is  faid  to  have  to  the  fourth  the  triplicate  ratio 
tbat  which  it  has  to  the  fecond  :  Therefore  the  folid  AB 
to  the  folid  KO,  the  triplicate  ratio  of  that  which  AB  has 
£X:  But  as  AB  is  to  EX,  fo  is  the  parallelogram  AG  to 
par^lelogram  GK,  and  the  ilraight  line  AE  to  the  ftraight 
EK.    Wherefore  the  folid  AB  has  to  the  folid  KO,  the  tri- 
icate  ratio  of  that  which  AE  has  to  EK..    And  the  folid  KO 
equal  to  the  folid  CD,  and  the  ftraight  line  EK  is  equal  to 
e  ftraight  line  CF.    Therefore  the  folid  AB  has  to  the  folid 
^,  the  triplicate  ratio  of  that  which  the  fide  AE  has  to  the 
lologous  fide  CF,  &c.    Q^  E.  D. 

> 
Cor.  From  this  it  is  manifeft,  that,  if  four  ftraight  lines  be 
Ontinual  proportionals,  as  the  firft  is  to  the  fourth,  fo  is  the 
Uid  parallelepiped  defcribed  from  the  firft  to  the  fimilar  folid 
imilarly  defcribed  from  the  fecond  ;  becaufe  the  firft  ftraight 
fine  has  to  the  fourth  the  triplicate  ratio  of  that  which  it  has 
No  the  fecond. 


P  R  O  P.    D.      T  H  E  O  R. 


SOLID  parallelepipeds  contained  by  parallelograms  see  k. 
equiangular  to  one  another,  each  to  each,  that  is, 
^hich  the  folid  angles  arc  equal,  each  to  each,  have  to 
^^  another  the  ratio  which  is  the  fame  with  the  ratio 
«>mpoundcd  of  the  ratios  of  their  fides. 

Let  AB,  CD  be  folid  parallelepipeds,  of  which  AB  is  con- 
tained by  the  parallelograms  AE,  AF,  AG  equiangular,  each 
■  J>each,  to  the  parallelograms  CH,  CK,  CL  which  contain  the 
W  CD.  The  ratio  which  the  folid  AB  has  to  the  folid  CD  id 
wcfcmc  with  that  which  is  compounded  of  the  ratios  of  the 
W  AM  to  DL,  AN  to  DK,  and  AO  to  DH. 

Produce 


as* 


THE    ELEMENTS 


A  ClB« 


Book  XI.  Produce  MA,  NA,  OA  to  P,  Q,  R,  fo  that  AP  be  cqn^ 
to  DL,  AQ^to  DK,  and  AR  to  DH  ;  anrf  complete  the  M 
parallelepiped  AX  contained  by  the  parallelograms  AS,  il 
AV  fimilar  and  equal  to  CH,  CK,  CL,  each  to  each.  Thd 
fore  the  folid  AX  is  equal  •  to  the  folid  CD.  Complete  likewi 
the  folid  AY,  the  bafe  of  which  is  AS,  and  of  which  AOl 
one  of  its  infifting  ftraight  lines.  Take  any  ftraight  line  i 
and  as  MA  to  AP,  fo  make  a  to  b ;  and  as  NA  to  AQ,  I 
make  b  to  c ;  and  as  AO  to  AR,  fo  c  to  d :  Then,  becaufc  tl 
parallelogram  AE  is  equiangular  to  AS,  AE  is  to  AS,  astU 
ftraight  line  a  to  c,  as  is  dcmonftrated  in  the  23.  Prop.  Boa 
6.  and  the  folids  AB,  AY,  being  betwiyt  the  parallel  pb^ 
BOY,  E AS,  are  of  the  fame  altitude.  Therefore  the  folid  jl 
is  to  the  folid  AY,  as  «>  the  bafe  AE  to  the  bafe  AS ;  diati 
as  the  ftraight  line  a  is  to  c.    And  the  folid  AY-  is  td  die  m 


b  3^  tu 


c  Wf  "•:  AX,  as  f^  the  bafe  OQjs  to  the  bafe  QR  j  that  is,  as  the  ftfalj^ 
line  OA  to  AR  ;  that  is,  as  the  ftraight  line  c  to  the  ftraight 
line  d.  And  becaufe  the  folid  AB  is  to  the  folid  AY,  as  a  is  t9 
c,  and  the  folid  AY  to  the  folid  AX,  as  c  is  to  d ;  ex  aeqoali, 
the  folid  AB  is  to  the  folid  AX,  or  CD  which  is^  equal  to  it|| 
as  the  ftraight  line  a  is  to  d.    But  the  ratio  of  a  to  d  is  faid  to 

.4dclA.  5- be  compounded** of  the  ratios  of  a  to  b,  b  to  c,  and  ctod, 
which  are  the  fame  with  the  ratios  of  the  fides  MA  to  APj  NA 
tp  AQ,  and  OA  tO' AR,  each  to  each.  And  the  fides  AEAQ| 
AR  are  equal  to  the  fides  DL,  DK,  DH,  each  to  each,  pcrc- 
fore  the  folid  AB  has  to  the  folid  CD  the  ratio  whicji  is  |^efa9i( 
with  that  which  is  compounded  of  the  ratios  of  the  /ides  A^  9 

pjj,  A^  to  DK,  and  AO  toDJJ.    C^E.  D. 

PROP' 
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PROP,    ^XXXIVr     T  H  E  O  R, 


iipiJE  bafcs  and  altitudes  of  equal  folid  parallclepi-  Spe  if. 
I  X    pcds,   are  reciprocally  proponional ;   and  if  the 

Fes  and  altitudes  be  reeiproc^Uy  proportional,  the  folid 

irallelepids  are  equal. 

Let  AB^  CD  be  equal  folid  parallelepipeds ;  tfaeir  bafes  are 

[ycdprocally  proportional  to  their  altitudes;  that  is,  as  the  bafe 

is  to  the  bafe  NP,  fo  is  the  altitude  of  the  folid  CD  to  the 

Litude  of  t]iie  folid. AB. 

Tirft,  Let  the  infifting  ftraiglii:  lines  AG,  EF,  LB,  HKj 

3tf,  NX,  CD,  PR  be  at  right  angles  to  the  bales.  As  the  bafe 
EH  to  the  bafe  NP,  ip  is       v  ■»  ^  ^ 


CM  xt>  AG.    If  the  bafe 

EH  be  equal  to  the  bafe 

NP,  thenbecaaife  the  fo«- 

lid  AB  is  likewife  equal 

to  the  folid  CD,  CM  (baU 

be  equal  to  AG,  Becaufe, 

if  the  bafcs  EH,  NP  be  e- 

flual,  but  the   altitudes 

AG,  CM  be  not  equal, 

pcither  (hall  the  folid  AB  be  equal  to  the  folid  CD.  ^  But  the 

blids  are  equal,  by  the  hypothefis.    Therefore  the  altitude  CM 

is  not  unequal  to  the  altitude  AG ;  that  is,  they  are   equal. 

Wherefore  as  the  bafe  EH  to  the  bafe  NP,  fo  is  CM  to  AG. 

Next,  Let  the  bafes  EH,  NP  not  be  equal,  but  £H  greater 
than  the  other :  Since  then  the  folid  AB  is  equal  to  the  folid 
if3),  CM  is  therefore 
greater  than  AG :  For, 
2  it  be  not,  neither  al* 
|b,  in  this  cafe,  would 
the  folids  AB,  CD  be 
equal,  which,  by  the 
hpothcfis,  arc  equal. 
■  Make  then  CT  equal  to 
AG)  and  cornice 
4efoUd  parallelepiped  pj 
p  of  which  the  bafe 
»  NP,  and  altitude 
CT.  Becaufe  the  folid 
^  is  equal  to  tbe  folid  CD^  therefore  tbe  folid  AB  is  to  the 
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Book  XI.  folid  CV,  as  *  the  folid  CD  to  the  folid  CV.  But  as  the  fel 
]id  A6  to  the  folid  CV,  fo  ^  is  the  bafe  EH  to  the  bafe  NP ;  fa 
the  folids  AB,  CV  are  of  the  fame  altitude ;  and  as  the  USA 
CD  to  CV,  foMfi  the  bafe  MP  to  the  bafe  PT,  and  fo<» 
the  ftraight  line  MC  to  CT ;  and  CT  is  equal  to  AG.  Theft, 
fore,  as  the  bafe  EH  to  the  bafe  NP;fo  is  MC  to  AG.  Where- 
fore  the  bafes  of  the  folid  parallelepipeds  AB^  CD  are  rectpnv 
cally  proportional  to  their  altitudes. 

Let  now  the  bafes  of  the  folid  parallelepiped^  AB,  CD  beit- 
ciprocally  proportional  to  their  altitudes ;  viz.  as  the  bafe  £H 
to  the  bafe  NP,  fo  the  al- 
titude of  the  folid  CD  to 
the  altitude  of  the  folid 
AB  ;  the  folid  AB  is  e- 
qual  to  the  folid  CD.  Let 
the  infifting  lines  be,  as 
*  before,  at  right  angles  to 
the  bafes. .  Then,  if  the 
bafe  EH  be  equal  to  the 
bafe  NF,  fince  EH  is  to 
NP,  as  the  altitude  of  the  folid  CD  is  to  the  altitude  of  the  ib- 

e  A.  5*      lid  AB,  therefore  the  altitude  of  CD  is  equal  ^  to  the  altitude 
of  AB.     But  folid  parallelepipeds  upon  equal  bafes,  and  of  tbe 

1 31.  II.    folid  altitude,  are  equal  f  to  one  another ;  therefore  the  folid  AB 
is  equal  to  the  folid  CD. 

But  let  the  bafes  EH,  NP  be  unequal,  and  let  EH  be  die 
greater  of  the  two.  Therefore,  (ince  as  th^  bafe  £H  to  the  bafe 
NP,  fo  is  CM  the  alti- 
tude  of  the  folid  CD  to 
AG  the  altitude  of  A3, 
CM  is  greater  ^  than 
AG.  Again,  Take  CT 
equal  to  AG,  and  com- 
plete, as  before,  the  fo- 
lid CV.  And,  becaufe 
the  bafe  EH  is  to  the  H 
bafe  NP,  as  CM  to  AG, 
and  that  AG  is  equal 
to  CT, therefore  the  bafe 
EH  is  to  the  bafe  NP,  as  MC  to  CT.  But  as  the  bafe  EH  is  to  NP» 
fo  «>  is  the  folid  AB  to  the  folid  C  V;  for  the  folids  AB,  CV  arc  of 
the  fame  altitude  -,  and  as  MC  to  CT,  fo  is  the  bafe  MP  to  die  bafe 

FT, 
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^  asd  the  folkl  CD  to  the  folid  «  C  V  :  And  therefore  as  the  Book  xl 
iblid  AB  to. the  folid  CV,  fo  is  the  folid  CD  to  the  folid  CV ;  — v--^ 
tliat  is,  each  of  the  folids  AB,    CD  has  the  fame  ratio  to  the^  *^'  '** 
iblid  CV  ;  and  therefore  the  folid  AB  is  equal  to  the  folid  CD. 
Second  general  cslfe.     Let  the  iniifting  ftraighc  lines  VA, 
BL,  6A,  KH ;  XN,  Ik>,  MC,  HP  not  be  at  right  angles  to 
the  bafes  of  the  folids ;  and  from  the  points  F,  B,  K,  G ;   X, 
I>«  R»  M  draw  perpendiculars  to  the  planes  in  which  are  the 
bales  EH,  NP,  meeting  thofe  planes  in  the  points  S,  Y,  V,  T  ; 
Q^  I>  U,  Z ;  and  complete  the  folids  ¥V,  XU,  which  are  pa* 
raltclepipeds,  as  was  proved  in  the  laft  part  of  prop.  31.  of 
this  book.    In  this  cafe  likewifC)  if  the  folids  AB,  CD  be  e- 
qual,  their  bates  are  reciprocally  proportional  to  their  altitudes, 
viz.  the  bafe  £H  to  the  bafe  NP»  as  the  altitude  of  the  folid 
C£>  to  the  altitude  of  the  (olid  AB.    Becaufe  the  folid  AB  i» 
equal  to  the  folid  CD»    and  that  the  folid  BT  is  equal  8  to  thcg  x0.orsmi 
folid  fiA,  for  they  are  upon  the  (ame  bale  FK|  and  of  the    "* 


R.     D 


fame  altitude  ;  and  that  the  folid  DC  is  equal  8  to  the  folid 
DZ,  being  upon  the  fame  bafe  XR,  and  of  the  fame  ahitude  ; 
therefore  the  foiid  BT  is  equal  to  the  folid  DZ  :  But  the  bafes 
are  reciprocally  proportional  to  the  altitudes  of  equal  folid  pa- 
rallelepipeds of  which  the  infifting  ftraight  lines  are  at  right 
angles  to  their  bafes,  as  before  was  proved  :  Therefore  as  ihc 
bafe  FK  to  the  bafe  XR,  fo  is  the  altitude  of  the  folid  DZ  to 
the  altitude  of  the  folid  BT  :  And  the  bafe  FK  is  equal  to  the 
bafe  EH,  and  the  bafe  XR.to  the  bafe  NP  :  Wherefore,  as  the 
bafe  LH  to  the  bafe  NP,  fo  is  the  altitude  of  the  folid  DZ  to 
the  alufude  of  the  lolid  BT  :  But  the  altitudes  of  the  folids 
DZ,  DC,  asalfo  of  the  folids  BT,  BA  are  the  fame.  There- 
fore, as  the  bafe  £H  to  the  bafe  NP»   fo  is  the  altitude  of  the 

Q^  folid 
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Che  lolid  panill^repipcat  Aby  xJlj  itft  reclprotaliy 


to  iheir  aitit;udcs«  . 


the  bafes  of 
proportioiurl 


propotiiotirt  tb  thdv'ili^cs, 'ti2.  tlic^b4!fc'»EIP<io^tifr'ftafc 
NP,  Hi  the  alrittid^  of  ^he  iblM  C&'  tothHi^MMc  tf  ^  (l|ei&l 
lid  AB<;  tke  Tolid  AB  b  eqak^to  tht'^tiidiG&f^jllhe  botf 
eofiAroftioD  beiog  made^;  bqcauff,  .419  ti^  \ftkfp  ^(};  fo^-^O;  )^ 
NP,  To  isUie  altitude  of  cIk  folid  C^^jcp  (h^.glfiju^e^p^^ 
foHd  AB  ;  andihac  the  bafe  EH  is  .e(|ual  cp  ui^  baie'FK  2  ai 
NP  to  XR  ;  therefore  the  bafe  FK  is  '  to  the  bafe '3^:,  as  i: 
afutude  of  (he  folid  CD  to  the  altitude  of  J^'B  \   Bur  il^^  ali^ 


/* 


tildes  of  the  foUds  AB,  BT  are  the  Ciine,  as  alfo  of  CD  and 
DZ  ;  therefore,  as  the  bafe  FK  to  the  bafe  XR,  fo  Is  the  alti- 
tude of  the  roTid  DZ  to  the  altituiSe  of  the  folid  BT  :  Where- 
fore the  bafcs  of  the  foHds  BT,  DZ  are  f^ciprocaMy  propor- 
tional to  their  ahitudes  ;  and  their  kififtiog  ftraighi  lines  are  at 
{  19.  or  30.  tight  angles  to  the  bales  ;  wherefore,  as  was  before  proved,  the 
lolid  BT  is  equal  to  the  fclid  DZ  :  But  BT  is^cqtal  g  to  the  fo- 
lid B  A,  and  DZ  to  the  folid  DC,  becaufb  the^  are  upon  the 
fame  bafcs,  and  of  the  fame  altitude.  Therefore  the  folid  AB 
is  equal  to  the  folid  CD.    q^^  £.  D. 


ft. 


map. 


q,F  p\f9^n?. 


•»no  riPQ  >iq  ^fitM^tj  r  A?M^yi    T  H  E  O  R,    .  , 

Jl^^J&'om  iJi^j^ertice^  of  t\vo  equal  plane  dngles^ 
.i&OTffne  bcJHtilra^n  two  i^raight  lines^  elevated  above 
t^te?]llaties>  in  iwhifih  che  angles  ^e^  and  containing  e- 
qiaal  stifles' wkb  the  fides  of  thofe  angles^  each  to  each ; 
ntldif  fn  tht  liflM  ftbOYe  the  planes  there  be  taken  any 
^^rJft '^titffr^m  tliem  perpendiculars  be  drawn  to  the 
gfl^ne^  ie vWl^ith  the'firft  n^med  angles  are  t  And  from 
tif^  D(?ini;$  in  w^Jii^h  they  meet  the  planes,  ftraight  lines 
be  drawn  to  the  vertices  of  the  angles  firft  named  ; 
thefe  (Iraidbt  lines  fliall  contain  equal  angles  with  the 
ftraight  lihlis  which  are  above  the  planer  of  the  angles. 

Ii6  Bag,  EDP  be  two  equal  plane  angles  ;  and  from  the 
points  A,  D  I2t  the  ftraight  lines  AG,  DM  be  elevated  above 
the  planes  of  the  angles,  making  equal  angles  with  their  fides 
each  tb  ea^h,  v'l^  ihe  angle  GAB  equal  to  the  angle  MDE,  and 
GAG  ro^DF  ;  and  in  AG.  DM  let  any  points  G,  M  be  ta- 
ken, and  from  them  let  perpendiculars  GL»  MN  be  drawn  to 
thc^l^nes  BA(\  £DF  meeting  thefe  planes  in  the  points  L,  N  } 


5t4j 

BooVXI. 


SecN. 


ih  IjiH'i  I." 


und  join  LA,  ND  :    The  angle  GAL  is  equal  to  the  angle 
MDN. 

Make  AH  equal  to  DM,  and  through  H  draw  HK  parallel 
to  GL :    but  GL  is  perpendicular  to  the  plane  BAG  ;  where- 
fore HK  is  pei  pcndicular  ^  to  the  fame  plane  :  From  the  points  t  s.  ri» 
K,  N,  to  the  ftraight  lines  AB,  AC,   DE,  DF,  draw  perpen- 
diculars KB,  KC,  NE,  NF ;    and  join  HB,  BC,   ME,  EF  : 

Q^a  .  Bccaufe 
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Book  XI.  Becaafe  HK  is  perpendicular  to  the  plane  B  AC»  the  piaoe 

J****^"*"^  HBK  which  paflcs  through  HK  is  at  riglit  angles  b  to  the  plane 

^  '®-  *'•   BAG  ;  and  AB   is  drawn  in  the  plane  BAG  at  right  angles  to 

the  -comoion  fedion  BK  of  the  two  planes  ;    therefore  AB  ii 

c  4- dcf.  1 1,  perpendicular  c  to  the.  plane  HBK,    and  makes  right   angles^ 

d  y  dcf.ii.  ^j|}^  every  ftraight  line  meeting  it  in  that  plane :    But  BH  moefi 

it  in  that  plane ;  therefore  ABH  is  a  right  angle  :  For  the  faa^ 

reafoa,  DEM  is  a  right  angle;  and  is  therefore  equal  to  tV 

angle  ABH  :  And  the  angle  H  AB  is  equal  to  the  angle  MDEf 

Therefore  in  the  two  triangles  UAB,  MDE  there  are  two  anglei 

in  one  equal  to  two  angles   in  the  other,  each  to  each,  and 

one  fide  equal  to  one  fide,  oppofite  to  one  of^  the  equal    angles 

in  each,  viz.  HA  equal  to  DM  ;    therefore  the  femaming  fida 

«  %6.  %.     ^^^  equal  c,  each  to  each  :  Wherefore  AB  is  equal  to  DE.    to 

the  fame  manner,  if  HC  and  MF  be  joined,  it  may  be  demoa- 

fl rated  that  AC  i$  equal  to  DF :  Therefore,  fince  AB  is  equal  to 

D£,  BA   and  AC   are  equal  to  £D   and  DF  ;    and  the  angk 


BAG  is  equal  to  the  angle  EDF  ;  wherefore  the  bate  BC  is  e- 
f  4.  I.  qual  ^  to  the  hafe  £F,  and  the  remaining  angles  to  the  remaio- 
«  ing  angles  :  The  angle  ABC  is  therefore  equal  to  the  angle 
D£F  :  And  the  right  angle  ABK  is  equal  to  the  right  angle 
DEN,  whence  the  remaining  argle  CBK  is  equal  to  the  re- 
maining angle  FEN :  For  the  f;inic  rcafon,  the  angle  BCK  is  c- 
qual  to  the  angle  £FN  :  Therefore,  in  the  two  triangles  BCK, 
£FN,  there  are  two  angles  in  one  equal  to  two  angles  in  the 
other,  each  to  each,  and  one  fide  equal  to  one  fide  adjacent 
to  the  equal  angles  in  each,  viz.  BC  equal  to  £F  ;  the  other 
fides  therefore  atx  equal  to  the  other  fides ;  BK  then  is  equal 
to  EN  :  And  AB  is  equal  to  D£  ;  wherefore  AB,  BK  are  equal 
to  DE,  EN  ;  and  they  contain  right  angles  ;  wherefore  the 
bale  AK  is  equal  to  the  bafc  DN :   And  fince  AH  is  equal  to 

DM, 
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DM,  the  fquarc.of  AH  is  equal  to  the  fquare  of  DM  :  But  the  Book  XL 
ifquares  of  AK,  KH  >re  equal  to  the  fquare  «  of  AH,  bccaufc  '•^--"vr^^ 
i^KH  is  a  right  angle  5  And  the  fquaresof  DN,  NM  arc  cqual^  *'•  '• 
16  the  fquare  of  DM,   for  DNM   is  a  right  angle  :  Wherefore 
the  fquares  of  AKs  KH  are  equal  to  the  fquares  of  DN,  NM  ; 
and  of  thoft  the  fquare  of  AK  is  equal  to  the  fquare  of  DN  : 
Therefore  the  remaining  fquare  of  KH  is  equal  to  the  remains 
ing   fquare  of  NM  ;    and  rhe  ftraight  line  KH  to  the  ftraight 
line  NM :  And  becaufe  HA,  AK  are  equal  to  MD,  DN,  each 
to  each,  aod  the  bafe  HK  to  the  bale  MN,  as  has  been  proved  ; 
therefore  the  angle  HAK  is  equal   *^  to  the  angle  MDN.     QJ»  8.  i^ 

CoR.  From  this  it  is  nnanifeft,  that  if,  from  the  vertices  of 
two  equal  plane  angles,  there  be  elevated  two  equal  ilraight  lines 
containing  equal  angles  with  the  fides  of  the  angles,  each  to 
each  ;  the  perpendiculars  drawn  from  the  extiemitiesof  the  e- 
qual  ftraight  lines  to  the  planes  of  the  fi.ift  angles  are  e(^ual  to 
one  aooiher. 


Aaother  Demonftratioo  of  the  Corollary. 

Let  the  plane  angles  BAC,  £DF  be  eq,ual  to  one  another, 
mid  let  AH^  I>M  be  two  equal  ftraight  lines  above  the  planes  of 
the  anglesy  containing  equal  angles  with  BA,  AC  ;  £D.  DP, 
eachtocach^  v!z«  the  angle  HAB  equal  to  MDE,  and  HAG 
equal  to  the  angle  MDF  ;  and  from  H,  M  let  HK,  MN  be  per- 
pendiculars to  the  planes  BAC,  EOF  :  HK  is  equal  to  MN. 

Becaufe  the  folid  angle  at  A  is  contained  by  the  three  plane 
angles  BAC,  BAH,  HAC,  which  are,  each  to  each,  equal  to 
the  three  plane  angles  £DF,  EDM,  MDF  containing  the   Iblid 
angle  ar  D ;  the  folid  angles  at  A  and  D  are  equal :  An )  there  - 
fore  coincide  with  one  another  ;  to  wit,  if  the  plane  angle  BAC 
be  applied  to  the  plane  angle  EDF,  the  ftraight  line  AH  coin- 
cides with  DMy  as  was  (hewn  in  prop.  B  of  this  book  :  And 
becaufe  AH  is  equal   to  DM,  the  point  H  coincides  with  the' 
point  M  :    Wherefore  HK  which  is  peq>endicu!ar  to  the  plane , 
BAC  coincides  with  *  MN  which  is  perpendicular  to  the  planei  ij.  n^ 
EDFy  becaufe  thefe  planes  coincide  with  one  another  :  There- 
fore HK  b  equal  to  MN.    Q^  E.  D. 
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(PROP,    XXXVI.    T  H  E  O  B.,. 

TF  thre^  ftraight  lines  be  proportionals,  lliQ'f6){4  pjf 
rallelepiped  defcribed  from  all  three  as  its  fides^js 
equal  to  the  equilateral  parallelepiped  defcribed  from 
the  mean  proportional,  one  of  the  folid  angles  of 
which  is  contained  by  three  plane  angles  equal,  each 
to  each,  to  the  three  plane  angles  containing  one  of  tke 
folid  angles  of  the  other  figure. 

Let  A,  B,  C  be  'three  proportionals,  viz.  A  toB>  as  B  to 
C.  The  folid  defcribed  from  A,  B,  C  is  equal  cor^e  cqaik- 
teral  folid  defcribed  from  B,  equiangular  to  the  othei^. 

Take  a  folid  angle  D  contained  by  three  plane  angles  £DPy 
FDG,  GDE ;  and  make  each  of  the  ftraight  lines  ED,  J)F. 
DG  equal  to  B,  and  complete  the  folid  parallelepiped  DH : 
Make  LK  equal  to  A«  and  at  the  point  K  in  the  (Iraighr  llie 
il  %i'  M*  LK  make  ^  a  folid  angle  contained  by  the  three  plane  aumes 
P:M.  MKN,  t^)^^  equal  to  the  angles  flDF,  JIIG..  GX%; 


%  If*  tf* 


Each  to  each ;  and  m^ike  KN  equal  to  B*  and  KA(  eqoil  to 
C  ;  and  complete  the  folid  parallelepiped  KO;  Andhecauie,  as 
A  b  to  B,  (6  is  B  to  C,  and  that  A  is  equal  to  LK«  and  B 
to  each  of  the  ftraight  lines  DE,  DF,  and  C  to  KM  ;  there- 
fore LK  is  to  £D»  as  DF  to  ^M  ;  that  is,  the  fides  about  the 
equal  angles  are  reciprocally  praportipnal  ; .  tfierefore^^e  pa- 
rallelogram LM  is  equal  ^  to  £F :  And  becaufe  £DF»  IJC^  are 
two  equal  plane  angles,  and  the  two  equal  ftraight  lio^  UG, 
]CN  arp  drawn  from  their  vertices  above  their  planes,  and  coo. 
tain  equal  jangles  with  their  fides  ;  therefore  the  perpendico* 
Ufi  &om  (h^  ppipts  Qi  ^j  to  the  pis^nes  £PF,  LKM  are  e- 

c^ual 
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4|iia1  €  to  one  another :  Therefore  the  folids  KO,  DH  are  o(  Book  xr. 
the  fame  altitude  ^  and  they  arc  upon  equal  bafcs  LM,  EF,     ■"^'■•^ 
and  therefoife  tHey  arc  equal  ^  to  one  another :  But  the  folid*  Y?'"  ^^• 
KO  jsdefcrib^d  from  the  three  f^raight  lines  A,  B,  C.  and  thed  31'.  ii» 
'l&lldpH  from'tlife  'i|raighi  line  B.     If  therefore  three  flraight 

%ici  &c.  Q/e:  i>. 
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TF  four  ftnught  lines  be  proportionals,  the  fimilar  fo-    scc  n, 

lid  parallelepipeds  fimilarly  defcribed  from  them 
fliall  alfo  be  proportionals.  And  if  the  fimilar  paral- 
lelepipeds fimibrly defcribed  from  four  ftraight  lines 
be  prdportiditals,  the  ftraight  lines  Ihall  be  propor- 
tionals.     '    -  , 


■  «    •  r 


Let  the  four  ririlght  Uncs  /IB,  CD,  EF,  GH  be  proporti- 
onals, viz.  ^s,AB  io  CD;  fo'EF  to  GH;  and  let  the  fimilar 
parallclcpipccfs'AK,  ,CL,  EM,  GN  be  fitnil^ly  4cfcribcd  from 
Ihem.     AK  is  to  Ct,  as  EM  t6  GN. 

Make  ^  AB,  dD,  0>  P  cbdtinual  proportionals,   as  alfo  EF^a  11.  C» 
GH,  Q^f  R  :  And  becaufe  as  AB  is  to  CD,  fo  EF  to  GH  ;  ao4 


.J     B."  / 
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that  CD  '5  ^  *^  0»  ^^  GH  to  O  ,  and  O  to  P,  as  Qjo  R  ;  there-b  11.  f^ 
fore,  ex  sequali  c,  AB  rs  to  P,  as  EF  to  R  :    But  as  AB  to  P,c  »».  5. 
^  d  is  the  loiid  AK  to  the  folid  CL  ;  and  as  EF  to  R,   fo  d  is  a  cor.  jj^ 
the  folid  EM  to  the  folid  GN  :    therefore  b  as  the  folid  AK  to     "• 
<h^  folid  CL,  fo  is  the  folid  EM  to  the  folid  G^,^ 

C^4  B^t 
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Bdok  XI.      But  let  the  folid  AK  be  to  the  (olid  CL,  as  the  folid  EKn 
' — sr^thc  folid  GN  :  The  ftraighi  line  AB  b  to  CD,  as  EF  to  Gl/L 
^>7.  sf.       Take  AB  to  CD,   asEF  to  ST,  and  from  ST  deSahcn- 
iblid  parallelepiped  SV  fitnilar  and  fimilarlj  fituated  todtberofl 
the  foiids  £M,  GN  :  And  becaufe  AB  is  to  QD,  as  EF  to ST,| 
and  that  from  AB,   CD   the  Iblid  parallelepipeds  AK,  CL 
iitnilarly  defcribed ;  and  in   like  manner   the  foiids  EM,  SVj 
from  the  ftraight  'lines  EF,  ST ;  therefore  AK  is  to  CL, 
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EM  to  SV :  But.  by  the  hypothefis.  AK  is  to  CL,  as  EM  to 
GN :  Therefore  GN  is  equal  fto  SV  :  But  it  is  Ukewife  fimto 
aod  fitnilarly  (Ituated  to  S  V  ;  therefore  the  planes  which  conaia 
the  foiids  GN,  SV  are  fimilar  and  equal,  ^nd  their  homologoui 
fides  GH,  ST  equal  to  one  another :  And  becauieat  AB  to  CD, 
fo  EF  to  ST,  and  that  ST  is  equal  to  GH  ;  AB  is  to  CD,  as 
£F  to  GH.    Therefore,  if  four  ftraight  lines,  &c.     (^  £.  D, 

PROP.    XXXVIII.    T  H  E  O  R. 

"  TF  a  plane  be  perj-iendicular  to  another  plane,  and 
"  a  ftraight  line  be  drawn  from  a  point  in  one  of 
**  the  planes  perpendicular  to  tlie  other  plane,  this 
^'  ftraight  line  ihall  fall  on  the  coztimon  ledhon  of  the 
"  planes. 

*\Lftt  the  plane  CD  be  perpendicular  to  the  plane  AB»  and 
V  let  AD  be  their  common  feAion  ;  if  any  point  £  be  takeo  ia 
<<  the  plane  CD,  the  perpendicular  drawn  from  £  to  the  plane 
fi  A3  Qxall  fall  on  AR, 

f*  For 
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«4# 


#  3.  de£  fff  • 


^  For,  if  it  does  not,  let  it,  if  poffiUe.  fitll  dfewhere,  ai  EF ;  Bo<ik  ZL 
•*  aad  let  it  meet  the  plaoe  AB  in  the  point  F ;  and  from  F  ^    '^~  ^ 
'*  diaw  »,  in  the  plane  AB,  a  perpendicular  FG  to  D  A»   which  a  t%,  t. 
**  m  alfo  perpendicular  b  to  the  plane  CD ;  and  join  EG  :  Then  b  4.  dc£si» 
^  becaofe  FG  is  perpendicular    p . 
f*  to  the  plane  CD,    and   the    ^  ^ 
"  ftxaight  line  EG,  which  is  in 
^'-that  plane,,  meets  it;  there* 
"  fore  FGE  is  a  right  angle  ^  : 
*'  Bat  £F  is  alfo  at  right  angles 
"  to  the  frfane  AB ;    and  there- 
I  **  fore  £FG  is  a  right  angle  : 
l'**  Wherefore  two  of  the  angles 

I  **  of  the  triangle  £FG  are  equal  together  to  two  right  angles  ; 
**  vhich  is  abfurd  :  Therefore  the  perpendicular  from  the  point 
*  £  to  the  plane  AB  does  not  fall  elfewhere  than  upon  the 
**  ftraight  line  AD  :  It  therefore  falfs  upon  it.    If  therefore  a 

"  plane,**  &c.     Q^  E.  D." 


PROP.    XX^IX.    T  H  E  O  R. 

TN  afoltd  parallelepiped,  if  the  fides  of  two  of  the   scei^ 

oppofite  planes  be  divided  each  into  two  equal 
parts,  the  common  fei^ion  of  the  planes  palling 
through  the  points  of  divifion,  and  the  diameter  of  the 
folid  parallelepiped  cut  each  other  into  two  equal  parts. 

Let  die  fides  of 
the  oppofite  planes 
CF,  AH  of  the  fo- 
lid parallelepiped 
AF,  be  divided 
esch  into  two  e- 
qual  parti  in  the 
pomts  K. '  L,  M, 
N;X,  O,  P,  R: 
andjoinKL,  MN, 
XO,  PR :  And  be- 
aufc  DK.  CL  are 
equal  and  parallel, 

KL  is  parallel  *  to  i>>v — I — ^T^^^Sr-^  i ^^  •  33-  «' 

DC:  For  the  fame 
reaTon,  MN  is  pa- 
«lWtoPA;  An4 


f.  II. 
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9-  14*  i< 


^5©  TJfyEi  ?^-Sltf  l^WTS 

Book  XI.  BA  is  parallel  to  DC;  therefore  becaufe  KL«  BA  are  each  «| 
ihcm  parallel  to  PC^  ,9L^^  ijot  io^c  Cmie  j>l4nc  with  it,  KLi 
parallel  ^  to  BA  :  An^  becaufe  KL,  MN  m  each  of  thempi' 
r'allcl  to  BA,>.aad. aot, 5« ,  xj^  fame  plane  with  it^^^KL  MJflplfi 
b  to  MN  ;  wherefore  KL,  mN  arc  in  one  plane.  In  uke  d» 
ner,  it  may  be  proved,  that  XO,  PR  arc  fnbrtc*  plane.  tScJII 
be  the  common  feftioo  of  the  planes  KN,"  'XR ;  W  UAfc 
diameter  of  the  folid  parallelepiped  AF  :  'TSttod  DO^o'tt|y 
and  cut  one  another  into  two  equal  parts»>  h  >-i  i «  >  ^^p 
Join  DY,  YE,  BS,  SG.  Becaufe  DX  is  par^lel  to  OE,  it 
alternate  angles  DXY,  Y0£  are  equsd  ^  t0  one  aootbcr  t-iai 
becaufe  DX  is  c-      ■>        '       Tf  '  'IT 

qual  to  OE,  and     ^  -^  ^ 

XY  to  YO,  and 
contain  equal  an- 
gles,  the  bafe  D  Y 

^4'  ■•  is  equal  ^  to  the 
bafe  YE,  and  the 
other  angles  arc  c- 
qual ;  therefore 
the  angle  XYD 
is  equal  to  the  an- 
gle OYE.  and 
DYE  isaftraight 
c  Jine  :  For  the 
fame  reafon  BSG 

is  a  ftraight  line,  *  KT  ft 

and   BS  equal  to  ^  c 

SO  :  And  becaufe  CA  is  equal  and  parallel  to  DB,  andalfoe. 
qual  and  parallel  to  EG  ;  therefore  DB  is  equal  and  paialldh 
loEGt  And  DE,  BG  join  their  extremities  ;  therefore  DE* 

a  3 J.  1.  equal  and  parallel  a  to  BG  :  And  DG,  YS  are  drawn  fwB 
points  in  ihe  one,  to  points  in  the  Other;  and  are  tbcrrfortB 
one  plane  :  Whence  it  is  inanifeft,  that  DG,  YS  muft  mj* 
one  another  ;  let  ihem  meet  in  T  :  And  becaufe  DEispwJ 
to  BG.  the  alternate  angles  EDT.  BGT  are  equal  c;  and* 

f  »5.  1.  angle  DTY  is  equal  f  to  the  angle  GTS  s  Therefore  io  tbctfr 
angles  D  FY,  GTS  there  are  two  angles  in  the  one  equal  to  wo 
angles  in  the  other,  and  one  fide  equal  to  one  fide,  oppofitt" 
two  of  the  equal  angles,  viz.  DY  to  GS  ;    for  they  arc  the 

e  u,  1.  halves  of  DE,  BG  :  Therefore  the  remaining  fides  arc  qoal* 
each  to  each.  Wherefore  DT  is  equal  to  TG,  and  YTcqaH 
to  TS.    Therefore,  if  in  a  folid,  &c.    Q^  E,  D. 

PRQR 


•  ^f^tttrp,'  -r 


\A 


H*      •  •>  ,     • 
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II    I  >l     1*  .iir  • 

VP'terfij  be' ri/6  triangular  prifiiis  of  the  fame  alti- 
>  Y '  tude,  the  tafe  of  one,  of  which  Is  a  parallelogram, 
ffpO)tJiie  l>afe  pf  the  pthef  a  triangle  ;  if  the  parallelo-  * 
^Wfftbbe  Rouble  of  tbe  trkngle,  the  prifnis  ihall  be  e* 

3ual  to  one  another *< 

jiiJELet  itbe  prifint  ABCD£F,  OHKLMN  be  of  the  fame  aki- 
tade,  the  firfly  whereof  is  contained  by  the  two  triangles  ABE. 
CDF,  and  the' three  paralleldgrams  AD»  DE»  £C  ;  and  the  o« 
chcT  hx  the  two  triayglei  GHK,  LMN  and  the  thnee  parallelo- 
mlAiH,  HN,  NG  ;  and  let  one  of  them  have  a  paralklo- 
AF.  and  the  other  a  triangle  GHK  for  its  bafe  )  if  the 
llelogram  AF  be  double  of  the  triangle  GHK|  the  prifm 
BF  IS  e(|aal  to  the  prifm  GHKLMN. 
oifAete  ,the  .folids  AX,  GO  ;  and  becaufe  the  parallelo* 
Al*  is  (lonble  of  the  triangle  GHK ;  aod  the  parailclo- 
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O 

'r^rslitfilK-doifble  i  of  the  fame  triangle  ;   therefore  the  paral-a  34. 
nil^At^MOtf  AF  is  equal  to  HK.    Bot  folid  parallelepipeds  upon 
'^^al'tafeSy 'and  of  the  (ame  altitude*  are  equal  b  to  ooe  an-b  31. 
'':>ii«lie«.  >  TUerefore  the  folid  AX  is  equal  to  the  foiid  GO  ;  and 
-^^khkpritm  ABCDEF  is  half  c  of  the  iblid  AX ;   and  the  prifinc  »8. 
>«HKIyMN  half  c  of  the  folid  GO.    Therefore  the  prifin 
•''ABG&BP  is  equal  to  the  prifin  GHKLMN.    Wherefore,  if 
^'t^dfebetwoi  &c.    (^E^  D. 
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Which  b  the  firft  propofition  o(  the  tenth  book,  tad  u 
fary  to  fome  of  the  propofitions  of  this  book* 


•' 


TF  from  the  greater  of  two  unequal  magnitudes^  there 
be  taken  more  than  its  half,  and  from  the  remain- 
der more  than  its  half;  and  fo  on :  There  ihall  at 
length  remain  a  magnitude  lefs  than  the  leaf):  of  the 
propofed  magnitudes « 


D 


Let  AB  and  C  be  two  unequal  magnitudes,  of  which  Ain 
the  greater,     if  from  AB  there  be  taken  more 
than  its  half,  and  from  the  remainder  more  than      K 
its  half»  and  fo  on ;  there  (hall  at  length  remain 
a  magnitude  lefs  than  C. 

For  C  may  be  multiplied  fo^  as  at  length  to  fr 
become  greater  than  AB.  Let  it  be  fo  muhi- 
pKed,  and  let  D£  its  multiple  be  greater  than 
AB,  and  let  D£  be  divided  into  DF,  FG.  GE, 
each  equal  to  C.  From  AB  take  BH  greater 
than  its  half,  ted  from  the  remainder  AH 
take  HK  greater  than  its  half,  and  fo  on>  until 
there  be  as  many  divifions  in  AB  as  there  are 
in  DE :  And  let  the  divifions  in  AB  be  AK, 
KH,  HB;  and  the  divifions  in  D£  be  DF.  FG,  B  C  G 
QE^    And  becaufe  D£  is  greater  than  AB,  and 


H 


G 
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tG  taken  from  DE  n  not  greater  than  its  half»  but  BH  ta-  Book  Xf L 
from  AB  is  greater  thao  its  half;  therefore  the  remunder 
D  is  greater  than  the  remainder  HA.    Again,  becaufe  GD  is 
jfMtter  than  HA,  and  that  GF  is  not  greater  than  the  half  of 
SD,  but  HK  is  greater  than  the  half  of  HA ;  therefore  the  re- 

etder  FD   is   greater  than  the  remainder  AK.     And  FD  is 
I  to  C,  therefore  C  is  greater  than  AK ;  that  isy  AK  is  lefi 
C.    Q;^  E.  D. 
\  Aod  if  only  the  halves  be  taken  away,  the  fame  thing  may 
kthe  fame  way  be  demonftrated. 


PROP.    I.   THEOR. 

IjCImilar  polygons  infcribed  in   circles,  are  to  one 
another  as  the  fquares  of  their  diameters. 

Let  ABCDE,  FGHKL  be  two  circles^  and  in  them  the  fi* 
milar  polygons  ABCDE,  FGHKL;  and  let  BM,  GN  be  the 
I  diameters  of  the  circles  :  As  the  fquare  of  BM  is  to  the  fquare 
of  GN,  fo  is  the  polygon  ABCDE  to  the  polygon  FGHKL. 

Jofo  BE,  AM,  GL,  FN  :  And  becaufe  the  polygon  ABCDE  is 
fimilar  to  the  polygon  FGHKL,  and  Cmilar  polygons  are  divided 
kofimiiar  triangles ;  the  triangles  ABE,  FGL  are  fimilar  aod  c- 


^tsiangular  b ;  and  therefore  the  angle  AEB  is  equal  to  the  angle  ^  ^  ^^ 
FLG:  But  AEB  is  equal  c  to  the  AMB»  becaufe  they  ftand  up-  c  %\,  '3. 
00  the  fame  circumference ;  and  the  angle  FLG  is,  for  the  fame 
rcafon,  equal  to  the  angle  FNG :  Therefore  alfo  the  angle  AMB 
*B  equal  to  FNG :  And  the  right  angle  BAM  is  equal  to  the 
fight  d  angle  GFN ;  wherefore  the  remaining  angles  in  the  trl-  d  31.  3« 
U)gles  ABM|  FGN  are  equals  and  they  are  equiangular  to  one 

another  . 
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Book  xn.  another :.  Tbcms&M.MiSM  ^45fA.  S^fi\9  B*,w  SRot^ 
^"T'^p-'forc  the  (tapliwe  tailpi  0<fBMiilPr/PNii^%rtifi  6wi<;,f  wirfHtr 
f  i^.  dcf.  plicae  ratiaof  BA,i0;GFi  B^itH^fimioofiiJierOjiwc^^. 

s.  &  IS.  the  fquave  of  GN,  if  theid^kr^fof  rtifaoj^itb^  Mil^lM 
to  GN ;  and  tbe  ratiaiof  i;b«;  f^gisa  jftBQDS  ^r.Kj^^-i   ' 

•    i'  ''»i#  'ijru  d/.y  .Hi 
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FGHKL  is  the  duplicate  g  of  chat  which  6  A  has  to,/G!f  f 
fore  as  the  fquare  of  BM  to  the  fquare  of  G^,  fo  is  the  f 
ABCDE  to  the  polygon  FGHKL.   Wherefore  &txAj  polyioii^ 
«cc.  (^E.  D.  ,.  - 

NX 
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PROP.    II.      T  H  E  O  R- 
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r]|lRcL£S  are  to  one  another  as  the  fquares  of  tUr 

diameters,  /q 

» 

Let  ABCD,  EFGH  be  two  circles,  and  BD,  ¥tl  their  da- 
meters  :  As  the  fquare  of  BD  to  the  fquavc  o£.VH4..bki$ 
circle  ABCD  to  the  circle  EFGH.  .i  H  /If 

For,  if  it  be  not  fo,  the  fquare  of  BD  fhail  bejto  the  f<(Mil 
of  FH,  as  the  circle  ABCD  is  to  feme  ^fpace  eithcnlefs^tbi 
circle  EFGH,  or  greater  than  it  ^.     Firft,  let  it  be  iait 
S  lefs   than  the  circle  EFGH  r    and    in :  thencirdlinEE 
defcribe    the    fquare  EFGH  :    This    fquare  h  gv^tdr 
half  of  the  circle   EFGH';    becaufe  if,    rhrotigk  jtKd  l 
£,  F,  G|  H|    there  be  dra\fm  ungcnts   tfr  •  the  iuec\cii(M 

a 


*  For  there  it  fome  fqaire  equal  to 
the  eirde  ABCD ;  let  P  be  the  fide  of 
it,  and  to  three  ftraigh(  lines  BD,  FH 
and  P,  there  can  be  a  fourth  propor- 
tional ;  let  thii  be  Qj  Therefore  the 
Iquaret  ol  the(e  (bur  ftraighc  iinct  are 


•  lA 


proportionilt;  that  ii,  to  the  toftd 
RD,  FH  and  the  circle  ABCD,  uHpf 
fible  there  may  be  a  fourth  pio^fi* 
al.  Let  this  be  S.  And  in  hkea 
ner  are  to  be  underftood  fome  i^ 
in  Come  of  the  tbUowiog  propofiiio* 


IF^i  iDrtbt  f^ukf<<  lliftM«d  tfbrat  the  circle  \  Book 
r1^  dtV^K  iriefs'  tlriftrtki^  fotiki^  diftflbedlifeoutit  ;  there-  — 
iHffEPrtliM^'greaffcr  ttian  ih4l#bf  the  eirclc.     DU*  ♦^■ 
<h^  «Jk¥lihifti^n^9>Bf ,  FG,  OH^^Hti).  each  it^tatwo  equal 
qh^'^infs  «;iti;  »M,'N.  a^a  j<»lA  EK;  KF,  FL.  LG,  GM. 
HN,  NE :  Therefore  each  of  the  triangles  EKF,  FLG, 
rMH,  HN£  is  i^reater  than  half  of  the  fegment  of  the  circle 
ftands  in ;  becaufe  if  ftraight  lines   touching  the  circle   be 
irawD  through  the  points  K^  L,  M,  N,  and  pai-allelograms 
apon  ttfc'  Araight  lines  Ifi  FG,  GH,  HE  be  completed ;  each 
tofthettianglesEKF,  FLG,  GMH,  HNE  fhall   be  the  half  a  a  41 
of  tha^arallelogram  in  which  it  is  :  But  everj  fegment  is  lefs 
Aan  the -parallelogram  ip  which  it  is;  Wherefore  each  of  the 
triangles^KF,  FLG,  GkU,  HNE  is  greater  than   half  the 
lament   of  the   circle  which  contains  it  :    And   if  thefe  cir- 
comfepeixccs  before  named  be  divided  each  into  two  equal  parts, 
i2ffQteir^fcdfeta?tie9  be  joined  by  ftraight  lines,  bf  continuing 
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t»  <  do  thi4' there  wHI  at  Isngth  remain  fegoients  of  the  circle 
which,  together,  fhall  be  lefs  thaca  tbctexccfs  c^  the  circle  EFGH 
abotp' the  >fpattG  &(  fiecsmfe,  bj  the  preceding  lemma,  if 
trbntfaagmifier.  of <  iwo  .  unequal  magnitudes  there  be  taken 
so^  than  idi  half,,  and  from  the  remainder  more  than  its 
hUf^ind'ib'on,  thens  Iball  at :  length  remain  a  magnitude  leis 
Aili  fheie9(l't)f>ihe:  propofed  mtgnitvdes.  Let  then  the  feg- 
neoci  EK,  KF^  CIL,  JLG,  GM,  MH,  HN,  NE  be  thofe  that 
iteaioiaid  afb  together  lefs  than  the  excefs  of  the  circle  EFGH 
sboKfdS:  Therefore  the  reft  of  the  circle,  viz.  the  polygon 
EKFLGMHN,  is  greater  than  the  fpace  S.  Defcribe  likcwiie 
in  the  circle  ABCD  the  polygon  AXBOCPDR  fimilar  to  the 
j6»JpglMi^EKFLGMHN  ;  As,  therefore,  thcVqnare  of  BD  is  to 
thefquare  of  FH,  fo  b  is  the  polygon  AXBOCPDR  to  the  po-b 
lygOQ  EKFLGMHN :  But  the  fquarc  of  BD  is  aifo  to  the 

fquare 
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»*<*  XTf.  fquare  of  FH,  as  the  circle  ABCD  is  to  the  fpacc  S  : 

^fore  as  the  circle  ABCD  is  to  the  fpace  S,  fo  is  c  the  poly[ 
AXBOCPDR  to  the  polygon  EKFLQMHN :  Bat  the 
ABCD  is  greater  than  the  polygon  contained  in  it ;  whi 
the  fpace  S  is  greater  d  than  the  polygon  EKFLGMHN  : 
it  is  likewife  lefi»  as  h^s  been  demonfirated ;  which  is  im] 
ble.  Therefore  the  fquare  of  BD  is  not  to  the  fquare  of 
as  the  circle  ABCD  is  to  any  fpace  iefs  than  the  drdc 
Jn  the  fame  manner,  it  may  be  demonftrated,  that  neither  isi 
iquare  of  FH  to  the  fquare  of  BD,  as  the  circle  £FGH  si 
any  fpace  lefi  than  the  circle  ABCD«  Nor  is  the  Iquaivil 
BD  to  the  fquare  of  FH,  as  the  circle  ABCD  is  to  any 
greater  than  the  circle  EFGH :  For,  if  poffible,  let  it  be  fi>«f 
T,  a  fpace  greater  than  the  circle  EFGH  :  Th before,  iovi 
as  the  fquare  of  FH  to  the  fquare  of  BD^  fo  is  the  fpace  T 

A 


the  circle  ABCD.  But  as  the  fpace  f  T'is  to  the  circle  ABClk| 
fo  is  the  circle  EFGH  to  fome  fpace,  which  muft  be  Iefs  ^  dfew 
the  circle  ABCD,  becaufe  the  fpace  T  is  greater,  by  hypocte^' 
fis,  than  the  circle  EFGH.    Therefore  as  the  fquare  of  FH  is« 


t  For  M,  in  tbe  foregoing  note,  at  *,    manner,   there  ex n  be  a  Iborth 
it  wat  eiplaincd  bow  ic  was  poffible    tiooal  to  this  other  fpace,  nan»ed  T, 
there  could  be  a  fourth  proportional  to    and  the  circles  ABCD,  KFGH.      Ai 
the  fquares  of  BD,  FH,  and  the  circle  |  the  like  is  to  be  underftood  in  ibsx  1 
ABCDy  which  wai  named  S.  So,  in  like  |  the  following  proportions. 
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^e  fqaarc  of  BD,  fo  i?  the  circle  EFGH  to  a  fj;>ace  Icfs  than  BooV  xrr. 

5\c  circle  ABCD,  which  has  been  deoionftrated  to  be  impor? 
ble  :  Therefore  the  fquare  of  BD  is  not  to  the  fquare  of  FH, 
ds  the  circle  ABCD  is  to  any  fpace  greater  than  the  circle 
EFGH  :  And  it  has  been  demonftrated,  that  neither  is  the  fquare 
of  BD  to  the  fquare  of  FH,  as  the  circle  ABCD  to  any  fpace 
lefs  than  the  circle  EFGH  :  Wherefore,  as  ihc  fquare  of  BD  to 
Ihc  fquare  of  FH,  lo  is  the  circle  ABCD  to  fhc  circle  EFGH  p 
Circles  therefore  are,  8cc^    Q^  E.  D. 


PROP.    III.    T  H  E  O  R. 

FVery  pyramid  having  a  triangular  bafe,  may  bedi-    sceK. 

vided  into  two  equal  and  fimilar  pyramids  having 
triangular  bafes,  and  which  are  fimilar  to  the  whole  py- 
ramid ;  and  into  two  equal  prifms  which  together  are 
greater  than  half  of  the  whoje  pyramid. 

Let  there  be  a  pyramid  of  which  the  bafe  is  the  triangle  ABC 
and  its  vertex  the  point  D  :  The  pyramid  ABCQ  may  be  divi- 
ded into  two  equal  and  (imilar  pyramids 
having  triangular  bafes,  and  iimiiar  to 
the  whole  ;  and  into  two  equal  prifms 
which  together  are  greater  than  half  of 
the  whole  pyramid. 

Divide  AB,  BC,  CA,  AD,  DB,  DC, 
each  into  two  equal  parts  in  the  points 
E,  F,  G,  H,  K,  L.  and  join  EH,  EG, 
QH,  HK,  KL.  LH.  EK,  KF,  FG.  Be- 
cauie  A£  is  equal  to  EB,  and  AH  to 
HD,  HE  is  parallel  a  co  DB :  For  the 
fame  reafon,  HK  is  parallel  to  AB : 
Therefore  HEBK  is  a  parallelogram,  and 
jHK  equal  k  to  £B  :  But  EB  is  equal  to 
A£;  theiefore  alfo  A£  is  equal  to 
ttk:  And  AH  is  equal  toHD  ;  where- 
fore Ea,  ah  are  equal  to  KH,  HD,    , 

tach  to  each ;  and  the  angle  EAH  is  equal  c  to  the  angle  KHD ;«  »^  t. 
therefore  the  bafe  EH  is  equal  to  the  bafe  ^D,  and  th^  triangle 

I\  AEH 


«  ».  <• 


b  34.  t. 


\  Beciufe  at  a  foonh  proportional  to  the  fqiiarei  of  BD,  FK  and  die  circle 
ABCD  ii  poifible,  and  that  it  ca^.  neither  be  left  nor  greater  than  the  cuclc 
^CtH,  it  muft  be  c^oal  to  it. 
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Book  XII.  A£H  equal  d  9nd  fimilar  \o  the  triangle  HKD :  For  the  fame 
V  "•v^'-'reafon,  the  triangle  AGH   is  equal  and  Amilar  to  the  triangle 

^  *•  '•  HID  :  And  bccaufe  the  two  llraight  lines  EH,  HG  whkk 
meet  one  another  are  parallel  to  KD,  DL  that  meet  one  ano* 
tber,  and  are  not  in   the  fame  plane  uith  them,  they  contaia 

P  »o*  "-equal  €  angles;  thdrefore  the  angle  hHG  is  equal  to  the  an- 
gle KDL.  Again,  becaufe  EH,  HQ  ar^  equal  to  KD,  DL,  eack 
to  each».and  th^  angle  EHC  equal  to  the  angle  KDL  ;  ihtics 
fore  the  bafe  EG  is  equal  to  (be  bafe  K.L  :  And  the  rriangfe 
EHG  equal  d  and  fimilar  to  the  triangle  KDL:  For  the  fame 
reafon,  the  triangle  AEG  is  alfo  equal  and  limilar  to  the  trf* 
angle  HKI^.  Therefore  tlio  pyran^id  of  which  the  bafe  w  the 
triangV  AEG,  and  of  which  the  vertex  is  the  point  H.  is  (• 

f  C-  II.  qualfand  fimilar  to  the  pyramid  the 
bafe  of  which  is  the  triangle  KHL,  and 
vertex  the  point  D :  And  becaiife  HK 
is  parallel  to  AB  a  fide  of  the  triangle 
ADB,  the  triangle  ADB  is  equiangu- 
lar to   the    triangle   HDK,    and  theii* 

i  4.  tf-  fjdes  ar^  proportionals  g :  Therefore  the 
triangle  ADB  is  fimilar  to  the  triangle 
HDK:  And  for  the  fame  reafon,  the 
triangle  DBC  is  fimilar  to  the  triangle- 
DKL  ;  and  the  triangle  ADC  to  the 
triangle  HDL ;  and  alfo  the  triangle 
ABC  to  the  triangle  AEG  :  But  the 
triangle  AEG  is  fimilar  to  the  triangle 
HKLy  as  before  was  proved  ;  therefore 

K  iX'tf.  the  triangle  ABC  is  fimilar  I^  to  the 
triangle  HKL,  And  the  pyramid  of 
whicii  the  bafe  is  the   triangle  ABC,  and  vertex  the  point  D| 

1  B.  II.  is  therefore  fimilar  «  to  the  pyra^iid  of  vhich  the  bafe  is  the  tri^ 

^  "•  angle  HKL,  and  vertex  th^  fame  point  J)  :  Bi^t  the  pyramid  of 
which  the  bafe  is  the  triangle  IIKL,  and  vertex  tj^c  point  D,  h 
fimilar,  as  has  been  proved,  to  the  pyramid  the  bafe  of  which b 
the  triangle  AEG,  and  vertex  the  ppint  H  :  Wherefore  the  py- 
ramid the  bafe  of  which  is  the  triangle  ABC,  and  vertex  thepoisf 
D,  is  fimilar  to  the  pyrai)rtid  of  which  the  hzi'c  ia  the  triangle 
AEG  and  vei uow  H  :  Therefore  each  of  the  lyramids  AEOHi 
HKLD  is  fimilar  to  the  whole   pyramid  AECD  :  Ard  bccavle 

ic  ^i.  I.  BF  is  equal  to  FC,  the  parallelogram  EBFG  is  double  ^  of  the 
(riangle  GFC  :  But  uheo  tberp  are  two  pririr.s  of  the  famesltir 

tqdc, 
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tnde,  of  which  one  has  a  paraltelogram  for  its  bafe,  and  the  other  ^^^  ^'^' 
a  triangle  that  is  haJf  of  the  par3l)elograin»  ihefe  prifirs  arc cquar~'^'^ ^ 
«  to  one  another;  therefore  the  prifm  having  the  parallelogram  a  40.  iz. 
EBF6  for  its  bafe,  and  the  fti-aight  line  KH  oppoflre  to 
if»  is  equal  to  the  prifm  having^the  mangle  GFC  for  its  bafe. 
and  the  triangle  HKL  oppofiie  to  it ;  for  thej  are  of  the  fame 
aUitude,  becaufe  they  are  between  the  parallel  l>  planes  ABQ,^  ^s-  "• 
HKL :  And  it  is  manifed  that  each  of  ihefe  prifms  is  greater 
than  either  of  the  pyramids  of  which  the  triangles  AEG.  HKL 
are  ihe  bafcs*  and  the  vertices  the  points  H,  D  ;  becaufe.  if 
£F  be  joined,  the  prifm  having  the  parallelogram  EBFG  for 
k^  bafe.  and  KH  the  ftraight  line  oppofite  to  it,  is  greater  than 
the  pyramid  of  which  the  bafe  is'  the  triangle  £BF.  and  verte^p 
the  point  K;  but  this  pyramid  is  equal  c  to  the  pyramid  the*  ^  *'• 
bafe  of  which  is  the  triangle  AEG.  and  vertex  the  point  H ; 
becaufe  they  are  contained  by  equal  and  (imilar  planes  :  Where- 
fore the  prifm  having  the  parallelogram  EBFG  for  its  bafe. 
and  oppofite  fide  KM,  is  greater  than  the  pyramid  of  which 
the  baie  is  the  triangle  AEG.  and  vertex  the  point  H:  And  the 
prifm  of  which  the  bafe  is  the  parallelogram  EBFG.  and  op- 
pofite fide  KH  IS  equal  to  the  prifm  having  the  triangle  GFC 
for  Its  bafe.  and  HKL  the  triangle  oppofite  to  it ;  and  the  pyr«- 
mid  of  which  the  bafe  is  the  triangle  AEG.  and  vertex  H,  is 
equal  to  the  pyramid  of  which  the  baie  is  the  triangle  HKL. 
and  vertex  D  :  Therefore  the  two  prifms  before  mentioned  are 
greater  than  the  two  pyramids  of  which  the  baftrs  are  the  tri- 
angles AEG,  HKL.  and  vertices  the  points  H.  D.  Therefore 
the  whole  pyramid  of  which. the  bafe  is  the  triangle  ABC.  and 
-vertex  the  point  D.  is  divided  into  two  equal  pyramids  (imilar 
to  one  another,  and  to  the  whole  pyramid  ;  and  into  two  equal 
P^iQs;  and  the  two  prifms  arc  together  greater  than  half  of  th^ 
W&olc  pyramid.    (^  E,  D. 
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PROP.    IV.    THEOR. 

JF  there  be  two  pyramids  of  the  fame  altitude,  upon 
triangular*  bafes,  and  each  of  them  be  divided  into 
two  equal  pyramids  fimilar  to  the  whole  pyramid,  and 
alfo  into  two  equal  prifms ;  and  if  each  of  thefe  pyn- 
mids  be  divided  in  the  fame  manner  as  the  firft  two, 
and  fo  on :  As  the  bafe  of  one  of  the  firll  two  pyramids 
is  to  the  bafe  of  the  other,  fo  fl^all  all  the  prifais  inoac 
pf  them  be  to  all  the  prifms  in  the  other,  tliat  are  pro* 
(duced  by  the  fame  number  of  divifions. 

Let  there  be  two  pyramids  of  the  fame  altitude  upon  tlic  tri- 
angular baks  ABC,  D£F,  and  having  thetr  vertices  in  the 
points  G,  H  ;  and  Ice  each  of  them  be  divided  into  two  eqaal 
pyramids  fimilar  to  die  whole,  and  into  two  equal  prifms;  aoJ 
let  each  of  the  pyramids  thus  made  he  conceived  to  be  divided 
in  the  like  maniier»  apd  fo  on  :  As  the  bafe  ABC  is  to  tbehzJ!; 
DEF,  fo  are  all  the  prifms  in  the  pyramid  ADCQ  to  all  the 
pi'lfms  ici  the  pyramid  D£Ffi  made  by  the  f^me  number  of  & 
yiiions. 

Make  the  fame  conftru£lion  as  iii  the  foregoing  propofidoD : 
f^nd  becaufe  BX  is  equal  to  XC,  and  AL  to  LC,  therefore  XL 

*  ^*  ^'  is  parallel  a  to  AB,  and  the  triangle  ABC  iimilar  to  the  iri- 
angle  liXC:  For  the  fame  reafon,  *  the  triangle  DEF  is  fimilar 
tp  RVF :  And  becaufe  BC  is  double  of  CX,  and  EF  double  of 
FV,'  therefore  BC  is  to  CX,  as  EF  to  FV  :  And  upon  BCCX 
are  defcribed  the  fimilar  and  fi.-nilaHy  tituaced  rcdilineal  fi- 
gures ABC,  LKC;'and  upqn  EF,  FV,  in  like  manner,  a^ 
defcribed  the  fimilar  figures  DEF,  KVF  :  Therefore,  as  the  in- 

h  %%,  «.  angle  ABC  is  to  the  rriaogle  L}^C,  fo  ^  is  the  triangle  DEF  w 
the  triangle  RVF,  and,  by  permutation,  as  the  triangle 4BC 
to  the  triangle  DEF,  fo  is  the  triangle  LXC  to  the  ifungk 
RVF  :  And  becaufe  the  planes  ABC,  OMN.  as  alfo  the  plana 

CIS- "-DEF.  STY  are  parallel  c,  the  perpendiculars  drawn  from  ibe 
points  G,  H  to  the  bafcs  ABC,  DEF,  which,  by  the  hypolll^ 
i\Sf  arc  equal  to  one  another,  fhall  be  cut  each  into  two  cqoal 

^17  ««^  parts  by  the  planes  OMN>  STY,  becaufe  the  ftraight  lines 
GC,  HF  are  cut  imp  (wo  equal  parts  in  the  points  N.Yhf 
fhe  fame  pUnes  :  Therefore  the  prifms  LXCOMN,  RVF:>»Y 

(M'e  of  the  lanie  altitude  ;   and  therefore,   as  the  bafe  LXC  M 

p .  «^   ^     .  •  * .'    ►  '    •  c  %•  s       ',    '  'the 
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^fec  fcafc  feVF;  that  is,  as  the  triangle   ABC  to  the  triattglc  B^<>^  XI*- 
DEF,  fo  a  is  the  prifm  having  the  triangle  LXC  for  its  bafc,^"">'^*^ 
and  OMN  the  trianclc  oppofite  to  it,  to  the  prifm  of  which  the*  ^."JV  ^** 
bafe  is  the  triangle  RVF,  and  the  oppofite  triangle  STY  :  And 
becaufe  the  two  prifms   in  the   pyramid  ABCG  arc  equal  to 
ORc  another  and  alfo  the  iwo  prifms  in  the  pyratnid  DEFH 
tqual  to  one  another,  as  the  prifm  of  which  the  bafe  is  the  pa- 
rallelogram KBXL  and  oppofite  fide  MO,  to  the  prifn\  having' 
the  triangle  LXC  for  if?  baf<r,  and  OMN  the  triangle  oppofite 
to  it;  fo  is  the  pnfm  of  which   the  Safe     is  the  parallelogram^  ?•  i* 
PEVR,  and  oppofite  fide  TS,  to  the  prifm  of  which  the  bafe 
is    the  tiiangle  RVF,  and'  oppofite  rriimglc  STY      Therefore, 
componendo,  as  the  prifms  KBXLMO,  LXCOMN  together 


pre  unto  the  prifm  LXCQMN ;  fd  are  the  prifms  PEVRTS^ 
RVFSTY  to  the  prifm  RVFSTY :  And,  permutando,  as  the 
prifms  KBXL  WO,  LXCOMN  are  to  the  prifms  PEVRTS. 
RVFSTY  ;  fo  is  the  prifm  LXCOMN  to  the  prifm  RVFSTY  : 
But  as  the  prifm  LXCOMN.ro  the  prifm  RVFSTY^  fo  is,  as 
has  been  proved,  the  bafe  ABC  to  the  bafe  DEF  :  Therefore^ 
as  the  bafe  ABC  to  the  bafe  DEF,  fo  arc  the  two  prifms  in 
the  pyramid  ABCG  to  the  two  prifms  in  the  pyramid  DEFH  i 
^nd  tkcwiie  if  the  pyramids  now  made,  for  example,  the  twd 
OMNl^,  3TYH  be  divided  in  the  fame  manner  i  a^  the  bafe 
OMN  is  to  the  bafe  STY,  fo  fhall  the  two  prifms  in  the  py- 
ramid OMNG  be  to  the  two  prifms  in  the  pyramid  STYH  t 
But  the  hafe  OMN  is  to  the  bafe  STY,  as  the  bafe  ABC  to  the 
bafe  DEF ;  thcrcfbrci  as  the  bafe  ABC  to  the  bafe  DEF,  fo  are 

fi  3  ^^ 
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Book  XIL  fhe  t^o  prifms  in  the  pyramid  ABCG  ^>  the  two  prirms  in  the 
^^^'^V'**^ pyramid  DEFH  ;  and  fo  arc  the  two  prifms  in  the  pyramid 
OMNG  CO  the  two  prifms  in  the  pyramid  STYH;  and  lo  are  al 
four  to  all  four :  And  the  fame  thing  may  be  ihev.'a  of  the 
prifms  made  by  dividing  the  pyramids  AKLO  and  DPRS,  aiid 
of  all  made  by  the  fame  number  of  dividoos.     Q^  £.  D. 

PROP.    V.    T  H  E  O  R. 

SccN.    PYRAMIDS  of  the  fame  altitude  which  have  triaar 
gular  bafes,  are  to  one  another  as  their  bafes. 

Let  the  pyramids  of  which  the  triangles  ABC,  DEF  are  the 
bafes,  and  of  which  the  vertices  are  the  points  G,  H,  be  of  the 
fame  altitude  :  As  the  bafe  ABC  to  the  bafe  DEF,  fo  is  the  py- 
ramid ABCG  to  the  pyramid  DEFH. 

For,  if  it  be  nor  fo,  the  bafe  ABC  mufl:  be  to  the  bafe  DEF, 
as  the  pyramid  ABCG  to  a  folid  either  lefs  than  the  pyramid 
DEFH,  or  greater  than  it  j;.  Firft,  let  it  be  to  a  folld  left  thin 
it,,  viz.  to  the  folid  Qj  And  divide  the  pyramid  DEFH  into 
two  equal  pyramids,  Qmilar  to  the  whole,  and  into  two  cqoal 

a  }•  12^  prifms  :  Therefore  thefe  two  prifms  are  greater  a  than  the  half 
of  the  whole  pyramid.  And,  again,  let  the  pyramids  made  by 
this  divifion  be  in  like  manner  divided,  and  fo  on,  until  the 
pyramids  which  remain  undivided  in  the  pyramid  DEFH  bc« 
all  of  them  together,  lefs  than  the  excefs  of  the  pyraoaid  DEFH 
above  the  folid  Q:  Let  thefe,  for  example,  be  the  pyramids 
DPRS,  STYH  :  Therefore  the  prifms,  which  make  the  reft  of 
the  {^ramid  DEFH,  are  greater  than  the  folid  Qj  Divide  like- 
wife  the  pyramid  ABCO  in  the  fame  manner,  and  into  as 
liiany  parts,   as  the  pyramid  DEFH :  Therefore,    asr  the  bate 

b  4-  >»*:ABC  to  the  bafe  D£F,  fj  b  are  the  prifms  in  the  pyiacnid 
ABCG  to  the  pritms  in  the  pyramid  DEFH :  But  as  the  bale 
AEC  to  the  bafe  Di£F,  fo,  by  hypothecs,  is  the  pyramid  ABCG 
to  ihe  folid  Q^;  and  therefore,  as  the  pyramid  ABCG  to  tl:e 
folid  Q_,  fo  are  the  prifms  in  the  pyramid  ABCG  to  the  prifins 
in  the  pyramid  DEFH  :    But   the  pyramid  ABCG  is  greater 

e  14.  5.  than  the  p«*ifms  contained  in  it ;  wherefoi'e  e  alfo  the  fc^id  Q^is 
greater  than  the  prifms  in  the  pyramid  DEFH.  But  it  is  alio 
lefs,  which  is  impoffible.     Therefore  the  bafe  ABC  is  not  to 

the 


f  Thif  may  be  expUiaed  ihc  Qoie  way  v  at  the  odte  *  in  propolttioiL 
ibc  like  cafe. 
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I  the  bafc  DEF,  as  the  pyramid  ABCG  to  any  folid  which  is^BookXiL 

I  left  than  ihc  pyrantid  DEFH.     In  ihc   faaic  manner  it  may  ^ 

be  dcmouftrated.  that  the  bafc  DEF  is  not  to  the  bafc  ABC, 

.  AS  the  pyramid  DEFH  to  any  folid  which  is  Icfs  than  the  py- 

^raroid  ABCG.    Nor  can  the  bafc  ABC  be  to  the  bafc  DEF,  as 

the  pyramid  ABCG  to  any  folid  which  is  greater  than  the  py-^ 

ramid  DEFH.     For,  if  it  be  poffible,  let  it  be  fo  to  a  greater, 

viz,  the  folid  Z.    And  becaufc  the  bafj  ABC  is  to  the  bafe  DEF 

as  I  he  pyramid  ABCG  to  the  folid  Z;  by  invcrfion,  as  the  bafe 

DEF  to  the  bife  ABC.  fo  is  the  folid  Z  to  the  pyramid  ABCG. 

But  as  the  folid  Z  is  to  the  pyramid  ABCG,  fo  is  the  pyramid 


Q. 
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DEFH  to  fome  folid  t,  Which  muft  be  left  a  th^ti  the  pyramid  a  u*  S« 
ABCG«  becaufc  the  folid  Z  is  greater  than  the  pyramid  DEFH* 
And  therefore,  as  the  bafe  DEF  to  the  bafe  ABC,  fo  is  the  pf- 
ramid-DEFU  to  a  folid  left  than  the  pyramid  ABCG  ;  the  con« 
trary  to  which  has  been  proved.  Therefore  the  bafe  ABC  is 
not  to  the  baie  DEF,  as  the  pyramid  ABCG  to  any  folid  which 
is  greater  than  the  pyramid  DEFH.  And  it  has  been  proved, 
that  neither  is  the  bafc  ABC  to  the  bafe  DEF,  as  the  pyramid 
ABCG  to  any  folid  which  is  lets  than  ihe  pyramid  DEFH< 
Therefore,  as  the  bale  ABC  is  to  the  bafe  DEF,  (o  is  the  py- 
ramid ABCG  to  the  pyramid  DEFH*  Wherefore  pyramids^ 
&c.    Q^E,  D. 


R4 
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PROP.   VI.    T  H  E  O  R. 


SceN.    PYRAMIDS  of  the  fame  altitude  which  have  polygons 
for  their  bafes,  are  to  one  another  as  their  bafes-. 


Let  the  pyramids  which  have  the  polygons  ABCDE,  FGHKIf 
for  their  bafes,  and  their  Tcrtices  in  the  points  M,  N.  be  of  the 
fame  altitude  :  As  the  bafe  ABCDE  co  the  b^fe  FGHKL,  fo  k 
the  pyramid  ABC£>Jb.M  to  the  pyramid  FGHKLN. 

Divide  the  bafe  ABCDE  into  the  triangles  ABC,  ACD^ 
ADE;  and  the  bafe  FGHKL  into  the  triangles  FGH,  FHK, 
FKL  :  And  upon  tfic  bafes  ABC,  ACD,  ADE  let  there  be  as 
many  pyramids  of  which  (he  common  vertex  is  the  poici  M« 
and  upon  the  remaining  bafes  as  many  pyramids  having  their 
commdn  vertex  in  the  point  N  :  Therefore,  fince  the  triangle 
ABC  is  to  the  triangle  FGH,  as  »  the  pyramid  ABCM  to  the 
pyramid  FGHN  ;  and  the  triangle  ACD  to  the  triangle  FGIi 
as  the  pyramid  ACDM  to  the  pyramid  FGHN;  and  alfo  tU 


triangle  ADE  to  the  triafigle  FGH,  as  the  pyramid  ADEMt^ 
the  pyramid  FGHN  ;  as  all  the  firft  antecedents  to  their  com- 
h  *.  Cot.  n^<>o  confcquent ;  fo  ^  arc  all  the  other  antecents  to  their  com- 
14-  5-  mon  confequent ;  that  is,  as  the  bafe  ABCDE  to  the  bafe 
FGH,  fo  is  the  pyramid  ABCDEM  to  the  pyramid  FGHN  : 
And,  for  the  fame  reafon,  as  the  bafe  FGHKL  to  the  bale  FGH, 
fo  is  the  pyramid  FGHKLN  to  the  pyramid  FGHN  :  And,  by 
itiverfion,  as  the  bafe  FGH  to  the  bafe  FGHKL,  fo  is  the  py- 
ramid FGHN  to  the  pyramid  FGHKLN  :  Then,  bc^adfe  as  (he 
bafe  ABCDE  to  the  bafe  FGH,  fo  is  the  pyramid  ABCDEM 
to  the  pyramid  F<'.'HN;  and  as  the  bafe  FGH  to  the  bafe 
FGHKL^  fo  is  the  pyramid  FGHN  to  the  pyramid  FGHKLN; 

therefore. 
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feCTeforc,  ex  acquali  c,  as  the  bafc  ABCDE  to  the  bafe  FGHKL,  Book  xir. 
the  pyramid  ABCDEM  to  the  pyramid  FGHKLN.     There- ' 
lore  pyramids,  &c.     Q^£.  D. 

PROP.    VII.    T  H  E  O  R. 

"PVery   prifm  having  a  triangular  bafe  maybe  divi- 
ded  into  three  pyramids  that  have  triangular  bafes, 
md  are  equal  to  one  another. 

Let  there  be  a  prifm  of  which  the  bafe  is  the  triangle  ABC, 
tod  let  DEF  be  the  triangle  oppofite  to  it :  Theprifm  ABCDEF 
may  be  divided   into   three  equal  pyramids  having  triangular 

Join  BD«  EC|  CD  ;    and  becaufe  ABED  is  a  parallelogram 
of  which  BD  is  the  diameter,  the  triangle  ABD  is  equal  a  to  a  34.  i. 
the  tnangle  £BD  ;    therefore  the  pyramid  of  which  the  bafe  is 
the  triangle  ABD,  and  vertex  the  point  C,  is  equal  b  to  thel>  s«  «*• 
pyramid  of  which  the  bafe  is  the  triangle  EBD,  and  vertex  the 
point  C  :    But  this  pyramid  is  the  fame  with  the  pyramid  the 
bafe  of  which  is  the   triangle  £BC,  and  vertex  the  point  D  ; 
for  they  are  contained  by  the  fame  planes  :  Therefore  the  py* 
nmid  of  which  the  bafe  is  the   triangle  ABD,  and  vertex  the 
point  C,  is  equal  to  the  pyramid,   the  bafe  of  which  is  the  tri- 
angle EBC,  and  vertex  the  point  D  :    Again,  becaufe  FCBE  is 
a  parallelogram  of  which  the  diameter  is 
C£,  the  triangle  ECF  is  equal  a  to  the 
triaogie  ECB  ;  therefore  the  pyramid  of 
vhich  the  bafe  »  the  triangle  ECB,  and 
venez  the  point  D,  is  equal  to  the  pyra- 
mid, the  bafe  of  which  is  the  triangle 
ECF,  and  vertex  the  point  D  :  But  the 
pyramid  of  which  the  bafe  is  the  triangle 
ECB,  and  vertex  the  point  D  has  been     k 
proved  equal  to  the  pyramid  of  which  the 
bafc  is  the  triangle  ABD,  and  vertex  the  point  C.    Therefore 
the  prifm  ABCDEF  is  divided  into  three  equal  pyramids  having 
iriangular  bafes,  viz.  into  the  pyramids  ABDC,  EBDC.  ECFD  : 
And  becaufe  the  pyramid  of  which  the  bale  is  the  triangle  ABD, 
aiul  vcnex  the  point  C,   is  the  fame  with  the  pyramid  of  which 
the  bafe  is  the  triangle  ABC,  and  vertex  the  point  D,  for  thejr 
are  contained  by  the  fame  planes ;  and  that  the  pyramid  of  which 
Uic  bafe  is  the  triangle  ABD,   and  vertex  the  point  C,  has  been 

demonftrated 
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Book  xir.  demonftrated  to  be  a  third  part  of  xht  prifm  the  ba&  of  »1 
^'^V^'^-'is  the  triangle  ABC,  and  to  which  DEF  is  the  oppoficctri 
therefore   the  pyramid  of  which  the  bale  is  the  triaDgk 
and  vertex  the  point  D,  is  (he  third  part  of  the  prifm  wbidi 
the  fame  bafe,  viz.  the  triangle  ABC,  and  DEF  is  the  oppqH 
ix'iangle,     Q^  E.  D. 

CoK.  I.  From  this  it  is  manifefl;,  chat  ^vcvf  pjraoiidilii 
third  part  of  a  prifm  which  has  the  fame  bafe,  and  is  of  at 
qual  altitude  with  it  ;  for  if  the  bafe  of  the  pdfm  be  any 
iigure  than  a  triangle,  it  may  be  divided  into  prifms  ha?iag 
angular  baies. 

'   Cor.  2.  Prifms  of  equal  altitudes  are  to  one  another  astt 
bafes ;  becaufc  the  pyramids  upon  the  (ame  bafes,  and  oim 

c  #.  i».     fame  altitude,  are  c  to  one  another  as  their  bafcs.  ' .  I 

•  \ 

I 

.PROP.    Vin.     T  H  E  O  R. 

CImilak   pyramids  having  triangular  bafes arc  l^tj 
another  in  the  ti'iplicate  ratio  of  that  of  tkitifh 
mologous  lides. 

Let  the  pyramids  having  the  triangles  ABC,  DEF  foe  Mr 
bafes,  and  the  points  G,  H  for  their  vertices,  bt  fitnilar  aatfi* 
milarly  fituatcd ;  the  pyramid  ABCG  has  to  the  pyraaud  D£lU, 
the  triplicate  ratio  of  that  which  the  fide  fiC  has  to  the  hm» 
logons  ddc  £F. 

Complete  the  parallelograms  ABCM,  GBCN,  ABGE.  ni 
the  folid  parallelepiped  BGML  contained  bf  thefc  pLuiotfl 


thofe  oppolite  to  them  :  And,  in  like  manner,  complete  the  f(^ 
lid  parallelepiped  KKPO  contained  by  the  three  parallelognioi 
DEFP,  HEFR,  DEHX,  and  thofe  oppofitc  to  them  :  And  be- 
caufe  the  pyramid  AfiCG  is  iimilar  to  the  pyramid  D£f Hi  ^ 

0  '  .  aflgJc 


O  F    E  U  C  L  1  D.  267 

Etrtglc  ABC  IS  equal  *  to  the  angle  DEF,  and  the  angle  GBC  Book  xii. 
j  to  the  angle  HEF,  and  ABG  to  DEH :    And  AB  is  b  to  BC,  ^^7^ 
m$  DE  to  EF ;  th^t  is,  the  fides  about  the  equal  angles  are  pro*  *  Vi\ 
llpctionals ;  wheiefore  the  parallelogram  BM  is  fimilat  to  £P  :  b  1.  def.  tf. 
For  the    fame  reafon,  the  parallelogram  BN  is  fimilar  to  £R, 
ajpd  BK  to  £X  :   Therefore  the  three  parallelograms  BM,  'BN, 
lite  arc  fimiiar  to  the  three  EP,   ER,  EX  :  But  the  three  BM, 
BN,  BK^  are  equal  and  (imilar  c  to  the  three  which  are  oppo-  c  14.  ii. 
fite  to  them,  and  the  three  EP,  ER,   EX  equal  and  fimilar  to 
die  three  cppofite   to  them:    Wherefore  the  folids  BGML, 
«£HPO  are  contained  by  the  fame  number  of  fimilar  planes  ; 
tod  their  fotid  angles   are  equif  d  ;    and  *thereiFore  the  folid  d  B.  n. 
r  BGML   is  fimilar  ^  to  the  folid  EHPO  :    But  fimilar  folid  pa- 
rallelepipeds have  the  triplicate  e  latio  of  that  which  their  ho-^  33* n* 
molpgous  fides  have  :  Therefore  the  folid  BGML  has  to  the 
folid  EHPO  the  triplicate  ratio  of  that  which  the  fide  BC  has 
to  the  homologous  fide  hf  :    But  as  the  folid  BGML  is  to  the 
folid  EHPO,  fo  ii  f  the  pyramid  ABCG  to  the  pyramid  DEFH ;  f  15.  f. 
bccaufe  the  p^^ramlds  are  the  fixih  part  of  the  iblids,  fince  the 
prifm,  which  is  the  half  g  of  the  folid  paiallelepi|)ed,  is  triple  hg  x8.  n, 
of  the  pyramid.     Wherefore  likewife  the  pyramid  ABCG  has**  '*  ■*' 
to  the  pyramid  DEFH,  the  triplicate  ratio  of  that  which  BC  has 
to  the  homologous  fide  EF.    Q^  E.  D. 

Cou.  From  this  it  is  evident,  that  ^  fimilar  pyramids  which  fiecK. 
have  muhangular  bafes,  are  likewife  to  one  another  in  the  tri* 
plicate  ratio  of  their  homologous  fides  :  For  they  may  be  di* 
tided  into  fimilar  pyramids  having  triangular  bafes,  becaufe  the 
fimilar  polygons,  which  are  their  bales,  may  be  divided  into  the 
fame  number  of  fimilar  triangles  homologous  to  the  whole 
polygons  ;  therefore  as  one  of  the  triangular  pyramids  in  the 
fitit  multangular  pyramid  is  to  one  of  the  triangular  pyramids 
in  the  other,  fo  are  all  the  triangular  pyramids  in  the  firfi  to  all 
the  triangular  pyramids  in  the  other ;  that  is,  fo  is  the  firft  mul- 
tangtilar  pyramid  to  the  other  :  But  one  triangular  pyra» 
mid  IS  to  its  fimilar  triangular  pyramid,  in  the  triplicate  ratio  of 
their  homologous' fides  ;  and  therefore  thefirfi  multangular  py- 
ramid has  to  the  other,  the  triplicate  ratio  of  that  which  one  of 
die  fides  of  the  firft  has  to  the  homologous  fide  of  the  other. 
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PROP.    IX.     THEOR. 


hpHE  bafes  and.  altitudes  of  equal  pyramids   hsmHi 

triangular  bafes  are  reciprocally  proportional :  Am 

triangular  pyramids  of  which  the  bafes  and  altitude 

are  reciprocally  proportional,  are  equal  to  one  another* 

Let  the  pyramids  of  which  the  triangles' ABC,  DEFarcth 
bafes  And  which  have  their  venlces  in  ihe  points  G,  H,  faecr 
qua!  to  one  ^unother*:  The  bafes  and  altitudes  of  the  pyramklr 
ABCG,  DEFH  arc  reciprocally  proportional,  viz.  the  b^ 
ABC  is  to  the  bafe  DEF^  as  the  altitude  of  the  pyramid  DEFH 
to  the  altitude  of  the  pyramid  ABCG. 

Complete  the  parallelograms  AC,  AG,  GC,  DF,  DH,  HF| 
and   the  folid   parallelepipeds  BGML^-  EHFO   contained  if 
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,  thcfc  plane<5  and  ihofe  oppofire  to  them  :  And  becaofe  the  py- 
ramid ABCG  is  equal  to  the  pyramid  DEFH,  and  that  the 
folii!  BGML  is  fcx tuple  of  the  pyramid  ABCG,  and  the  folsd 
EHPO  fcxtuple  of  the  pyramid  DEFH  ;  therefore  the  folid 
a  I.  Ax. 5. BGML  is  equal  a  (o  the  folid  EHPO:  But  the  bafes  and  aid- 
tudes  of  equal  folid  paiallelepipeds  are  reciprocally  proper* 
tional  h  s  therefore  as  the  bafe  BM  to  the  bafe  £P,  fo  is  the  al^ 
tiiude  of  the  folid  EHPO  to  the  altitude  of  the  folid  BGML  : 
But  as  the  bafe  BM  to  the  bafe  £P,  lo  is  c  the  triangle  ABC 
to  the  triangle  DEF  ;  therefore  as  the  triangle  ABC  to  the  tri- 
anule  DEF.  {o  is  the  altitude  of  the  folid  EHPO  to  the  aid- 
tvde  of  the  folid  BGML  :  But  the  altitude  of  the  folid  EHPCf 
»  the  fame  with  the  altitude  of  the  pyramid  DEFH  ;  and  the 
altitude  of  the  folid  BGML  is  the  fame  with  the  altitude  of  die 

pyrii&id 
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Tramid  ABCG  :  Therefore,  at  the  bafe  ABC  to  the  hafe  DEF.Book  xrr. 
>  is  the  altitude  of  the  pyramid  DEFH  to  the  aUicude  of  the  py»^  ^w— *^ 
unid  ABCG  :   Wherefore  the  b^fes  and  ahitudes  of  the  pyra- 
iids  ABCG,  DEFH  are  reciprocally  proportional. 

Again,  Let  the  bafes  and  altUudes  of  the  pyramids  ABCG, 
)£FIi  be  reciprocally  proportional,  viz,  the  bafe  ABC  ro  the 
aie  D£F,  as  the  altitude  of  the  pyramid  DEFH  to  the  altitude 
f  the  pyramid  ABCG  :  The  pyramid  ABCG  is  equal  to  the 
lyramid  DEFH. 

The  fame  con(lru£lion  being  made,  becaufe  as  the  bafe  ABC 
o  the  bafe  DEF,  fo  is  the  altitude  of  the  pyramid  DEFH  ro 
he  altitude  of  the  pyramid  ABCG  :  and  as  the  bafe  ABC  to 
:he  bafe  DEF,  fo  is  the  parallelogram  BM  to  the  paratlelo- 
jram  EP  ;  therefore  the  parallelogram  BM  is  to  EP,  as  the 
ikitude  of  the  pyramid  DEFH  to  the  altitude  of  the  pyramid 
/^BCG  :  But  the  altitude  of  the  pyramid  DEFH  is  the  fame 
with  the  altitude  of  the  folid  parallelepiped  EHPO  ;  and  the  al- 
titude of  the  pyi*atnid  ABCG  h  the  fame  with  the  altitude  of 
the  fqlid  parallelepiped  BGML  :  As,  tlierefore,  the  bafe  BM  to 
the  bafe  EP,  fo  is  the  altitude  of  the  folid  parallelepiped  EHPO 
to  the  altitude  of  the  folid  parallelepiped  BGML.  But  folid 
parallelepipeds  having  their  bafes  and  altitudes  reciprocally  pro- 
portional, are  equal  » to  one  another.  Therefore  the  folid  pa^b  34.  n. 
rallelepiped  BGML   is  equal  to  the  folid  parallelepiped  EHPO. 

And  the  pyramid  ABCG  b  the  fixth  part  of  the  folid  BGML, 
and  the  pyramid  DEFH  the  fixih  part  of  the  folid  EHPO. 
Therefore  the  pyramid  ABCG  is  equal  to  the  pyramid  DEFH. 
Therefore  the  bafes,  &c.      Q^  E»  D, 

PROP.    X.    T  H  E  O  R. 

P'Very  cone  is  the  third  part  of  a  cylinder  which 
has  the  fame  bafe,  and  is  of  an  equal  altitude  with 
it. 

Let  a  cone  have  the  fame  bafe  with  a  cylinder,  viz.  the  circle 
ABCD,  and  the  fame  altitude.  The  cone  is  the  third  part  of 
the  cylinder  ;  that  is,  the  cylinder  is  triple  of  the  cone. 

If  the  cylinder  be  not  triple  of  the  cone,  it  muft  either  be 
greater  than  the  triple,  or  lefs  than  it.  Firft,  Let  it  be  great- 
er than  the  triple ;  and  defcribe  the  fquare  ABCD  in  the  cir- 
cle ;  this  fquare  is  greater  than  the  half  of  the  circle  ABCD  *, 

f  Ai  wu  iliewn  in  prop.  t.  of  this  boo^. 
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Book  xir.Upon  ihc  fquarc  ABCD  creft  a  prifm  of  thtf  fame  akitiKle 
'■*"V""*^thc  cylinder  ;  •  this  prifni  is  greater  than  half  of  the  cjlhukrj 
becaufe  if  a  fquare  be  defcribed  about  the  circle,  and   a 
erefled  upon  the  fquare,  of  the  famcahitude  with  thecyln 
the  infcribed  fquare   is  half  of  that  circumfcribed  ;  and 
thefe  fquare   bafes  are   erecled  folid  parallelepipeds^  viz« 
prifms,  of  the  fame  altitude  ;  therefore  the    prifm  upon 
fquare  ABCD  is  the  half  of  thp^  prifm  upot)  the  fquarc  d< 
bed  about  the  circle  ;    becaufe  ihey  are  to  pne  another  as  tl 

a  3».  IX.  bafes  a  :  And  the  cylinder  is  lefs  than  the  prifm  upon  tlie  iqi 
defcribed  about  the  circle  ABCD  :    Therefore  the  prifm  •! 
the  fquare  ABCD  of  the  fame  aliitiide  with  the  cytimlfr^ 
greater  than  half  of  the  cylinder.     B'\ft(k  the  circum/mi 
AB>  B'v,  CD,  DA  in  the  points  E,  F.   G,  H;  and  join 
EB,  BF,  FC,  CG,  GD,  DH.  HA  :  Then,  each  of  ihcir&B^"] 
AEB^  BFC,  CGD,  DH\  is  greater  than  the  half  of  thejq^ 
ment  of  the  circle  in  which  it  flands, 
as  was   (hewn   in   prop.  7,  of  this 
book.     Ere6t  prifms  upon  each  of 
thefe  triangles  of  the  fame  altitude 
with   the    cylinder  ;    each  of  thefe 
prifms  is  greater  than  half  of  the  fcg-  ^ 
ment  of  ihf  cylinder  in  \%hich  h  is  ;  JD 
becaufe  if,  through  the  points  E,  F, 
G,  H,  parallels  be  drawn  to  AB,  BC,    --, 
CD,    DA,    and    parallelograms    be    r 
completed  upon  the  fame  AB,  BC, 
CD,  DA,  and   folid   paralleleptpeds, 
be  ere£\ed  upon  the   paraUelograms  ;    the  prifma  upon  dtf 
triangles  AEB,  BFC,  CGD.  DH A  are  the  balv^  of  tbe  1^ 

b  %•  C»r.  lid  parallelepipeds  b.  And  the  feginents  of  the  cylinder  wWA 
y.  jx.  are  upon  the  Segments  of  the  circle  cut  off  by  AB,  fiC»  C]|^ 
DA,  are  lefs  than  the  folid  parallelepipeds  which  Dontpiii  theou^ 
Therefore  the  prifms  upon  the  triangles  AEB,  BFC»  CGI^ 
DHA,  are  greater  than  half  of  the  fegments  of  the 
which  they  are  ;  therefore  if  each  of  the 
iridcd  into  two  equal  parts,  and  ftraighc  lines  be  drawn 
the  points  of  divition  to  the  extremities  of  the  circumi 
and  upon  the  triangles  thus  made,  piifsos  be  ereQed  of  the 
altitude  with  the  cylinder,  and  fo  on,  there  mufl  at  length  t>, 

c  Lemma,  main  fome  fegments  of  the  cylinder  vrbich  together  are  kfie 
than  the  exccfs  of  the  cylinder  above  the  triple  of  the  cone 
Let  them  be  thofe  upop  the  fegtncnu  of  the  circle  AE,  £B,  BF, 
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ifC  CG.  GD,  DH,  HA.    Therefore  rhc  reft  of  the  cylin-Bookxn. 
Her,    that  is,'  the   prifm   of  which  the   bafc  is  the  polygon ^-^^ 
SlEBFCGDH,  and  of  which  the  ahitudc  Js  the  fame  with  that 
rfthe  cylinder,  is  greater  than  the  triple  of  the  cone  :  But  this 
uWinh  triple  d  of  the  pyramid  upon  the  fame  bafe,  of  which  a 

K  vertex  IS  the  fame  wieh  the  vertex  of  the  cone  ;  therefore 
pyramid  upon  the  bafe  AEBFGGDH,  having  the    fame 
wtex  with  tke  cone,  Is  greater  than  ihe  cone,  of  which  the 
We  is  the  circle  ABCD  :    But  it  is  alfo  lefs,  for  the  pyramid  is 
contained  within  the  cone ;  which  is  impoffible.     Nor  can  the 
CfEndcr  be  lefs   than  the  triple  of  the  cone.     Let  it  be  lefs,  if 
IrtfiMc  :  Therefore,  invcrfcly,  the  cone  is  grreater  than  the  third 
^  of  the  cylinder.     In  the  circle   ABCD  defcribe  a  fquare  ; 
ihiS  fquare  is  greater  than  the  half  of  the  circle  :  And  upon  the 
^Wc  ABCD  erefta  pyramid  having  the  fame  vertex  whh  the 
cone  ;  this  pyramid  is  greater  than  the  half  of  the  cone  ;  becaufe, 
ai  was  before  demonltrated,  if  a  fquare  be  defcribed  about  the 
circle,   the    fquare  ABCD  is  the 
halfof  it  $and  if,  upon  thefe  fquares 
there  be  erefted  folid  parallelepi- 
peds of  the  fame  altitude  with  the 
cmti  which  are  al(b   prifms,  the 
prifm   upon    {he   -fquare    ABCD 
fhall  be  the  half  of  that  which  is 
upon  the  fquare  defcribed  about  the 
tircie ;  for  ihcy  arc  to  one  aootbcr 

as  their  bafes  * ;  as  arc  alfo  the  third        I ^^^^^Ir^^^^      ■ '        *  !*•  U» 

parts  of  them  :   Therefore  the  py- 
ntmid,  the  bafe  of  which  is  the 

fquare  ABCD,  is  half  of  the  pyramid  upon  the  fquare  de- 
fcribed about  the  circle  :  But  this  laft  pyramid  is  greater  than 
the  cone  which  it  contains  ;  therefore  the  pyramid  upon  the 
iquare  ABC0  iiaving  the  fame  vertex  with  the  cone,  is  great- 
er than  the  half  of  the  cone.  Bife^E^  the  circumferences  AB^ 
BC;  CD,  DA  In  the  points  E,  F,  G,  H,  and  join  AE,  EB, 
BP,  FC.  CG,  GD,  DH,  HA  :  Therefore  each  of  the  triangles , 
AliB,  BFC,  CG3,  DHA  is  greater  than  half  of  the  fegmenc 
of  the  circle  in  which  it  is :  Upon  each  of  thefe  triangles  ereft 
pyramids  having  the  iame  Jvertex  with  the  cone.  Therefore  each 
of  thefe  pyramids  is  greater  than  the  half  of  the  fegroent  of 
tke  cone  in  uhich  it  is,  as  before  was  demonftrated  of  the 
prifms  and  fegments  of  the  cylinder  ;  and  thus  dividing  each 
of  the  ctrcunuerencqf  into  two  equal  partSi  4>nd  joining  tbt 

pointi 
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v!^^^  ^^^^*  °^  divifion  and  their  cxrremitics  by  ftrajght  IIdo, 
^^"'^  upon  the  triaugics  crfrSing  pyramids  having  ihcir  vcnica 
fame  with  rhat  of  the  cone,  and.  fo  on,  there  muftatta 
rcmam  fome  Segments  of  the  cone,  which  together  (hall  be. 
than  the  cxccfi  of  the  cone  above  the  third  part  of  the  cA 
der.  Let  ihcfc  be  the  fegmcnts  upon  AE,  EB,  BF,  FC,  CG.GIl 
DH,  HA.  Therefore  the  rcl\  of  ^  '  »  *  »  ^f^ 
the  cone,  that  is,  the  pyramid,  of 
which  the  hafc  is  li.e  polygon 
AEBFJGDH,  and  of  which  d^e 
vertex  is  the  Ume  with  that  of  the 
cone,  is  gn  ater  chat  the  third  part 
of  ihc  cylinder.  But  this  pyramid 
IS  the  third  pan  of  ihc  piifni  upon 
the  fame  bafe  ^\Ei3FCGDII.  and 
of  theTame  ahituJc  with  the  cylin- 
der. Therefore  this  pi  ifm  is  great- 
er than  the  cylinder  of  which  the 

bafe  is  the  circle  ABCD.  But  it  i'  ^^''^  'cfs,  for  it  Is  comaisol 
within  the  cylinder  j  which  is  imp^^ffi^^'^^*  Therefore  tBc<j- 
linder  is  not  lefs  than  the  triple  of  tHe  cone*  And  it  hisbtdi 
demorjftratc<i  that  neither  is  it  greater  than  the  triple.  TherrforQ 
the  cylinder  is  tiiple  of  the  cone,  or,  the  cone  is  the  'hird  pn 
of  the  cylinder.     Wherefore  every  cone,  &c.     Q^E.  D. 

PROP.    XL    T  H  E  O  R. 

/^Onks  and  cylinders  of  ;lie  fame  altitude,  are  to  oae 
another  as  their  bafes* 

Let  »he  rones  and  cylinders,  of  which  the  bafts  are  the  dr^ 
c1csABCD;EFGH.  and  the  axes  KL,  MN,  aodAC,  EGtfcc 
diameters  of  their  bafe!",  be  of  the  fame  altitude.  As  thedrde 
ABCD  to  the  circle  EFGH,  fo  is  the  cone  AL  to  the  cooeEtl 

If  it  be  not  fo,  let  the  circle  ABCD  be  to  the  circle  EFGJ^ 
as  the  cone  AL  to  fome  folid  either  lefs  than  the  cone  £N,<K 
greater  than  it.  Firft,  ler  it  be  to  a  folid  lefs  th^o  EN,  viz.  tt 
the  ibiid  X  ;  and  let  Z  be  the  folid  which  is  equal  to  cbee^ 
cefs  of  the  cone  EN  24bove  the  folid  X  ;  therefore  the  coo€  EH 
is  equal  to  the  folids  X.  Z  together.  In  the  circle  EFGH  (k* 
fcribe  the  fquare  EFGH,  (herefore  this  fquarc  b  greater  tbtt^ 
the  half  of  the  circle  :  Upon  the  fquare  EFGH  ereftapyi** 
mid  of  the  fanie  altitude  wiih  the  core  ;  this  pyramid  ii 
greater  than  half  of  the  cone.  For,  if  a  fquaic  bedefcriM 
alout  the  circle,    and   a  pyramid  be   elected  u^otx  ic>  ^ 
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v4cg  the  fame  vertex  with  the  cone  *,  the  pyramid  infcribed  Baolp  xic, 
in   the  cone  is  half  of  the  pyramid  circumfcribed  about  it,  be-  -  "^""-^ 
ca.ufe  they  are  to  one  another  as  their  bafcs^ :  But  the  cone  is  a  6,  i». 
Icfs  than  the  circumfcribed  pyramid  |   therefore  the  pyramid  of 
mwhich  the  bafe  is  the  fquare  EFGH,  and  its  vertex  the  fame 
^rith  that  of  the  c«ne,  is  greater  than  half  of  the  cone :  Divide 
the   circumferences  £F,  FG,  GH,  HE,  each  into  two  equal 
parts  in  the  po'mts  O.  P,  R.  S,  and  join  EO,  OF,  FP,  PG, 
OR,   RH,  HS,  8£  :    Therefore  each  of  the  triangles  EOF,      . 
VPG^  GRHs  HSE  is  greater  than  half  of  the  fegmenc  of  the 


M 
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tircle  in  which  it  is  :  Upon  each  of  thefe  triangles  ereft  a  pyra* 
ifiid  having  the  fame  vertex  with  the  cone  ;  each  of  theie  py« 
ramids  is  greater  than  the  half  of  the  fegment  of  the  cone  itt 
which  it  is :  And  thus  dividing  each  of  thefe  circumferences  in*  •  ^ 

to  two  equal  parts,  and  from  the  points  of  divifion  drawing 
Araight  lines  to  the  extremities  of  the  circumferences,  and 
upou  each  of  the  triangles  thus  made  erecting  pyramids  having 
the  fame  vertek^  With  the  cone,  and^fo  on,  there  mufl  at  length 
remain  ibaie  (rgments  of  the  cone  which  are  together  \ds  bb  Lcinma. 
thtfk  the  folid  Z  :  Let  thefe  be  the  fegments  upon  £0,  OF,   FP, 

*  Vertex  n  poe  in  place  of  alcnude  which  is  ip  the  Greek,  becaufe  the  pyra* 
ir.*d,  iq  what  follows,  ii  fuppofcd  to  he  circumfcTibed  about  the  cone,  and  Co 
mirf\  have  the  fame  vertex.  And  the  fame  change  i»  luadc  ia  Tome  places  fol- 
lowing. 
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Book  XU  P|q,.  jp^,  fm,  H$.  SE :  Ttierefor^  tiit  nemaiod^  of  iliecQM^ 

^■^**^va.  tbp  pjc»a|idpf  fubicfa  th«  baipif  the  polfgoo  ^OFPGRHS^ 

and  iu  ycfCM  (|i^  fa^DCiirUh  that, of  the  cone,  is  greaCcrdiM 

tko  folid   X-i    Itu  ^    circle  ABCD-  dcfcribe   the   poljgOK 

4T$XCV|Ji^fimihir.to  the  fQlj^  EOFPGRHS,  mod  upn 

it  ei^ik  a  pyiijimid. having^  the  £ime  vertex  with,  the  ccmw  ALi 

a  I.  la.    Afli^  bqoaj^fe  Us  th^  {quare  of  AC  is  to  the  fquare  of  EG,  to^k 

rii<;PQl7|WATBtCVD(^w  the  polygon  £OE?GRHS  5  »i 

b  a.  r».    jii  ^e^  ^0^^  of  .AC  to  the^^fqi^re ,of  ,£G^.ib.&  ^-^c  cUk 

c  II.  J.    ApgD  to  ijit  cififle  EFG^ ;,  ^x^fin^  thenOBcJc  AfCD  ■«« 

,    OWi-vCif^V:  TOH,  9s  t)?uB  ^Bplygo,  ATB  YpVDi^t^  the  fP^ 


.•1/1    > 


» 5^0 


9  $*  la. 
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Em  £Q)^GBHS  t  But  at  the  circle  ABCD ftfth^  cn-d^%|B^ 
>  IS  the  eooe  AL    to  the    fdMd  X;    ahd  aa  the'  poltM 


AtBYCVDQ  to  the  polygon  EOFPCJRliS,  fo  Is  ^  the^ 
mid  of  which  tKe  bale  is  the'  firft  of  thefe  polygons,  axid*flii(<l 
tex  L»  to'the  pyratnid  of  Which  the  bafe  Is  the  other  psi 
and  its  vertex  N :  Therefore,  as  th^  cone  AL  to  the  fMSTC^'tl 
is  the  pjrratnid  of  which  the  bafe  is  the  ttolygorf  ATBTC  V 
and  vertex  L,  to  the  pyramid  the  bafe  of  which  is  the 
EOFPGRHS,  and  vertex  N  :  But  the  cone  AL  is  greater 
the  pyramid  contained  in  it ;  therefore  the  folid  X  is  greater  c 
than  the  pyramid  in  the  cone  EN :  But  k  b  lefi,  as  was  ihewo ; 


wbidi  it  aMiird  ;   Therefore  the  circle  ABCD  is  tidt'to  thecif-  "^/^^ 
de  EFGH,  is  the  conie  ALto  any  foBd  which  W'lefsithzn  the  ^  "■t^'*^ 
eooc  EN.    In  the  fame  manner  it  may  be  demonftrated  that 
the  drele  EFGH  it  not  to  th^  circle  ABCD,  as  t^e  cone  EN 
U>  any  folid  left  than  the  cone  .4Ii/   Nor  can  the  ch-cle  ABCD 
be  to  the  circle  EFGH,  as  thje;  cone  AL  to  any^  folid  greater 
than  the  cone  EN  :  For,  if  it  be>offiUe,  let  it >e  fo  to  the  folid 
I,  which  is  greater  than  the  cone  zlN  :  Therefo^Cf  by  inirerfion^ 
is  the  ciitle  EFGH  to  the  cirde  ABCO,  fj  h  the  (blid  1  tp 
the  cone  AL  :  :Biit  as  the  ibiid  I  to  the  cone  AL,  fo  is  the 
eaob  EN  to  idoK  folid,  which  muft  tw  left  «  dott  the  co^«  14.  j^ 
ALt  becanie  the  folid  I  is  greater  than  the  cone  EN :  Inhere- 
fore,  as  the  circle  EFGH  is  to  the  circle  ABCD,  fo  is  the  cone 
EN  to  a  foKd  lefi  than  the  oroe  AL,   whidTwas  (hewn  to  be 
hnpoffible  ;   Therefore  the  circle  ABCD  is  not  ^o  il^  circte 
EFGH,  as  the  cone  AL  is  to  any  folid  greater  than  the  cone 
EN  :  And  it  has  been  demonftrated  that  neither '  b  the  circle 
ABCD  to  the  circle  EFGH,  as  4ie  £one  AL  to  any  folid  left 
than  ttifccone  EN  :   Therefore  the  ctrde  AQCD  is  tpthfe  circle 
EFGH,  asYfaecone  AL  to  the  cone  EN  :  Butas  the  cone  is  to 
tHe  cone»lb4>is  the  cylinder  to  the  cylinder  •  becsMJp  t he  cy- fc  t^  ^; 
finders  are  triple^ of  the  cooes,  each  to  euh^    Therefore,  ase  10.  ia« 
the  circle  ABCD 'to  die  cirde  EFGH,  fo  art  the  eyilndera  ttp- 
on  them  of  the  fame  altitude*    Wherefore  cones  and  ctlindera 
of  Che  fame  ahhadeaie  to  one  another  as  thefar  b^ib.    CL  £.  0. 

PROP.    Xa.     THEOR- 

CImilak  cones  and  cylinders  have  to  ofie  another   s^stn* 

the  triplicate  ratio  of  that  which  the  diameters  of 
their  bafes  have. 

^U^  the  cones  and  cyKnden  of  #hich  the  bafes  .are  the  cirdea 
~CP,  £IC(If  and  the  diameters  of  the  bafes  AC,  WJ,  and 
TAijI'thc  ^esolthe  cones  or  c][linders,  be  iaroilari  The 
.^.^'of  which  the  bafe  is  the  circle  AjSCD,  and. vertex  the 
jl^iat  I#  ^  to  the  cone  of  which  the  baU  is  the  circle  EFGH^ 
i^  vertex  N,  the  triplicate  ratio  of  that  .which  AC  has  to  EG. 
.  Foir,  if  the  cone  AfiCDL .  has  not  -  to  the  cone  EFGHN  the 
<iplvcate  ratio  of  that  which  AQ  has  to  EG,  the  cone  ABCDL 
IsaU  have  the  triplicate  of  that  ratio  to  fome  folid  which  is  lefs 

S  a  '  or 
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Book  xil.  or  greater  thatif ^te  cortc  EPGHN.  Th(k,  let  h  havtf 'it  w  a  Jcfe^ 
'vh.  to  the  r6?ld  X  r  MaEc  rhe'fem^lsofiAruAidn  at  ih  the  pwe^ 
cedlng'prOpofitioiiy'  and  kmaf  be -dcmoDftrated'Cfae'^i^  fame 
vfif  a^  in  that  propnfirfon,  thai  the' pyramid  of  irhidi  the  bafir 
19  the  polygon  fSOFPGRHS,  and  vertex  N,*  is  greater  thairtfae 
fo)rd  X.  D^fcirTbe  aifo  in  the  circle  ABCD  the  polvgoa 
A'rBYCVDQJihiilar  to  the  polygdn  EOFPORHS,  upon  wKich 
ercA  isi  pyramid  having  the  fame  vertex  with<  the  coae;  and  let 
LAQ^b^  one  of  the  triangle*  contattting  the^pyranM  upWi 
ihfi  polygon  ATBYCVDQ^ibe  vertex  of  wWcK  is  L  ;'  and  leC 
M£S  be  one  of  the  trikogtes  containing  the  pyramid  upon,  dm 
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polygon  EOFFGRHS  of  which  the  vertex  Is  N;  and  join  .KQ^^ 
IVIS  :  Becaufe  then  the  cone  ABCLXL  is  fimilar  lo  the  coi>e 
a  S4.  def.  EFGHN,  AC  is  a  to  EG,  as  the  axis  KL  to  the  axis  MN  ; 
and  as  AC  to  EG,  fo  b  is  AK  to  EM  ;  therefore  as  AK  to 
EM,  fo  is  KL  to  MN  ;  and,  akernateiy,  aK  to  KL,  as  EMC 
to  MN  :  And  the  right  angles  AKL,  £MN  are  equal  ;  there- 
fore, the  fides  about  ihefe  equal  angles  being  proportionals^ 
the  triangle  AKL  is  fimitar  c  to  the  triangle  EMN.  Again,  be* 
caufe  AK  is  to  KQj  as  EM  to  MS,  and  that  thefe  fides  are 

about 
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^sitft>ot  cq«al  /angles  AHQ,  EMS, ,  bccaj^G;  ^{^^  apglfa  arc,  Book  xiTr 
^acb  of  then,  the  favie"parc.»o£  lo\)r  ijghc  ^gl^  at  the  cen->*"v^^ 
tcra  K,  M  ;  therefore. 1^4  triangle  AKQjjs  fimlJajTraj.ro  the  tri-^ji  tf.  4. 
mngicSM&!:  ^^^  be^aiife  it  has  been  (licwp  thata9;  AK  tp  KLr 
&  is  £M  <o  MM,  ao4^  that  AK  is  oq9»i  ro  ^Q  ,;  .and,£M  to- 
M^  a«  QK  to  KL„  {o  h  SM  to.  MN  ^    and  cherefore  the  fides 
Aboiu  the  right  angles  QKU  i>MN  being   prpporiipnfib,   the 
trlajigte  LKC^is-fitniJ^r  to  the  triangle  NMS :    And,  becaufe  of 
tifeifiniMlaruy/of'Cbe  rniangles  AKL,  EMM,    ^  L  A  is  to  A,}^  1 

&  b  NE  to  EN[ ;  iftoti  by  ihe  fimilarity  0/  ,thp  trianglcj  AKQ, 
£MS,';is  %k  to  A<\.  fp  ME  tO|  liS  ;    ex  a?a'^a{l  b,.  I^A  >8b  i».  ^ 
to  AjQ^,  as  NE  to  ES.     Again,  bccaufe  of  the  fimilarity  of  the 
triangles  LQK,    NSM.  as  LQ^ro   Q]C.  fo  NS  to  SM  ;  and 
from   the  fimilarity  of  the   triangles  KAQ^,  M£S,   as  KQjio 
<M,  fo  MS  tpiiE;    ex  aequali  b,  LQ^is  to  Qj.  as  No  10 
Sfc  :  And  it  was  proved  that  Q^  is  to  AL,  as  SE  to  ENj  fbcre-     * 
fore»  again,  ex  xq\Tal>,  as  QL  to  LA,  fo  is  SN  to  NE  :  Wticrc- 
fore  the  triangles  LQA,  NiE,    having  the  tides  about  all  their 
angles  proportionals,  are  equiangular  ^  and  fimilar  to  one,an-c  5.  4. 
Olfacr  :  And  therefore  the  pyramid  of  which  the?  bafe  is  the  tri- 
^gle  AKQj  and  vertex  L,  b  (imilar  to  the  pyramid  the  bafe 
of  which  isttK)  triangle   EMS,   and  vertex  N,   bec^fd  their 
ibiid  angles  are  equal  <l  to  one  another,   and  the^  are  contained  d  B.  ir. 
by  t&p  -fiime  number  of  ficnilar  planes  :    Bat  (itnilar  pyramids  - 
which  ha^.triai%gular  bafes  have   to  one  another  the  triplicate 
e  ratio  of  that-^^'hich    their  homologous  (ides  have;  therefore c  8.  i». 
•he  pyramid  AKQL   has  to  the  pyriimid  EMSN  the  triplicate 
ratio  of  that  which  AK  has  to  EM.     In   the  fame  manner,  if 
ilraight  lines  be  drawn  from  the  points  D,  V,  C,    Y,  B,    T 
f o  K,  and  from  the  points  H,  R,  G,   P,  F,  OtoM,   and  py- 
.  ramids  be  ere£ted  upon  the  triangles  having  the  fame  vertices 
virith  the  cones,  it  niay  \)e  demonftrated  that  each  pyramid  in 
the  firft  cone  has  to  each  in  the  other^  taking  them  in  the  fame 
order,  the  triplicate  ratio  of  that  which  the  fide  AK  has  to  the 
fide  £M  ;  that  is,  which  AC  has  to  EG  :    But  as  one  antece- 
dent  to  its  confequent,  fo  are  all  the  antecedents  to   all  the 
copfequents  f  ;    therefore  as  the  pyramid  AKQL   tp  the^pyra-^ 
mid  EMSKffc  fo  is  the  whdii  pyr-amid  the  bafe  o?  which  h  the    "* 
polygon  DQATBYCV,   and  verttk  L,  to  the  whole  pyramid 
of  which  the  bafe  is  the  (Sofygon  HSEOFPGR,  and  vertex  N; 
"ynierefore  alio  the  firft  of  ihefc  two  iaft  named  pyraniids  has 
(^  the  other  the  triplicate  ratio  of  that  which  AC  has  to  EG; 
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Ibok  XSL  But/  t»]r  the  hypothefis^  tKe  cone  of  which  the  Ittfe  b  ili^  ck^ 
*■■■■'  cic  ABCO.  and  vercen;  L  has\o  the  <Hid  X,  fhe  "-*^" 


»■ 


ratip  of  rhat  which  ,AC  has  to  EG ;  therefore,  as  the  cone  of^ 
which  ^th^  bafe  j»  the  drcle  AB^D,  and  vertex  L»  b  t<>  ^ 
folid  X  ib  is  ch^  pyramid  jthe  bafe  of  which  fa  the  po^goi 
DQATBYCV^  and  venex  U  to  the  pyramid  the  bafe  of  s^hsdl 
is  the  polygon  HS£OFPGIi  and  vertex  N  t  But  the  ftid  tam 
is  greater  than  the  pyramid  contained  iil  it,  there(oi6c  the  USi 
A  74.  |.  3^  is  ^eater/a  than  the  pyramid,  the  bafe'of  which  is  tfie  pMi 
^n  H$E(!)FPOR,  and  vertex  N  ;  but  it  is  dfo  left  ;  wbdilf 
,.    |ai|po^fd(p  VTwr^forc  the  cone  of  which  the  bafe  is  the  d^ 
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A9CD»  and:  vertex  L,  !!^8  iMt  't^afif  ibiid'^wMch  'blefi  thinlMl 
cone  of  which  the  bafe  is  the  deck  l^VGU  anttientx  N,  die'M* 
plicate  ratiQ  of  that  ivh}ch  AC  has  to  S<^.  Ih  tho  fame  mit&t 
n  maybe  dcmonftrated  that  nchhcr  has  the'^rbde  £FQHH^#6 
any  foMd  which  is  le&  thta'  the  cone  ABCDL?  the  tri^icai^ 
ratio  of  that  which  EG  has  to  AC.  Nor  can  the  cc^c  *ABCDL 
have  to  any  folid  whi^li  is  greater  than  the  c6de  EFGH N,  Hte 
triplicate  ratio  of  that  which  AC-has^  tcPfiG :  FOr,  if  k  be  fiof- 
fibif,  I^t  it  hayc  it  to  a  greater,  yiz,  to  thp  fplid?:  Therefoit 

fevcrffl^, 


•  rOP,  lUCLIf.,,  a7> 

V  -tlMiiqUd  Z,  hfMt  tp  the  cone  ABCDL.  the  irtpliatcL*if''  ^"* 
niio.atilutiwjEcb  E51»«  to  AC  f  But«fe  YowCh^tf"-^-^^. 
ibec£e.  ABCOL,  fo  ii  t&.cone'XJ^kSr  ^  fomd^foU^ 
Wttkb  iDuft.be  Icfs  ^  tfian  the  cone  ABCDL;  begaiife  ihejoivi'^  14.  5. 
Z«gp«ater  thao  tbec^e  £FGHN :  Therefore  th^on^'EEd 
hai  to  a  fetid  wl^ich  is  Icfs  tlun  thf  c6ne  ABCDJ^  cft^trip|i. 
oie  ratio  of  that  wbkb  EG  has  to  AC,  wbkh  was'deMln->' 
ftrt^/io  be  i(pp<^^ble  :  Therefore. the  cone  KBCDL  hss'ti^ 
HI  PkjAiffid  g^tg^ter  than  the  cqae  EFGHN,  tjie  trioleate  ra^ 
doo^l^t  wbUh  AQhas  to,£G..i   and  h  was  di;m69ftrated  t^^ 
It  .coiila  not  liavp'th$it  raiio  to  anr  fplid  lefi  t^n  the' tone' 
erOHNF :  therefore  the  cone  ABCDL  hat  to  Cb^'cone  EFGIH^, 
thd^iripticate  ratio  of  that  which  AC   ha3  to  EG  ;  But  as  the 
coae  is  io  the  cone,  fo  k  the  cyKnder  to  the  cjrlindp* ;  for  every  b  15.  |; 
coae  is  the  third  part  of  the  cjUnder  upon  the  hcoe  bafe,  and 
of  thefame  ahitpde  :  Therefore  alfo  thcxyiiBder  baa  to  ^bjcf* 
fiodeTr  the  triplicate  ratio  of  that  which  AC  baa  to  EG.  Vmre- 
felt  finifar  cones,  &c.    (^  £.  D.         ' 

NP  R  O  P.    Xin.    TH  EO  R.^  ,^  '^ 

J&  «*€]4feder  be  -cut-by  a  plane  parallel  to  its  op|k>ii€e   sm  1^ 

p^nes,  oi! 4>afes  ;  it  divides  ttie  cylinder  intoTj^two 
cylipu^erS)  one  of  wl^ich  is  to  the  other  ^^  the  axis  of 
tfae  nrft^^the  axis^ j{^  the  other. 

Let  the  cytlh^r  AD  be  cut  by  the 
pbne  GH  parallel  to  the  oppofice 
pitaes  AB,  CD,    meeting  the  axis 
£F  in  the  point  Kt  ^nd  tetnthe  line 
GH  be  the  commotL-CUl^M  of  the- 
phne  GH  and  the  Airfice  d  the  cy- 
linder AD  :  Let  A^FQ  be  the  parat- 
klogram,  in  any  pofitioa  of  i^  by  the  ' 
ttvolutioo  of  which  about  the  Araight     k 
liae  EF  thfc  cylinder  AD  is  defcribed  t    ^ 
and  let  GK  be  the  common  (cAioa 
of  the  plane  GH,   and  the  plane 
A£IC:  .  And  \fe^uk  the  piKaMl  Q 
ybnesA9,  GQart  ctirbfiheptaiie^ 

AEKC^  AE,   KG,    their  common    Q  r^rm^l--^"^  '  a  ie»  ifc, 

Je&ieos  with  it,  are  parallel  « i  where- 

if  e  AK  is  a  parallelogram,  and  GK   X 

c^ial  to  EA  the  ftraighr  line  from 

the  centre  of  the  circle  AB ;  For  the    Y 

Um  (cafooi  eaA  of  the  ftraight  lines 


&4 


drawa 
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Book  xrt.dravn  from  the  point  K  to  the  line  GH  mty.be  ptovnLto  h« 

^"v"" '"'equal  to-  thofe  which  arc  drawn  from  the  centre  of  the 
Ati  to  itsdr,cu!fiferciice»  and  are  therefore  ail  eqnal  to 

a  i|.  der.i.^'^^*'-  Therefore  the  line  GH  is  the  dretiniference  of  acircki^ 
of  which  the  centre  is  the  point  K  :  Therefore  the  plaoe  Git 
divides  the  cylinder  AU  into  the  cylinders  AH,  GD  ;  for  clicf 
are  the  fame  which  would  be  defcribed  by  the  revolotion  of  tfec 
parallelugi  ams  AK,  GF  about  the  ftraight  lines  £K.  KF  :  Aad 
it  h  to  be  fhewn  that  ihc  cylinder  AU  is  to  the  cylinder  HC,  » 
the  axis  £K  to  the  axis  KF. 

Pioduce  the  axis  EF  both  ways  ;  and  take  any  number  of 
/Iraight  Unes  EN,  NL»  each  equal  toEK;  and  any 
FX,  XM,  each  equal  to  FK ;  and  let 
planes  parallel  to  AB,  CD  pafs  thro* 
the  points  L,  N^  X,  M  :  Therefore 
the  common  ledtions  of  thefe  planes 
with  the  cylinder  produced  are  circles 
the  centres  of  which  are  the  points 
L»  N,  X,  M)  as  was  proved  of  the 
plane  GH  ;  and  thefe  planes  cut  off* 
the  cylinders,  PR,  RB,  DT.  TQ: 
And  becauie  the  a^es  LN,  NE,  EE 
are  all  equal ;  therefore  the  cylinders 

^  II.  x».  T^^f  I^B/  BG  are  b  to  one  another  as 

their  bafe$  ;  but  their  bafes  are  equals  #^ 
and  therefore  the  cylinders  PR,  RB,  ^ 
BG  are  equal :  And  hccaufe  the  axes  ry 
LN,  NE,  EK  are  equal  to  one  an-  ^ 
other,  as  alfo  the  cylinders  PR,  RB,  rp 
BG,  and  that  there  are  as  many  axes 
as  cylinders  ;  therefore,  whatever  %r 
multiple  the  axis  KL  is  of  the  axis  ^ 
KE,  the  fame  multiple  is  the  cylin-  ; 

dc^:  PG  of  the  cylinder  GB  :  For  the  fj^me  reafon»  vhat0ver  mrf- 
tiple  the  axisMlv  is  of  the  axis  KF,  the  fame  muhiple  isthecf* 
Under  QG  of  the  cylinder  GD  :  And  if  iheayls  KL  be  equal  t« 
the  axis  KM,  the  cylinder  PG  is  equal  to  the  cylinder  GQ[j  and 
if  the  axis  KL  be  greater  than  the  axis  KM,  the  cylinder  ^G  ai 
greater  than  the  cylinder  GQj  and  if  lefs,  Icfs  :  Since  there* 
fore  there  arc  four  magnitudes,  viz.  the  axes  EK,  KF,  aod 
tlte  cylinders  BG,  GD,  and  that  of  the  axis  EK  and  cylinder 
BG  there  has  been  taken  any  equimultiples  whatever,  viz.  rAe 

axs 


O't:  R  11  C  L  I  ©/ 


^n 


KL  and  cylin^  PG ;  and  -of  the  nut  EF  and  cylinder  BpQk  XI^ 
Cvl>»  any  eqotmultiplet  whatcYcri  tiz.  the  axis  KM  and  cylin-  *  -  ~^~  -^ 
AiS^  GQji  and  it  has  been  demonftrated,    if  the  axis  KL  be 
greater  than  the  axis  KM,  the  cylinder  PG  is  greater  than  the 
cylinder  GO  ;  and  if  equal,  equal ;  and  if  lels,  lefs:  Therefore 
A  Khe  axis  EKTis  to  the  axis  KF.  as  the  cylinder  BG  to  the  cylin-^  s-  deft 
dcr  GD.    Wherefore,  if  a  cyUndcr,  &c    Q^  E.  D.  *• 


^ 


PROP.    XIV.     T  H  E  O  R. 

Ones  and  cylinders  upon  equal  bafes  are  to  one  an^ 
other  as  their  altitudes. 


Let  the  cylinders  £B»  fD  be  upon  the  equal  bafes  AB,  CD  : 
^s  the  cylinder  £B  to  the  cylinder  FD,  fo  is  the  axis  GH  iq 
the  axis  KL» 

Produce  the  axb  JtL  to  the  point  N,  and  make  LN  equal 
CO  the  axis  GH»  and  let  CM  be  a  cylinder  of  which  the  bafe  is 
CD»  and  axis  LN :  and  becaufe  the  cylinders  £B»  CM  have 
the  &me  altitude,  they  are  to  one  another  as  their  bafes  ^  :   Butt 
their  bafes  are  equal,   therefore  aUb  the'  cylinders  EB,  CM  are 
equal.  And  becafufe  the  cylin- 
der FM  is  cut  by  the  plane 
CD  iparallel  to    its   oppofite 
planes,  as  the  cylinder  CM  to 
the'  cylinder  FD,  fo  is  b  the   j^ 
axis  LN  to  the  axis  KL.    But 
the  cylinder  CM  is  eoual  to 
the  cylinder  EB,  and  the  axis 
LM  to  the  axis  GH :  Therei. 
fore  as  the  cylinder  EB  to  the 
cylinder  FD»   fo  is  the  axis   i^ 
GH  to  the  axis  KL  :  And  as 
the  cylinder  EB  to  the  cylinder  FD,  fo  is  c  the  cone  ABG  to  thee 
cone  CDK,  becaufe  the  cylinders   arc  triple  d  of  the  cones  :^ 
Therefore  alfo  the  axis  GH  is  to  the  axis  KL,  as  the  cone  ABG 
to  the  cone  CDK,  and  the  cylinder  EB  to  the  cylinder  FD. 
Wherefore  cones,  &c.    C^  E   D. 
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7HB   I'L  EUtE  lY/J  S 

PROP.    XV..  T  H.EO«.o}   nHc  r-  > 

j^  j^   fX^HE  bafes  and  altitudes  of  equal  cout^  Und  ^^ 

X     ders,  are  reciprocally  propcrt-cional-j  ifiVlF 

bafes  and  altitudes  be  reciprockilx^  prc^jgmioii^ 

cones  and  cylinders  are  equal  to  onie'anbj^^.' ''  ^^^ 

Let  the  circles  ABCD,  EPGH,  the  diametett)3lF>|^! 
AC,  £G|  be  the  bafes,  and  KL,  MN  the  ax^,  %m  '^' 
alcitodes»  of  equal  cones  and  cylinders ;  snojet  AIXS*  > 
be  the  cones»  and  AX,  £0  the  cy linden  :  "I^  ba|ai  att' 
ludes  of  the  cylinders  AX,  £0  are  reciprocauV  ^iypbcd 
that  is,  as  the  bafe  ABCD  to  the  bafe  EFGH.  B>  is  ''the  al 
MN  to  the  altitude  KL.  4     ^ 

Either  the  altitude  MN  is  equal  to  the  altitude  IB^  or 
altitudes  are  not  equal.    Firft,  let   them  be  equal; 
cylbders  AX,  £0  being  alfo  equal,  and  cones  al^.  ^^. 

a  ft.  ii»c^  the  fame  altitude  being  to  one  another  as  thdr  baies  \^ 

hAs.  fore  the  bafe  ABCD  is  equal  b  to  the  bafe  tttifjii  \^^ 
bafe  ABCD  is  to  the  bafe  EFGH,  fo  is  th^  altitude  *^ 
the  altitude  KL. 

But  let  the  aiti*  ^   tl  , 

tudes  KL,    MN  '      ^ 

be  unequal,  a6d 
MN  the  greater 
of  the  two,  and 
firom  MN  take 
MP  equal  to  KL, 
and,  through  the 
point  P,  cut  the 
qrlinder  £0  by 
the  plane  TYS 
parallel  to  the  op* 

pofite  planes  of  the  circles  EFGH,  RO ; 
mon  feOion  of  the  plane  TTS  and  the  .^lin^er  ^Qi^  a 
cle,  and  confequently  ES  is  a  cylinder,  the^iebf  whijii^  ktk 
circle  EFGH,  and  altitude  MP  :  And  becauf^  A'e  cVli^er  At 
is  equal  to  the  cylinder  EO,  as  AX  b  to  the  cylinder  SS,  lb 

e  y.  f.  c  u  the  cylinder  EO  to  the  fame  ES.  But  as  the'  cylinder' AX 
to  the  cylinder  ES,  fo  a  is  the  bale  ABCD  to  the'  bafe  £FGH  i 
for  the  cylinders  AX,  ES  are  of  the  fame  altitude ;  and  as  ilk 

ili|*  II*  cylinder  EO  to  the  cylinder  ES,  fo  ^  is  the  altitude  MN  to 
ibc  s^ltit\;ide  MP.  bc^vfc  the  cylinder  £0  is  cue  by  the  plane 

TYS 


thWefdM^the 


G 

T 


*'t)»   BTJCiClD.      «  4$j 

pmBd  lodW  oppdfietf  phnci.     Tberefe«e  as  the  bafe  l^>^  ^^i- 
~  to  the  befe  EFGH,  fo  k  the  altitude  MN  to  the  altitude  ^*^^"*'^ 
t  But  MP  it  equal  to  the  akkude  KL ;  wheivfore  a^  the 
ABGD  to  die  bafe  BFGH,  fo  is  the  akitude  MN  to  the  a1- 
tfafUt  is»  the  bates  aod  altitudes  of  the  equal  cylinders 
are  redprocally  proportioual. 
But  let  the  bafts  and  altitudes  of  the  cylinders  AX,  EO,  be 
proportional,    viz.    the  bafe  ABCD   to  the  ba(e 
,  as  the  ^titude  MN  to  the  altitude  KL  :  The  cylinder 
equal  to  the  cylinder  £0. 
iet  the  baf^  ABCD  be  equal  to  the  bafe  EFGH  ;  then, 
Mthe  bafe  ABCD  is  to  the  bafe  EFGH,  fo  is  the  al- 
lAlto  the  akitude  KL;  MN  is  equal  ^  to  KL,   andb  A.  s. 
the  cylinder  AX  is  equal  a  to  the  cylinder  £0.  a  is*  «»« 

But  kt  the  bafes  ABCD,  EFGH  be  unequal,  and  let  ABCD 
4ie  greater ;  and  becaufe»  as  ABCD  is  to  the  bafe  £FGH>  fo 
&tiide  MN  to  the  akitude  KL ;  therefore  MN  is  great- 
b  AaA  EX.  Thent  the  fame  conftruAion  being  made  as  be- 
'jm»  becaufe  90  the  bafe  ABCD  to  the  bi^fe  EFGH,  fo  is  the  aU 
0Uk  MN  to  the  altitude  KL ;  and  becaufe  the  altitude  KL 
Isqualtot^e  altitude  MP;  therefore  the  bafe  ABCD  Is  a  to 
A^kifr  EFGH,  as  the  cylinder  AX  to  the  cylinder  £S  ;  and 
Ute  altitude  Ml^lo  the  altitude  MP  or  KL,  fo  is  the  cylinder 
1 10  to  the  cylinder  ES  :  Therefore  the  cylincfcr  AX  is  to  the 
Cflbder  E^  at  the  cylinder  EO  is  to  the  fame  £S  t  Whence  the 
CfHlKkr  Al^  k  eqiyd  to  thr  cylinder  EG  ^  And  the  fame  reaibn^ 
iog'lKilds  10  fooes.    Q- £•  D*  ,   , 


P  B  O  P.    XVI.    P  R  O  B. 

TOcfSBolbe  in  the  greater  of  two  circles  thafhave 
theTame  centre,  a  polygon  of  an  evei)  nurti[)er 
of  e^u^i  fic|es,  that  iha^l  npt  meet  tlie  lefTer  cirjcf^.' 

^  ABCpi  eFGH  be  two.  given  circles  having  the  fameceo* 
^fX*  ][t  is  required  to  infcribc  in  the  greater  circle  A  BCD 
a  polygon  of  an  even  number  of  equal  fides,  that  {hail  not  meet 
Acl^cr.cirijle.  '  ' 

!thrnii'gh  the  centre  K  draw  the  ftraig)it  line  BP»  and  from 
w^  (Npint  Of  wh^re  u  meets  the  fiircumfcrence  of  the  leiTer 


i  ^ 
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circle 
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Itookxii.  circle,  draw  GAac  right  angltfi  toiM}*  aodimidacc  itco< 
«« .m^mmmJ  thcrcfofc  AC  tQUches  a  the  circle  EFQH  :  Then,  if  the 
""  '^*  ^'     ference  BAD  be  bifeded^   aad  the  half  of.  it^  kpinUk 
b  Lemma.  ^^^  (q  q^^  there  muft  at  length  remama  drcomitftacci 

than  AD  :  Let  this  be  LD  ;  and 

from  the  point  L  draw  LM  per- 
*  Q^nidicular  to  BD,  and  produce 

It   to   N ;   and  join  LD,    DN« 

Therefore  LD  is  equal ,  to  DN  ; 

and  becaufe  LN  is  parallel  to  AC» 

and  that  AC  touches   the  circle 

EFGH  ;  therefore  LN  does  not 

meet  the  circle   EFGH  ;    And. 

much  lefs  (hall  the  Araight  lines 

LD,  DN  meet  the  circle  EFGH : 

fo  that  if  ftraight  lines  equal  to  LD  be  applied  b  the  didl* 

ABCD  from  the  point  L  around  to  N,  there  fliall  bedefoUl 

in  the  circle  a  polygon  of  an  even  number  of  equal  £doiia> 

meeting  the  leijer  circle.    Which  was  to  be  done*  , 

L   E    M   M    A        IL 

TFtwo  trapeziums  ABCD,  EFGH  be  infcrlWo 
the  circles,  the  centres  of  which  ai^dtbe  pmtsii 
L  J  and  if  the  fides  AB,  DC  be  fnaraHel,  atf  al6)#| 
HG;  and  the  other  four  fidfes  AD,  BC,  EH,  Pfe^i 
all  equal  to  one  another ;  but '  the  fid^'^AB  grwft 
than  EF,  and  DC  greater  than  'iiG.,\J'\\^,fmr 
line  KA  from  the  centre  qf  the  circj^  jn  \yj»«cli  l 
greater  fides  are,  is  greater  than  the  (traigbtt.JwM 
drawn  from  the  centre  to  the  eiroumfereacft  <•( ^ 
other  circle.  :  <  i  w 

If  it  be  poffiblc,  let  K  A  be  not  greater  thiirf  LVi  thtt  fe 
>uft  be  cither  equal  to  it.  or  Icfe;  Fhflri  jft  HA  W^ 
to  LE :  Therefore,  becaufe  in  two  equal  circ>es,  Aff,  ^^^ 
one  are  equal  to  EH,  FG  in  the  dthcr,  -the  drrtmfiStiw 
%  »8. 3-  AD,  BC  are  equal »  to  the  circumferences  Etf/FGr  W*^ 
caufe  the  (haight  lines  AB,  DC  arc  fefpeai^ely  gfci^ct^*« 
EF,  GH,  the  circumferences  AB,  DC  are  greater  thsn  ffi 
HO :  Therefore  the  whole  circumference  ABCD  is  fff^ 
than  the  whole  £FQH ;  but  it  is  alfo  equal  to  it,  vhicbi^ 


-  jOtt    a  U  C  L  I  D.  a»j 

s^TfamfiNTc  the  ftraigfat  line  EA  u  not  equal  toB<Mc^'' 

It  let  KA  be  lefs  than  LE,  and  make  LM  equal  to  KA, 
fromiht  centre  L»:  and  diftance  LM   deforibe  the  circle 
TOP, :  meeting  the  f^raight  lines  L£,  LF,  L6,  LH,  in  M» 
r,  0.  Pt  and  join  MN,  NO,  OP,  PM  vhich  are  refpeaive- 
pttAUeUto,  suid  lefs  than  £F,  FG,  GH,  HE:  Then,  be*    «».#. 
V£H is' greater  than  MP,   AD  is  greater   than  MP;  and      » 


*dftlwf  ABCD^  MtfOF  are  e^Jual ;  therefore  the  circum- 
tar^cdlAtllis  g|[Tti2^rthan^MP  (  for  the  lame  rea(bn,  the  cir- 
^fsfeDff ^C iS'^greacer  thao  NO;  and  becaufe  the  ftraight 
%  A$  i»feat<ar  than  £F  which  is  greater  than  MN,  much 
^uf  ^  ^^  greater  than  MN  :  Therefore  the  circumference 
AB  J^-g^eaVer 'than  MN  ;  and  for  the  fame  realon,  the  circum- 
French  DC  i< '^reitcf  thanPO:  Thcrfcfore  the  whole  drcum- 
**««€' iABCD  is  greater  than  the  whole  MNOP  ;  but  it  is  like- 
^tt)ual3B»it, '#h]ichii  impoffiUe  s  Therefore  KA  is  lot  lefs 
than  LlJ ;  nor  is  it  equal  to  it ;  the  ftraight  line  KA  muft 
tkcrcforc  be  greater  than  LE.  Q^  E.  D. 
';^^a«.Amlp^,^bere  be  an  ifoiceles  triangle  the  fides  of  which 
tl^.Sqiijl  loiiVDrBC,  but  its  bafe  lefs  than  AB  the  greater  of 
^  f^fidoi  A3>  pC  ;  the  ftraight  line  K  A  may,  in  the  fame 
^!i^iu^*  be  demonftrated  to  be  greater  than  the  ftraight  line 
J?*wo  from  the  centre  to  the  circumiiercace  of  the  circle  dc* 
'fc«ft)Sd  >bout  the  triangle. 


PROP. 
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BMkXII.  .  I    ' 

^-w— »  PROPw   X\HL    »KO>a 

See  N.   ^O  defcribe  in  the  gr^Kf r  Qf  two  fpbMes  whidi 
the  fame  cenixe,  a  fc4id  fioljrhedroa,  the  fn 
cies  of  whidi  Ifaall  not  meet  flie  kffir  Q>here. 

Let  tkere  be  two  fpheret  about  th«  fiune  oiiUte  A  ^  k  k 
quired  to  defcribe  in  the  gf>eater  a  folid  JK>lyhedroa>  the  Ibpch 
ficies  of  which  (hall  not  meet  the  leiler  fphere. 

Let  the  (pheres  be  cut  hfz  plane  paffing  throii|^  thecencrrs 
the  common  fe^Hons  of  it  with  the  fpheres  ihail  be  drcks; 
becaufe  the  fphere  is  defcribed  by.^tbe  revolution  of  a  fi»lid^ 
cle  about  the  diameter  remaining  nnmoveable :  (b  thaa  in  wk» 
ever  pofition  the  iemicircle  be  conceived,  th^^^mmte  fefiioa 
of  the  plane  in  wi^ich  it  is  wita  the  fuperficies  oF  the  fghtxtm 
the  circumference  of  a  circle ;  4Hyl  this  is  a  great  cirdlb  of  Ae 
fphere»  becaufe  the  diameter  Or  theTpbere,  whidi  h 

§,  ts.  3*  the  diameter  of  the  circle,  is  greater  «  than  aoj  ftraig^ 
in  the  circle  or  fphere :  Let  then  the  circle  made  by  tbc  ~ 
of  the  plane  with  the  greater  fpbcre  be  BCDE,  and  wiili^  As 
lefler  fphere  be  FGH ;  and  draw' the  two  diameto^  BIX  » 
at  right  angles  to  one  another  ;  And  in  BCDE,  the  greater  of 

b  itf.  la.  ^be  two  circles,  delcribe  ^  a  polygon  of  ao  even  ntuBber  o(e* 
qual  fides  not  meeting  the  lefler  circle  FOH  ;  and  let  itt  fidc^ 
in  BE,  the  fourth  part  of  the  cbcle,  be  EK,  KL,  LM,  liE; 
join  KA  and  produce  it  to  N  ;  and  from  A  draw  AX  at  ri^ 
angles  to  the  plane  of  the  circle  BCDE  meetbg  the  fiiperfida 
of  the  fphere  in  the  point  X ;  and  let  planet  pafi  tbrongh  AX 
and  each  of  the  ftra^ght  lines  BD,  KN,  whicb#  fvooi  wfai 
has  been  (aid,  (hall  produce  great  cuxles  oo  the  fiipcrfidcs  ef 
the  fphere,  and  kt  BXD.  KXN  be  the  femkurdes  thus  madi 
upon  the  diameters  BD,  KN ;  Therefore,  becaufe  XA  b  at  rig^ 
angles  to  the  plane  of  the  circle  BCD£,  ^very  phQp  vhi4 

%  It.  ti.  pafles  through  XA  b  at  right  c  angles  to  tlie  plane  of  (he  oods 
BCDE;  wherefore  the  femicirc^  BXO^SiX]^  anas  mk 
angles  to  that  plane  :  And  becaufe  the  femic^tfdes  6u}«  ^fl^h 
KXN,  upon  the  equal  diameters  BD,  KN,  are«  pc^tm  to  osa^ 
another,  their  halves  BE,  BX,  KX,  arc  equ^  jofi^OQe 
other :  Therefore,  as  many  fides  of  the  polygon  as  art  in 
fo  many  there  are  in  BX,  KX  equal  to  th^  fides 
KJU  LM,  ME ;  Let  tbefe  polygons  be  defcribed,  and  thdr 
fides  be  BO,  OP,  PR,  RX ;    KS,  ST,  TT,  TX,    and  job 

OS 
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IB, PT»  RT;  and  from  d&e  points  O,  S  draiwOV,  SQ^perpen-  Book  xig 
^  ihft  CO  AB,  AS :  ii«l  becaaft  the  pbneBOXD  is  ac  right' — — ^ 
to  the  plane  BCDE»  and  in  one  of  them  BOXD,  OV 
wn  perptodieiflar  to  ABtheeommon  feftion  of  the  pbnes, 
OV  is.  penpeoAeidar  ^  lo  the  plane  BCOE  :  For  the' 

^ i>n  SO  is  p<tpendieular  to  the  fiune  plane,  becanfe 

plane  KSXlTls  at  right  angles  to  the  plane  BCDE.    Join 
'    and  beomie  in  the  c^iial  femidtcles  BXD,  KXN  the 
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clitlikfeAliJ^  BO.  K!S  are  equal,  and  OV,  SQ^are  perpcn- 
Aji&^^W  iHcJt'.Wii^,  tBcrcforc  <l  OV  Is  eqnal  to  SO  .d  u.  u 
M  Wc(^\  t^  Ift>j  ^Bot  iHkc  whole  BA  is  equal  to  the  whole 
EA;  diertf^e^M^^S&iatoder  VA  is  equal  to  the 


right  adgiti  ttothe  pis 
panlkl^to  SQ^;  and  it  has  been  proved  that  it  b  aHb  equal  ^tf•  u. 
to  it ;  therefore  QV,  SO  are  equal  and  parallel  g  :  And  hecaufeJ  33-  «• 
QV  IS  parallel  to  SO.  andalfotoKB;  OS  is  paraHel  h  to  BK;i|^  „. 
iad  therefore  BO,  KS  which  join  them  arc  in  the  fame  plane 
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look  XIL  ia  which  thefe  paraUeb  are,  and  the  qiudrilatcrt)  fignic 

*'"'">'~"^  is  in  one  plane  I  And  if  PB,  TK  be  joined,  and  perpcodiculi 
be  drawn  from  (he  poinK  P,  T  to  ibe  (Iraighi  lines  ADj  Ji 
it  ma;  tic  demonftraied  that  TP  is  parallel  to  KB  in  tbc  n 
lame  way  that  SO  was  Ihewn  to  be  parallel  lo   the  famcKI 

m  •■  ■!•  wherefore  *TP  ii  parallel  to  SO,  and  the  quadritaicral  E|^ 
SOPT  is  in  one  plane  :  For  the  fame  rcafon.  the  quadriluoi 

b  •.  t>.     XPAY  u  in  one  plane  >  And  the  figure  TRX  it  alTo  in  oocpU 


Therefore,  if  from  the  poinis,  0,S,  P,  T,  R,  T  iherefce 
ftraight  lines  to  the  point  A,  ihere  (hall  be  formed  afoUtt  (^ 
lyhcdron  between  the  circumferences  BX,  KX  compoled  « 
pyramids  the  bafcs  of  which  are  the  quadrilaterals  KBIa 
SOPT,  TPRT.  and  the  triangle  YRX,  and  of  which  iht  «>► 
mon  vertex  it  the  point  A  ;  And  if  the  fame  conftruftioa  te 
made  tipon  each  of  the  fidci  KL,  LM,  M£,  as  hat  been  dm 
upon  BIC,  and  the  like  be  done  alfo  in  the  other  three  '\» 
drants,    and  in  the  other  hemifphere  t    there   Ihall  be  !«• 
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bi  account;  of  thofe  Things  in  which  this  Edition 
differs  from  the  Greek  Text ;  and  the  Reafons  of 
the  Alterations  which  have  been  made.  As  alfa 
Ohferyations  on  fonie  of  the  Propofitions.. 
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I 

^  do  of  that  which  BC  has  to  EF ;  therefore  as  the  fphere  ABC  Book  xrr. 

I  CO  the  fphere  GHK,  fo  b  the  folid  polyhedron  m  the  fphere  ABC     '^■^^ 
lothefolid  polyhedron  in  the  fphere   D£F:    Bac  the  fphere 
ABC  IS  greater  than  the  folid  polyhedron  in  it ;  therefore  «  al- «  14. 5. 
ib  the  fphere  6HK  is  greater  than  the  folid  polyhedron  in  the 

>  fphere  DEF :  But  it  is  alfo  lefi,  becaufe  it  is  contained  within 
ir,  which  is  impoi&ble  :  Therefore  the  fphere  ABC  has  not  to 
any  fphere  lefs  than  DEF,  the  triplicate  ratio  of  that  which 
BC  has  to  EF.  In  the  fame  manneri  it  may  be  demonftrated, 
that  the  fphere  DEF  has  not  to  any  fphere  lefi  than  ABC,  the 
triplicate  ratio  of  that  which  EF  has  to  BC.  Nor  can  the 
fphere  ABC  have  to  any  fphere  greater  than  DEF,  the  tripli- 
ate  ratio  of  that  which  BC  has  to  EF  :  For,  if  it  can»  let  it 
have  that  ratio  to  a  greater  fphere  LMN :  Therefore,  by  inver-^ 
fioo,  the  fphere  LMN  has  to  the  fphere  ABC,  the  triplicate 
ratio  of  that  which  the  diameter  EF  has  to  the  diameter  BC* 
But,  as  the  fphere  LMN  to  ABC,  fo  b  the  fphere  DEF  to  fome 
fehcre,  which  muft  be  lefs  <^  than  the  fphere  ABC,  becaufe  the 
mere  LMN  is  greater  than  the  fphere  DEE  :  Therefore  the 
ipbere  DEF  has  to  a  fphere  left  than  ABC  the  triplicate  ratio 
cifthat  which  EF  has  to  BC;  which  was  ihewn  to  be  Impof- 
iUe:  Therefore  the  fphere  ABC  has  not  to  any  fphere  greater 
thaa  D^F  the  triplicate  ratio  of  that  which  BC  has  to  EF  *.  And 
it  was  demonftra^ed,  that  neither  has  it  that  ratio  to  any  fphere 
kft  then  DEF.  Therefore  the  fphere  ABC  has  to  the  fphere 
P£Fi  the  triplicate  ratio  o{  that  which  BC  has  to  EF.  (^E,  JDk 
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But  the  ftraight  line  AZ  may  be  demonftrated  to  be  greater  Book  xii. 
dan  AG  otherwile»  and  in  x  fhorter  manner,  without  the  help^*^^^H 
af  Prop.  1 6.  as  foUows.  From  the  point  G  draw  GU  at  right 
iDgcb  to  AG  and  join  AU.  If  then  the  circumference  B£  be 
liifc£ted,  and  its  half  again  bifefled,  and  fo  on,  there  will  at 
"  h  be  left  a  circumference  lefs  than  the  circumference 
hkh  is  fiibtended  by  a  ftraight  line  equal  to  GU  infcribed  in 
e  circle  BCDE :  Let  this  be  the  circui^erence  KB:  Therefore  . 
e  ftraight  line  KB  is  lefs  than  GU :  And  becaufe  the  angle 
ZK  is  obtule,  as  was  proved  in  the  preceding,  therefore  BK 
greater  than  BZ  :  But  GU  is  greater  than  BK  ;  much  more 
is  GU  greater  than  BZ,  and  the  fquare  of  GU  than  the 
iquare  of  BZ  :  And  AU  is  equal  to  AB  ;  therefore  the  fquare 
of  AU,  that  is«  tlie  fquares  of  AG,  GU  are  equal  to  the  fquare 
^f  AB,  that  is,  to  the  fquares  of  AZ,  ZB  ;  but  the  fquare  of  BZ 
bids  than  the  fquare  of  GU  ;  therefore  the  fquare  of  AZ  is 
greater  than  the  fquare  of  AG,  and  the  ftraight  line  AZ  con- 
Jeqaently  greater  than  the  ftraight  line  AG. 

Cor.  And  if  in  the  leifer  fphere  there  be  defcribed  a  folid 
polyhedron  by  drawing  ftraight  lines  betwixt  the,  points  ia 
lihich  the  ftraight  lines  from  the  centre  of  the  fphere  drawn 
to  all  the  angles  of  the  folid  polyhedron  in  the  greater  fphere 
^t  the  fuperficies  of  the  lefler  ;  in  the  (ame  order  in  which 
bt  joined  the  points  in  which  the  fame  lines  from  the  centre 
Acet  the  fuperficies  of  the  greater  fphere ;  the  folid  polyhe* 
droD  in  the  fphere  BCDE  has  to  this  other  folid  polyhedroa 
tte  triplicate  ratio  of  that  which  the  diameter  of  the  fphere 
K3)E  has  to  the  diameter  of  the  other  fphere  :  For  if  thefe 
^two  iolids  be  divided  into  the  fame  number  of  pyramids,  and 
in  the  lame  order-;  the  pyramids  fliall  be  fimilar  to  one  ano- 
ther, each  to  each  :  Becaufe  they  have  the  folid  angles  at  their 
tommon  vertex,  the  centre  of  the  fphere,  the  fame  in  each  py- 
nmid,  and  their  other  folid  angle  at  the  bafes  equal  to  one 
another,  each  to  each  %  becaufe  they  are  contained  by  threeaasr; 
plane  angles  equal  each  to  each  ;  and  the  pyramids  are  contained 

the  fame  number  of  fimilar  planes ;  and  are  therefore  fimilar  ^b  n.  defi. 
oooe  another,  each  to  each:   But  fimilar  pyramids  have  to    "* 
<>ne  another  the  triplicate*  ratio  of  their  homologous  fides. c Cor. 
Tliereforc  the  pyramid  of  which  the  bafe  is  the  quadrilateral    «*• 
KBOS,  and  vertex  A,  has  to  the  pyramid  in  the  other  fphere 
of  the  fame  order,  the  triplicate  ratio  of  their  homologous 

T  2  fides; 
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Book  XIT.  fides  ;  that  »,  of  that  ratio  which  AB  from  the  centre  of  tl 
greater  fphere  ba$  to  the  ftraight  line  frotn  the  (ame  centre 
the  fuperficies  of  the  leiler  fphere*     And  in  like  manner, 
pyramid  io  rhe  greater  fphere  has  to  each  of  the  fame  order 
the  lefTer^  the  triplicate  ratio  of  that  which  AB  has  to  the  I 
midiameter  of  the  lefler  fphere.     And  as  one  antecedent  b  to 
confequent,  fo  are  all  the  antecedents  to  all  the  con(eqo< 
Wherefore  the  whole  folid  polyhedron  in  the  greater  fphere 
to  the  whole  folid  polyhedron  in  the  other,  the  triplicate 
of  that  which  AB  the  femidiameter  of  the  firft  has  to  the 
diameter  of  the  other  ;    that  is,  which  the  diameter  BD  of 
greater  has  to  the  diameter  of  the  other  fpheret 

PROP.    XVIII.     T  H  E  O  R, 

gPheres  have  to  one  another  the  triplicate  ratio  of 
which  their  diameters  Iiave. 


Let  ABC,  DEF  be  two  fpheres  bf  which  the  diametensie 
BC,  £F.  The  fphere  ABC  has  to  the  fphere  Di^F  the  tripficHe| 
ratio  of  that  which  BC  has  to  £F. 

For,  if  it  has  not,  the  fphere  ABC  (hall  have  to  a  fpheit  o» 

ther  lefs  or  greater  than  DEF,    the  triplicate  ratio   of  thU 

which  fiC  has  to  EF.     Firft,  let  it  have  that  ratio  to  a  le(s»  tiif 

to  the  fphere  GHK;  and  let  the  fphere  DEF  have  the  iiae 

Ik  17*  tl.  centre  with  GHK;  and  in  the  greater  fphere  D£F  deloibe* 


FM 


bCor. 


a  folid  polyhedron,  the  fuperficies  of  which  does  not  meet  tht 
leBhv  fphere  GHK ;  and  in  the  fphere  ABC  defcribe  another 
fimilar  to  that  in  the  fphere  DEF :  Therefore  the  folid  polyhc- 
dron  in  the  fphere  ABC  has  to  the  folid  polyhedron  io  rk 
..  ,y.  fphere  DEF,  the  triplicate  ratio  «» of  that  which  BC  has  to  EF. 
But  the  fphere  ABC  has  to  the  fphere  CHK|  the  triplicate  ra- 
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ted  ofpframids,  the  bafes  of  which  are  the  aforefaid  qua- Book  xrr. 
drilatenl  figuresi  and  the  triaDgle  YRX^  and  thofe  formed  in^""^/*"*^ 

'the  like  manner  in  the  reft  of  the  fphere,  the  common  vertex 
of  them  all  being  the  point  A  t    And  the  fuperficies  of  this  fo- 

lid  polyhedron   does  not  meet  the  lefler  fphere  in  which  is  the 

drde  FGH  ;    For,  from  the  point  A  draw  *  AZ  perpendicular  a  n.  ix; 

;  10  the  plane  of  the  quadrilaterat  KBOS  meeting  ic  in  Z,  and 

join  BZ,  ZK  i .  And  becaufe  AZ  is  perpendicular  to  the  plane 
KfiOS»  it  makes  right  angles  with  every  ftraight  line  meeting 
k  in  that  plane  ;  therefore  AZ  is  perpendicular  to  BZ  and  ZK : 
And  becaufe  AB  is  equal  to  AK,  and  that  the  fquar^s  of  AZ, 

^B»  are  equal  to  the  fquare  of  AB  ;  and  the  fquares  of  AZ, 
ZK  to  the  fquare  of  AK  ^ ;  therefore  the  fquares  of  AZ,  ZBb.47.  tj 
are  equal  to  the  fquares  of  AZ,  ZK  :  Take  from  thefe  equals 
the  fquare  of  AZ,  the  remaining  fquare  of  BZ  is  equal  to  the 
remaining  fquare  of  ZK  ;  and  therefore  the  ftraight  line  BZ 
k  equal  to  ZK  :   In  the  like  manner  it  may  be  demooftrated, 

I  that  the  ftraight  lines  drawn  from  the  point  Z  to  the  points  O, 

\  S  are  equal  to  BZ  or.ZK  :  Therefore  the  circle  defcribed  from 
the  centre  Z,  and  diftance  ZB  fhall  pafs  through  the  points  K,  O, 
S»  tod  KBOS  fhall  be  a  quadrilateral  figure  in  the  circle :  And 

;  becaufe  KB  is  greater  than  QV,  and  (^  equal  to  SO,  there- 
fere  KB  is  greater  than  SO  :  But  KB  is  equal  to  each  of  the 
ftraight  lines  BO^  KS  ;  wherefore  each  of  the  circumferences 
cut  off  by  KB,  BO,  KS  is  greater  than  that  cut  off  by  OS  ;  and 
thefe  three  circumferences,  together  with  a  fourth  equal  to  one 
of  them,  are  greater  than  the  (kme  three  together  with  that  cut 
off  by  OS ;  that  is,  than  the  whole  circumference  of  the  cir- 
de ;  therefore  the  circumference  fubtended  by  KB  is  greater 
than  the  fourth  part  of  the  whole  circumference  of  the  circle 
KBOS,  and  confequently  the  angle  BZK  at  the  centre  is  great* 
cr  than  a  right  angle  :    And  becaufe  the  angle  BZK  is  obrufe, 

I.  Ac  fqoare  of  BK  is  greater  *  than  the  fquares  of  BZ,  ZK  ;  c  i».  i; 
that  is,  greater  than  twice  the  fquare  of  BZ.     Join  KV,  and 
'jccaufc  in  the  triangles  KBV,  OBV,  KB,  BV  are  equal  to  OB, 
BV,  and  that  they  contain  equal  angles ;  the  angle  KVB  is  e** 
^ual  ■  to  the  angle  OVB  :  And  OVB  is  a  right  angle  ;  there- d  4.   t. 
^re  alfo  KVB  is  a  right  angle ;    And  becaule  BD  is  lefs  than 
^ice  DV,  the  rcftanRle  contained  by  DB,  BV  is  lefs  than 
twice  the  rcftangle  DVB  ;    that  is  «,  the  fquare  of  KB  is  lefs  c  ••  c 
^han  twice  the  fquare  of  KV  :  But  the  fquare  of  KB  is  greater 
^ao  twice  the  fquare  of  BZ  ;  therefore  the  fquare  of  KV  is 

T  greater 
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Book  KIT.  greater  than  the  fquare  o(  BZ  :    And  becaufe  BA  h  eqoal^ 

^•■■^"■■^AK,  and  that  the  fquarcs  of  BZ,  Z  A  arc  equal  together  to  ' 
fquare  of  BA,  and  the  Iquares  of  KV,  VA  to  the  iquaie 
AK  ;  therefore  the  fquares  of  BZ»  ZA  are  equal  to  the  fqi 
of  KV,  V A :  and  of  thefe  the  fquare  of  KV  is  greater  than 
fquare  of  BZ  ;    therefore  the  fquare  of  VA  is  lefii  thatn 
fquare  of  ZA,    and  the  ftraight  line  AZ  greater   than  VA{ 
Much  more  then  is  AZ  greater  than  AG  ;  .becaufe,  in  the 
ceding  propoiition,  it  was  (hewn  that  KV  falls  without 
circle  FGH :  And  AZ  is  perpendicular  to  the  pkme  KBOS» 
IS  therefore  the  (horteft  of  all  the  ftraight  lines  that  can  be 

^^^^     from  A»  the  centre  of  the  fphere  to  th^t  plane.     Therefore 
plaiie  KBOS  does  not  meet  the  lefler  fphere. 

And  that  the  other  planes  between  the  quadrants  BX, 
fall  without  the  leiTer  fphere^  is  thus  demonftrated  :    From 
point  A  draw  Al  perpendicular  to  the*  plane  of  the  qa'^f 
teral  SOFT,  and  join  lO ;    and,  as  was  demonftrated  of 

plane  KBOS  and  the  point  Z,  in  the  fame  way  it  may  be 

that  the  point  I  is  the  centre  of  a  circle  defcribed  aboot  SOFT] 
and  that  OS  is  greater  than  FT ;    and  FT  was  fhewn  to  be 
rallel  to  OS :  Therefore,  becaufe  the  two  trapeziums 
SOFT  infcribed  in  circles  have  their  fides  BK,   OS  parallel, 
alfo  OS,  FT  ;  and  their  other  fides  BO,  KS,  OF,  ST  all  e< 
to  one  another,  and  that  BK  is  greater  than  OS,   and 

Hi. tern,  greater  than  FT,  therefore  the  ftraight  line  ZB  b  greaicrj 
>^*  than  lO.  Join  AO  which  will  be  equal  to  AB ;  and  ha 
AIO,  AZB  are  right  angles,  the  fquares  of  AI,  lO  are 
to  the  fquare  of  AO  or  of  AB  ;  that  is,  to  the  fquares  of 
ZB  ;  and  the  fquare  of  ZB  is  greater  than  the  i'quare  of 
therefore  the  fquare  of  AZ  is  le(s  than  the  fquare  of  AX  ; 
the  ftraight  line  AZ  lefs  than  the  ftraight  line  AI  :  And  it 
proved  that  AZ  is  greater  than  AG;  much  more  then  b 
greater  than  AG :  Therefore  the  plane  SOFT  falls  wholly  wii 
out  the  lefter  fphere :  In  the  fame  manner  it  may  be  dei 
ftrated  that  the  plane  TFRY  falls  without  the  fame  fph< 
as  alfo  the  triangle  YRX,  viz.  by  the  Cor.  of  2d  Lemma.  Ai 
after  the  fame  way  it  may  be  demonftrated  that  all  the  plai 
which  contain  the  folid  polyhedron,  fall  without  the  U 
fphere.  Therefore  in  the  greater  of  two  fpheres  which  have 
fame  centre,  a  folid  polyhedron  is  defcribed,  the  fuperficcs 
which  does  not  meet  the  lefler  fphere.    Which  was  to  be  doi 
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l^tven  a  great  dear!  to  do,  both  to  andent  and  modern  geome«    Book  L 
ters  ;  t  It  feems  not  to  be  properly  placed  among  the  Axioms,  '^^^ 
iftt«  indeed,  it  b  not  felf^evident ;    but  it  may  be  demonftrated 

thus : . 

DEFINITION     I. 

The  diftance  of  a  point  from  a  ftraight  line,  u  the  perpendi* 
calar  drawn  to.  it  from  the  point. 

D  E  F.    a. 

One  ftraight  line  is  faid  to  go  nearer  to,  or  farther  from,  an* 
Itther  ftraight  line,  when  the  diftance  of  the  points  of  the  firft 
from  the  other  ftraight  line  become  lefs  or  greater  than  they 
i^ere ;  and  two  ftraight  lines  are  faid  to  keep  the  fame  diftance 
from  one  another,  when  the  diftance  of  the  points  of  one  of 
dicm  from  the  other  is  always  the  fame. 

AXIOM. 
[•    A  ftraight  line  cannot  firft  come  nearer  to  another  ftraight 
pBoe,  and  then  go  further  from      JH^  ^  r\ 

It,  before  it  cuts  it ;  and,  in  like "^  '  ^ 

taiauner^    a  ftraight  line  cannot][3 

E  further  from  another  ftraight  ^^i......— ^-^     - 

e,.  and  then  come  nearer  to      f  ^  jl 

||b;  nor  can  a  ftraight  line  keep 

tttbe  fame  diftance  from  another  ftraight  line,  and  then  come 
Clearer  to  it,  or  go  further  from  it ;  for  a  ftraight  line  keeps  al« 
prayt  the  fame  direftioft. 

For  example,  the  ftraight  line  ABC  cannot  firft  come  near-» 
biF    to  the  ftraight  line  DE,    as  V3  . 

from  the  point  A  to  the  point  A ^^-^-..^^  C    ^dtt 

Bf  and  then,  from  the  poitit  &  q  ,     yp 

gthe  point  C,  go  further  from  J=? —  '^ 

c  fame  DE  j  And,  m  like  man.  P  *^  H 

Hcr,  the  ftraight  line  FGH  can- 

jiot  go  further  from  DE,  as  from  F  to  G,  and  then,  from  G  to 
liy  come  nearer  to  the  fame  DE  :  And  fo  in  the  laft  cafe,  as  in 

PROP.     I, 

If  two  equal  ftraight  lines  AC,  BD,  be  each  at  right  angles 
to  the  fame  ftraight  line  AB;  if  the  points  C,  D  be  joined  by 
the  ftraight  line  CD,  the  ftraight  line  EF  drawn  from  any  point 
E  in  AB  unto  CD,  at  right  angles  to  AB,  fhall  be  equal  to  AC, 
or  BD. 

If  EF  be  not  equal  to  AC,  one  of  them  muft  be  greater 
than  the  other  $    let  AC  be  the  greater ;    then,   becaufe  FE  is 

leiis 
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NOTE*. 


Book  I.  lefs  than  C  A,  the  ftraight  line  CFD  is  nearer  to  the  ttaa^ 
line  AB  at  the  point  F  than  at  the 
point  C,  that  is,  CF  comes  nearer 
to  AB  from  the  point  C  to  F :  But  ^ 


bccaufe  DB  is  greater  than  FE> 
the  ftraight  line  CFD  is  further 
from  AB  at  the  point  D  than  at  F, 
that  is,  FD  goes  further  from  AB 

from  F to  D:  Therefore  the  ftraight    a"  t^  t> 

liiie  CFD  firft  comes  nearer  to  the  "  ^  -D 

ftraight  line  AB,  and  then  goes  funher  from  iu  before  h  call 
ity  which  is  impoflible.  If  FE  be  fatd  to  be  greater  than  CAt 
or  DB,  the  ftraight  line  CFD  firft  goes  fiirther  from  the  ibai^ 
line  AB,  and  then  comes  nearer  to  it,  which  is  alfo  impoffibk. 
Therefore  F£  b  not  unclqual  lo  AC,  that  Is,  it  is  equal  to  k. 

t  R  O  P.     i. 

If  two  equal  ftraight  lines  AC,  BD  be  each  at  right  anglei  is 
the  fame  ftraight  line  AB;  the  ftraight  line  CD  which  jtm 
their  extremities  makes  right  angles  with  AC  and  BD. 

Join  AD,  BC ;  and  becaufe,  in  the  triangles  CAB,  DBAt 
CA,  AB  are  equal  to  DB,  B A»  and  the  angle  CAB  equal  to 
the  angle  DBA ;  the  bsife  BC  is  equal  *  to  the  bafe  AD :  Aoi 
in  the  triangles  ACD,  BDC,  AC,  CD  are  equal  ro  BD,  DC, 
and  the  bafe  AD  is  equal  to  the  bafe 
BC  :  therefore  the  angle  ACD  is  e-  Q* 
qual  k  CO  the  angle  BDC :  From  any 
point  £  in  AB  draw  £F  unto  CD, 
at  right  angles  to  AB;  therefore,  by 
Prop.  I .  £F  is  equal  to  AC,  or  BD ;  ^ 
wherefore,    as  has  been  juft  now./k 
jhewn,  the  angle  ACF  is  equal  to 

the  angle  EFC :  In  the  fame  manner,  the  angle  BDF  is  eqoii 
to  the  angle  £FD  :    but   the  angles  ACD,  BDC  are  equal, 
therefore   the  angles  EFC  and  EFD   are    equal,    and    right 
,  ^  angles  ^ ;  wherefore  alfo  the  angles  ACD,  BDC  are  right  an- 
^'gles. 

CoR.  Hence,  if  two  ftraight  lines  AB,  CD  be  at  right 
angles  to  the  fame  ftraight  line  AC,  and  iF  betwixt  them  a 
ftraight  line  BD  be  drawn  at  right  angles  to  either  of  them,  as 
to.  AB ;  then  BD  is  equal  to  AC,  and  BDC  is  a  right  angle. 

If  AC  be  not  equal  to  BD,  tatce  BG  equal  to  AC,  and 
joinCG:  Therefore,  by  this  Propotinon,  the  angle  ACG  ii 
a  right  angle ;  but  ACD  is  alfo  a  right  angle ;  wherefore  the  an- 
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BookL 

PROP.    XI.     B.L 

A  corollary  is  added  to  this  propofition,  which  is  ntccffsrj  to 
trop.  1.  b.  II.  and  othcrwifc. 

PROP.   XX.    and  XXl.    B.  I. 

ProcIuSy  in  his  commentary,  relates,  that  the  Epicureans  de« 
ridcd  this  propofiuoD,  as  being  manifeft  even  to  afles,  and  need** 
ing  no  demonftf ation ;  and  his  anfwer  is,  that  though  the  truth 
of  it  be  manifeft  to  out*  fenfes,  yet  it  is  fcience  which  muft  give 
the  reafon  why  two  fides  of  a  triangle  are  greater  than  the  third  i 
But  the  right  anfwer  to  this  objeftion  againft  this  and  the  21ft 
and  fome  other  plain  propoiitionsi  is,  that  the  number  of  axiotni 
ought  not  to  be  increafed  without  necefiicy,  as  it  muft  be  if  thefe 
propofitions  be  not  demonftrated.     Monf.  Clairauit,  in  the  pre- 
face to  his  elements  of  geometry,  publifhed  in  French  at  Paris* 
ann.  1741,  fays.  That  Euclid  has  been  at  the  pains  to  prove# 
that  the  two  fides  of  a  triangle  which  is  included  within  another 
are  together  lels  than  the  two  fides  of  the  triangle  which  in- 
dudes  it ;  but  he  has  forgot  to  add  this  condition,  viz.  that  thd 
triangles  muft  be  upon  the  fame  bafe ;    becaufe,  unlefs  this  be 
added,  the  fides  of  the  included  triangle  may  be  greater  than  the 
.fides  of  the  triangle  which  includes  it,  in  any  ratio  which  is  lefii 
than  that  of  two  to  one,  as  Pappus  Alexandrinus  has  demonftra-* 
ted  in  Prop.  3.  b.  3.  of  his  mathematical  coUeflions. 

PROP.    XXn.     B.L 

Some  authofs  blame  Euclid  becaufe  he  does  not  demons 
ftrate,  that  the  two  circles  made  ufe  of  in  the  conftruAion  of 
ihii  problem  muft  cut  one  another  :  But  this  is  very  plain  from 
the  determination  he  has  given,  viz.  that  any  two  of  the  ftraight 
lines  DF,  FG,  GH  muft  be  great- 
er  than  the  third  : '  For  who  is  fo 
dull,  tho*  only  beginning  to  learn 
the  elements,  as  not  to  perceive 
that  the  circle  defcribed  from  the 
Centre  F,    at  the  diftance  FD, 
muft  meet  FH  betwixt  F  and  H,D  M 
becaufe  FD  is  lefs  than  FH ;  and 

that,  for  the  like  reafon,    the  circle  defcribed  from  the  centre 
G,  at  the  diftance  GH  or  GM,    muft  meet  DG  betwixt  D 

and 
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Book  t.>  and  G ;  and  that  thefe  circles^  mutt  meet  one  another,  becasfe 
FD  and  GH  are  together  grtarer 
than  FG  ?  And  this  determina- 
tion is  eaiier  to  be  underftood  than 
that  which  Mr  Thomas  Simpfon 
derives  from  it,  and  puts  inuead 
of  Euclid's^  in  the  49th  page  of 

his  elements  of  geometry*  that  heO  M        F    G  H 

fhay  fupply  the  oraiifion  he  blames 

Euclid  for;  which  determinatbn  is,^  that  any, of  the  time- 
ftraight  lines  muft  be  lefs  than  the  fum,  but  greater  thio  the 
diSTcrence  of  the  other  two  :  From  this  he  fhews  the  circles  mot 
tneet  one  another,  in  one  cafe  ;  and  fays,  that  it  may  be  proved 
after  the  fame  manner  in  any  other  cafe  :  But  the  ftraight  iiae 
GM  which  he  bids  take  from  GF  may  be  greater  than  it,  as  id 
the  figure  here  annexed^  in  which  cafe  his  demonftration  onC 
be  changed  into  another. 


l^RGP.    XXIV.    B.I. 

To  this  Is  added,  '<  of  the  two  fides  DE,  DF/let  DEte. 
^'  that  which  is  not  greater  than  the  other  ;**  that  is*  take  thai 
fide  of  the,  two  DE,  DF  which  is  not  greater  than  the  other,  ift 
order  to  make  with  it  the  angle  EDG     |^ 
equal  to  BAG;    becaufe,   without  this 
reftridion,  there  might  be  three  differ-  - 
ent  cafes  of  the  propofition,  as  Campa: 
Dus  and  others  make. 

Mr  Thomas' Simpfon,  in  p.  262.  of 
the  fecbnd  edition  of  his  elements  of 
geometry,  printed  ann.  1760,  obferves, 
in  his  notes,  that  it  ought  to  have  been  £] 
fliewn,  that  the  point  F  falls  below  the 
line  EG;  this  probably  Euclid  omitted,  ""^"^ F 

as  it  is  very  eaiy  to  perceive,  that  DG  being  equal  to  DP,  the 
point  G  is  in  the  circumference  of  a  circle  defcnbed  from  th(S 
centre  D  at  the  diftance  DF.  and  muft  be  in  that  part  of  k 
which  is  above  the  ftraight  line  EF,    becaufe  DG  falls  abofO 


i 
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DF,  the  angle  EDG  being  greater  than  the  angle  EDF. 

\ 
PROP,    XXIX-      B.  L 
The  propofition  which  is  ufually  called  the  5th  poftulate,  ot 
t  ith  axiomi  by  fome  the  1 2th,  on  which  this  ayth  depends,  has 

givea 
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the  wordf  rr*  Mmatt  ^^at  is,  in  a  ftratght  line,  or  In  the  fame  Book  L 
^ixtftioo,  be  plain,  when  two  ftraight  lines  are  faid  to  be  in  a 
ttnight  line*  it  does  not  appear  what  ought  to  be  underftood 
bf  theie  words*  when  a  ftraight  line  and  a  cufve»  or  two  curve 
bes,  are  Cud  to  be  in  the  fame  direftion  :  at  leaft  it  cannot  be 
oplained  in  this  place ;  which  makes  it  probable  that  this  defi* 
&ioD,  and  that  of  the  angle  of  a  fegment,  and  what  is  faid  of 
be  aogle  of  a  femicircle,  and  the  angles  of  fegments,  in  thtf 
d and .3 1,  propofitions  of  book  3*  are  the  additions  of  fomc 
'^  Mful  editor :  On  which  account,  efpecially  fince  they  are 
fe  ufelefsy  thefc  definiiions  are  diftinguifhed  from  the  reft  bf 
:rtcd  double  commas. 

D  E  F.    XVII.      B.  L 

The  words,  ^*  which  alfo  divides  the  circle  into  two  equal 

parts,*^  are  added  at  the  end  of  this  definition  in  all  the  copies 
are  now  left  out  as  not  belonging  to  the  definition,  being 
a  corollary  from  it.  Proclus  demonftrates  it  by  conceiving 
of  the  parts  into  which  the  diameter  divides  the  circle,  to 

applied  to  the  other;  for  it  is  plain  they  muft  coincide,  elie 

ftraight  lines  from  the  center  to  the  circumference  would 

be  ail  equal :  The  fame  thing  is  eafily  deduced  from  the 

|i.  prop,  of  book  3*  and  the  24.  ofchefiime;  from  the  firft 

'  which  it  follows  that  fenucircles  are  fimilar  fegments  of  a 
:  And  from  the  otherj  that  they  are  equal  to  one  another^ 

D  E  F.    XXXIIL     B.  I. 

This  definition  has  one  condition  more  than  is  necefiary ;  be« 
"  every  quadrilateral  figure  which  has  its  oppofice  fides  equal 

one  another^  has  likewife  its  oppofite  angles  equal ;  and  on 

*  contrary. 

Let  ABCD  be  a  quadrilateral  figure  of  which  the  oppofite 

let  AB,  CD  are  equal  to  one  an- 

fccr;  as  alfo  AD  and  BC:  Join 

D;  the  two  fides  AD,  DB  are  e- 
1  to  the  two  CB,  BD,  and  the  bafe 
^»  equal  to  the  bafe  CD ;  there- 
Jfcby  prop.  8.  of  book  1 .  the  angle 

JOB  is  equal  to  the  angte  CBD ;  and  by  prop- 4.  B.  i.  the  an. 
gTBAD  is  equal  to  the  angle  DCB,  and  ABD  to  BDC ;  and 


F«e£ttt  alio  the  angle  ADC  ii  equal  (o  cbe  aogle  ABC. 


And 


,0^  NOTES. 

9ook  I.  And  if  the  angle  BAD  be  equal  to  the  oppofite  an^  BCQ 
Und  the  angle  ABC  to  ADC;  the  oppofite  fides  are  equi; 
Bccaufc,  hj  prop,  32.  B.  i.  all  theaqglcs  of  the  qoadiihKnl 
figure  ABCD  are  together  equal  to 
four  right  angles,  and  the  two  angles 
Bad,  ADC  are  together  equal  to 
the  two  angles  BCD,  ABC :  Where- 
fore BAD,  ADC  are  the  half  of  all 
the  four  angles ;  that  is,  BAD  and 
^DC  are  equal  to  two  right  angles :  And  therefore  AB,  (3 
are  parallels  by  prop.  28.  B.  i.  In  the  fame  manner  AD|K 
are  parallels :  Therefore  ABCD  is  a  parallelogram,  and  id  Qf 
poiite  fides  are  eqi^al  by  34.  prop.  B,  ^ 

PROP.    VII.      B.I. 

There  are  two  cafes  of  this  proppfition,  one  of  which  k  aK' 
in  the  Greek  text,  but  b  as  necefiaqr  as  the  other :  And  due  lb 
cafe  left  out  ha$  been  formerly  in  the  text  appears  plaiolf  bm 
this,  that  the  fecond  part  of  prop«  5,  which  is  necdEuy  10  ib^ 
demonftration  of  this  cafe,  can  be  of  no  uie  at  all  in  die  ek* 
mcnts,  or  any  where  elfe,  but  in  this  demonftration;  bccnl 
the  fecond  part  of  prop.  5.  clearly  follows  firom  the  firft  pu^ 
and  prop.  13.  B.  i.  This  part  muft  therefore  have  beenaiidcdia 
prop.  5*  upon  account  of  fome  propo&ion  betwixt  the  5.  ill 
13.  but  none  of  thefe  ftand  in  need  of  it  eq^cept-thej-fH^ 
pofition,  on  account  of  which  it  has  been  added  :  Bc&lcs,  ik 
tranflation  from  the  Arabic  has  this  cafii  explicitly  demonftrattfe 
And  Proclus  acknowledges  that  the  fecond  part  of  pr^( 
was  added  upon  account  of  prop.  7.  but  gives  a  rfdicnloQi  t» 
fon  for  it,  *^  that  it  might  aflbrd  an  anfwer  to  objeftions  ndil. 
'<  againft  the  7."  as  if  the  cafe  of  the  7.  which  is  left  oat,  vo^ 
as  he  exprefsly  makes  it,  an  objeftion  againft  the  propofitiai 
itfelf.  Whoever  is  curious  may  read  what  Pcodus  fays  ai  dtS; 
in  his  commentary  on  the  5,  and  7,  propolitions ;  tot\ti»^ 
worth  while  to  relate  his  trifles  at  foil  length. 

It  was  thought  proper  to  change  the  enunciation  of  th'n  % 
prop,  fo  as  to  preferve  the  very  fame  meaning ;  the  literal  (nv 
ladon  from  the  Greek  being  extremely  tuurfl^  and  diftcohiotl 
npdcrftood  by  beginners. 

FROR 
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DEFINITION    L      BOOK    t 

r*  b  Dcccflaiy  to  coofider  a  (olid,  that  if,  a  magnitude  which 
has  length,  breadth,  and  thicknefs,  in  order  to  underftand 
Jtttght  the  definitions  of  a  point,  line,  and  fupei  ficies  ;  for  thefe 
aQ  arile  from  a  folidj  apd  exift  in  it :  The  boundary,  or  boun- 
daries which  contain  a  foUd  are  called  foperficies,  or  the  boun« 
dary  which  is  common  to  two  folids  which  are  contiguous,  or 
which  divides  one  folid  into  two  contiguous  parts,  is  called  a 
fuperficies :  Thus,  if  BCGP  be  one  of  the  boundaries  which 
I  contain  th^  folid  ABCDEFGH,  or  which  is  the  common 
'  Vmodary  of  this  folid,  and  the  folid  BKLCFMMG»  and  is  there- 
fore in  the  one  as  well  as  the  other  (olid,  is  called  a  fuperficies, 
and  has  no  thicknels  :  For  if  it  have  any,  this  thicknefs  muft 
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Other  be  a  part  of  the  tblcknei^ 
of  the  folid  AG,  or  the  folid 
,BM,  or  a  part  of  the  thicknefs  of 
cadi  of  tncm.  It  cannot  be  a  X^ 
{art  of  the  thicknefs  of  the  folid 
BM ;  becauie,  if  this  folid  be  re* 
moved  from  the  folid  AG,  the 
foperficies  BCGF,  the  boundary 
of  the  folid  AG,  remains  ftill  the  ^  ^         .—. 

ifrme  as  it  was.    Nor  can  it  be  a  -^  13        jf^ 

prt  of  the  thickneis  of  the  folid  AG;  becaufe,  if  this  be  re- 
noYed  from  the  folid  BM,  the  fuperficies  BCGF,  the  boundary 
of  the  folid  BM,  does  ncvertheleis  remain ;  therefore  the  fuper^ 
ficies  BCGF  has  no  thicknefs,  but  only  length  and  breadth. 

The  boundary  of  a  fuperficies  is  called  a  line,  or  a  line  is  the 
common  boundary  of  two  fuperficies  that  arc  contiguous^  or 
^ich  divides  one  fuperficies  into  two  contiguous  parts  :  Thus, 
HBCbeoneof  the  boundaries  whi^h  contain  the  fuperficies 
ABCD,  or  which  is  the  common  boundary  of  this  fuperficies* 
tod  of  the  fuperficies  KBCL  which  is  contiguous  to  it,  this 
boundary  BC  is  called  a  line,  and  has  no  breadth  :  For,  if  is 
have  any,  thb  muft  be  part  either  of  the  breadth  of  the  fuper- 
ficies ABCDi  or  of  the  fuperficies  KBCL,  or  part  of  each  of 
^m.  It  is  not  pare  oi  the  breadth  of  the  fuperficies  KBCI4 ; 
fe^i  if  this  fuperficies  b^  removed  from  th^  fupcf ficies  AIJCD, 

th« 
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Book  I.  the  line  BC  which  is.  the  boundary  of  the  fuperficies  ABCD  fc» 
mains  the  fame  as  it  was :  Nor  c^n  the  breadth  that  BC  is  fo^ 
pofed  to  have,  be  a  part  of  the  breadth  of  the  fuperficies  ABCD; 
becaufe,  if  this  be  removed  from  the  fuperficies  KBCL,  the  lioe 
BC  which  is  the  boundary  of  the  fuperficies  KBCL  does  never- 
thelefs  remain:  Therefore  the  line  BC  has  no  breadth  r  Andbc* 
caufe  the  line  BC  is  in  a  fuperficies,  and  that  a  fuperficies  hai 
no  thiclcnefsy  as  was /hewn  ;  therefore  a  line  has  neither  hrcadtk 
nor  thicknefs,  but  only  length. 

The  boundary  of  a  line  is  called  a  point,  or  a  point  is  ihs 
common  boundary  or  extremity         7  t         ^ 
of  two  lines  that  are  contiguous  ;  "^r— 

Thus,  if  B  be  the  extremity  of  rhe  y*    1 

lioe  AB,  or  the  common  extre-  ^  ^C*.  ^ 
mity  of  the  two  lines  AB,  KB» 
this  extremity  is  called  a  point, 
and  has  no  length :  For,  if  it  have 
anjT,  this  length  mud:  either  be 
part  of  the  length  of  the  line  AB,    a  ^ 

or  of  the  line  KB.    It  b  not  part  -^  H 

of  the  length  of  KB ;  for,  if  the  line  KB  be  removed  from  Al^ 
the  point  B  which  b  the  extremity  of  the  line  AB  remains  die 
fame  as  it  was :  Nor  is  it  part  ox  the  length  of  the  lioe  AB ; 
for,  if  ^B  be  removed  from  the  line  KB,  the  point  B,  which  ii 
the  extremity  of  the  line  KB,  does  nevertheleis  remain  z  Thcic* 
fore  the  point  B  has  no  length :  And  becoufe  a  point  is  In  a  iioc^ 
and  a  line  has  neither  breadth  nor  thicknefsy  therefore  a  poiat 
has  no  length,  breadth,  nor  thicknefs.  And  in  this  manner  die 
definitions  of  a  point,  line*  and  fuperficies  are  to  be  underftood. 

D  E  F.    VII.      B.  I. 

^    Inftead  of  thb  definition  as  it  is  in  the  Gree]p  copes^  a  mon  , 
dii^inA  one  b  given  from  a  property  of  a  plane  fuperficies,  which 
is  manifeftly  fuppofed  in  the  elements,  vi%.  that  a  ftra^t  fine 
drawn  from  any  point  in  a  plane  to  any  other  in  it,  19  wholly  ia 
that  plane. 

D  E  F,    VIIL     B.  I. 

It  feems  that  he  who  made  this  delSnition  defigned  that  ic 
fhould  comprehend  not  only  a  plane  angle  contained  fay  two 
ftraight  lines,  but  likewife  the  angle  which  fome  conceive  to 
be  made  by  a  ftraight  line  and  a  curve,  or  by  two  curve  lioei» 
which  meet  one  another  in  a  plane :  But*  tba*  the  sieaning  o£ 
2  th9 
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iles  ACD,  ACG  arc  equal  to  one  another^  which  is  impoffiblc.  ^ Bookl. 
Tbcrcfbre  BD  is  equal  to  AC ;  and  by  this  Propofitioa  BDC  is ' 
t  angle. 


P  R  O  P.    J. 

If  two  ftraight  lines  which  contain  an  angle  be  produced* 
there  may  be  found  in  either  of  them  a  point  from  which  the 
perpendicular  drawn  to  the  other  (hall  be  greater  than  any  given 
ftraight  line. 

Let  AB,  AC  be  two  ftraight  lines  which  make  an  angle  with 
One  another,  and  let  AD  be  the  given  ftraight  line;  a  point 
may  be  found  either  in  AB  or  AC,  as  in  AC,  from  whfch  the 
perpendicular  drawn  to  the  other  AB  fliall  be  greater  than  AD. 

In  AC  take  any  point  E,  and  draw  EF  perpendicular  to    • 
AB ;  produce  AE  to   G,  fo  that  EG  be  equal  to   AE ;  and 

Eoduce  FE  to  H,  and  make  EH  equal   to  FE,  and  join  HG. 
rcaufe,  in  the  triangles  aEF,  GEH.  AE,   EF  are  equal  to 
G£,  EH,  each  to  each,  and  contain  equal  *  angles,  the  angle  a  ijr 
GHE  is  therefore  equal  ^  to  the  angle  AFE  which  is  a  right  b  4. 
angle :  Draw  GE  perpendicular  to  AB  5  and  becaufe  the  ftraight 
Ibcs  FK.     HG     .  j^  R         TU 

are  at  right  an-  /\  JP  iS^  D         xYL 

iles  to  FH,  and  t^T 
lG  at  right  an-  ^ "  ■ 
jlesioFK;  KGO" 
b  equal  to  fH,  D  • 
by  Cor.  Pr.  2.  p  -*• 
that  is,  to  the 
double  of    FE. 

In  the  fame  manner,  if  AG  be  produced  to  L,  fb  that  GL  be 
equal  to  AG,  and  LM  be  drawn  perpendicular  to  AB,  then 
LM  is  double  of  GK,  and  fo  on.  In  AD  take  AN  equal  to 
FE,  and  AO  equal  to  KG,  that  is,  to  the  double  of  FE,  or 
AN;  alfo  take  AP  equal  to  LM,  that  is,  to  the  double  of  KG, 
or  AO ;  and  let  this  be  done  till  the  ftraight  line  taken  be  great- 
er than  AD  :  Let  this  ftraight  line  fo  taken  be  AP,  and  becaufe 
AP  is  equal  to  LM,  theretore  LM  is  greater  than  AD.  Which 
was  to  be  done* 

PROP.    4. 

If  two  ftraight  lines  AB,  CD  make  equal  angles  EAB, 
ECD  with  another  ftraight  line  EAC  towards  the  fame  pans  of 
k}  AB  and  CD  are  at  right  angles  to  fome  ftraight  line. 

'  U  Bifcft 
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BiCeSk  AC  in  F,  and  draw  FG  perpendicular  to  AB ;  cab 
in  the  ftraight  line  CD  equal  to  AG»  and  on  the  coDtracf 

fide  of  AC  to  that  on  which  AG  is,  and  join  FH  :  TherefoR, 

in  the  triangles  AFG,  CFH  the  4ides  ¥A,  AG  are  equal  to 

FC,  CH,  each  to  each,  and  the  angle 

1 15.  r.    FAG,   that  ^  is,  EAB  is  equal  to  the 

b  4. 1.  angle  FCH  ;   wherefore  '   the   angle 

AGF  is  equal  to  CHF,  and  AFG  to 

the  angle  CFH :  To  i hefe  laft  add  the 

common  angle  AFH ;  therefore  the 

two  anglrs  AFG,  AFH  are  equal  to 

the   two  angles  CFH,  HFA,  which 

two  laft  are  equal  together  to  two  C     fj  D 

c  13. 1,  right  angles  %  therefore  alfo  AFG, 
di4. 1.  AFH  are  equal  to  two  right  angles,  and  confequentlf '  (3 

and  FH  are  in  one  (Iraight  line*     And  becaufe  AGF  is  a  r^ 

angle,  CHF  which  is  equal  to  it  is  alio  a  right  angle ;  Thercfatt 

the  ftraight  lines  AB,  CD  are  at  right  angles  to  GH. 

PROP.     5. 

If  two  ftraight  lines  AB,  CD  be  cut  by  a  third  ACE  fe  if 
to  make  the  interior  angles  BAC,  ACD,  on  the  fame  fide  rf 
it,  together  lefs  than  two  right  angles;  AB  and  CD  being  pc» 
duced  ftiall  meet  one  another  towards  the  parts  on  which  are  ike 
two  angles  which  aie  lefs  than  two  right  angles, 
a  13. 1..  At  the  point  C  in  the  ftraight  line  CE  make  >  the  ai^ 
ECF  equal  to  the  angle  EAB,  and  draw  to  AB  the  ftni^ 
line  CG  at  right  angles  to  CF :  Then,  becaufe  the  angles  ECF, 
EAB  are  equal  to  one  an- 
other, dnd  that  the  angles 
ECF,  FCA  ^re  together  e- 
qual  ^  to  two  right  angles, 
the  angles  EAB,  FCA  are 
equal  to  two  right  angles* 
But,  by  the  hypothefis,  the 
angles  EAB,  ACD  are  to- 
gether lefs  than  two  right  . 
angles;  therefore  the  angle ^^  O  (jT 
FCA  »s  p,reater  than  ACD, 

ai.d  CD  .falls  between  CF  and  AB  :  And  becaufe  CF  and  CD 
make  an  at)gle  with  one  another,  by  Prop.  3.  a  point  may  be 
found  in   cirher  of  thecn  CD  from  which  the   perpcodkobr 

drawn  to  CF  iball  be  greater  than  the  ftraight  line  CG :  Ltf 
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liiapbint  be  H,  and  drawHK  perpendicular  to  Cl^  meedng  ^ookt. 
AB  inL:  And  becaufe  AB,  CF  contain  equal  angles  with'-  »^"*4 
AC  CD  the  fame  fide  of  it,  by  Prop.  4.  AB  and  CF  are  at  right 
angles  to  the  ftfaight  line  MNO  which  bife&  AC  in  *N  and  is 
perpendicular  to  CF :  Therefore,  by  Cor.  Prop.  2.  CG  and  KL 
irhich  are  at  right  angles  to  CF  are  equal  to  one  another  :  And 
HKb  greater  than  CG,  and  therefore  is  greater  than  KL,  and 
coofeqoently  the  point  H  is  in  KL  produced.  Wherefore  the 
finight  lines  CDH  drawn  betwixt  the  points  C,  H  which  are  on 
contrary  Gdes  of  AL,  muft  necefiarily  cut  the  ftraight  line 
AB. 

PROP.  XXXV.  B.  L 
The  demOnftration  of  this  Propofition  is  changed,  becaufe,  if 
the  method  which  is  u(ed  in  it  was  followed,  there  would  be 
three  cafes  to  be  ieparately  demonftraced,  ai  is  done  in  the 
tnufladon  from  the  Arabic ;  for,  in  the  Elements,  no  cafe  of  a 
Propofition  that  requires  a  different  demonftration;  ought  to 
be  omitted.  On  this  account,  we  have  chofen  the  method 
vhich  Monf.  Clairault  has  given,  the  firft  of  any,  as  far  as  I 
know,  in  his  Elements,  page  2i.  and  which  afterwards  Mt 
8im|iron  ^ives  in  bis  page  3a.  But  whereas  Mr  Simpfon  makes 
ttfc  of  Ptop.  26.  B.  I .  from  which  the  equality  of  the  twd 
triangles  does  doc  immediately  follow,  becaufe,  to  prove  that, 
<he4.of  B  I.  muft  likewife  be  made  ufe  of,  as  maybeieen^ 
in  the  very  fame  cafe  in  the  34.  Prop.  B.  i.  it  was  thought  bet« 
ler  to  make  ufe  only  of  the  4.  of  S.  i. 

PROP.    XLV.    B.  L 

llie  ftraight  line  KM  is  proved  to  be  parallel  to  FL  from 
^  33*  Prop. ;  whereas  KH  is  parallel  to  FG  by  conftruAion^ 
^od  KHM,  FGL  have  been  demondrated  to  be  ftraight  lines* 
A  corollary  is  added  from  Commaodine,  as  being  often  ufed* 

PROP.  XIIL    B  IL 

Pf  this  Propofition  only  acute  angled  triangles  are  mention*  Book  rr. 
cd,  whereas  it  holds  true  of  every  triangle  :  And  the  de- 
monftrations  of  the  cafes  omitted  are  added ;  Commandine  and 
Cia?ius  have  likewife  given  their  demooftratioos  of  thefe  cafes* 

PROP.  XIV.    B.  II. 

In  the  democftration  of  this,  fome  Greek  editor  has  i(r- 
OMantlj  iafened  the  words,  •<  but  if  not,  one  of  the  two  BE, 

■  U  a         .  "ED 
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Book  ir.  "  ED  is  the  greater;  let  BE  be  the  greater,  and  prodocekl 
^*  F,"  as  if  it  was  of  any  coniequence  whether  the  greater  ot 
leiTer  be  produced :  Therefore,  infiead  of  thefe  words,  that 
ought  to  be  read  only,  "  but  if  not,  produce  BE  to  F/' 


PROP.   I.   B.  m. 


Book  IIL 


SEVERAL  authors,  efpecially  among  thp  modern  miA^ 
maticians  and  logicians,  inveigh  too  feverely  agaiaft  iflfr 
TcQ.  or  Apagogic  demondrations,  and  fometimes  igQOfifll| 
enough;  not  being  aware  that  tl:^ere  are  fome  things  tbXLOt 
not  be  demon Arated  any  other  way  :  Of  this  the  prefcfltp» 
podtion  is  a  very  clear  inftance,  as  no  direct  demooflmi 
can  be  given  of  it :  Becaufe,  befides  the  definition  of  a  Mt 
there  is  no  principle  or  property  relating  to  a  circle  aotecdat 
to  this  problem,  from  which  either  a  direA  or  indircA  (k* 
mondration  can  be  deduced  :  Wherefore  it  is  neceiiarf  thit  Ac 
point  found  by  the  condtu^ion  of  the  problem  be  proved  H 
be  the  centre  of  the  circle,  by  the  help  of  this  dcfinitioOf  at 
fome  of  the  pi'eceding  propofitions  :  And  becaufe,  in  tke  d^ 
mooflration,  this  propoiition  mud  be  brought  tn,  viz.  firai|^ 
lines  from  the  center  of  a  circle  to  the  circumference  arecfA 
and  chat  the  point  found  by  the  cooftruAion  cannotbeifr 
med  as  the  center,  for  this  is  the  thing  to  be  demooftraiedi  i 
is  manifcft  fome  other  point  muft  be  affumcd  as  the  cenMr} 
and  if  from  this  HfTumption  an  abfurdity  follows,  as  Eodid  fl^ 
monftrates  there  muft,  then  it  is  not  true  that  the  point afffflw 
is  the  center  ;  and  as  any  point  whatever  was  afTumcd,  itid^ 
that  no  point,  except  that  found  by  the  conftrudlion,  canbcik 
center,  from  which  the  neceiCty  of  an  indireA  demonftratiflo' 
this  Cfife  is  evlden(. 

PROP.    XIII.    B.  III. 

As  it  is  much  eafier  to  imagine  that  two  circles  may  toad 
one  another  within  in  more  points  than  one,  upon  the  w 
fide,  than  upon  oppofite  fides ;  the  figure  oJF  that  cafe  oopt 
not  to  have  been  omitted ;  but  the  conl>ru£tion  in  the  Gm 
text  would  not  have  fuited  with  this  figure  (b  well,  bccaulc  tfc«; 
centers  of  the  circles  muft  have  been  placed  near  to  the  *i 
cumferences  :  On  which  account  another  conftruAionand  <f| 
monftraiion  is  given,  which  is  the  iamc  with  the  fccond  |*^  | 
of    that  which   Campanus  has  tranilated  from   th&  Ar^^j 
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where  wiibout  any  reafon  the  demonftration  is  divided  into  two  Book  iil.^  • 

.JMffIS, 

i  I 

PROP.  XV.  B.  III. 

The  converfe  of  the  fecond  part  of  this  propofition  is  want- 
ing, tho*  in  the  preceding,  the  converfe  is  added,  in  a  like  cafe, 
both  in  the  enunciation  and  demonftration ;  and  it  is  now  add- 
ed in  this.  Betides,  in  the  demondration  of  the  find  part  of 
this  I5th»  the  diameter  AD  (fee  Com mandine's  figure)  is  proved 
to  be  greater  than  the  flraight  line  BC  by  means  of  another 
:  ftraight  line  MN ;  whereas  it  may  be  better  done  without  it : 
^  Oa  which  accounts,  we  have  given  a  difTerent  demonftration,  like 
to  that  which  Euclid  gives  in  the  preceding  r  4th,  and  to  thac 
which  Theodofius  gives  in  prop.  6,  .H.  i,  of  'his  Spherics,  in 
(his  very  affair. 

PROP,  XVI.     B,  III. 

In  this  we  have  not  followed  the  Greek  nor  the  Latin  tranf- 
btion  literally,  but  have  given  what  is  plainly  the  meaning  of 
the  propofition,  without  mentioning  the  angle  of  the  femicircie, 
or  that  which  fome  call  the  cornicular  angle  which  they  con- 
ceive to  be  made  by  the  circumference  and  the  ftraight  line  which 

,  b  at  right  angles  to  the  diameter,  at  its  extremity ;  which  an- 
gles have  furniChed  matter  of  great  debate  between  fome  of  the 
modern  geometers,  and  given  occafion  of  deducing  ftrange  con- 

:  (equences  from  them,  which  are  quite  avoided  by  the  manner 
in  which  we  have  exprefted  the  propofition.  And  in  like  man- 
ner, we  have  given  the  true  meaning  of  prop.  3 1 .  b.  3.  without 
mentionbg  the  angles  of  the  greater  or  leffer  fegments  :  Thefc 
paflaees,  Yieta,  with  good  reafon,  fufpe£h  to  be  adulterated,  in 
the  386th  page  of  his  Open  Math. 

PROP.  XX.     B.  III.  * 

The  firft  words  of  the  fecond  part  of  this  demonftration^ 
■'  xixKas^a  Jti  TTOLKiY**  are  wrong  tranflated  by  Mr  Briggs  and 
Dr  Gregory  "  Rurfus  inclinetur;"  for  the  iranflation  ought 
to  be  *<  Rurfus  infte^tatur,"  as  Commandine  has  it :  A  ftraight 
line  is  faid  to  be  mflcAed  either  to  a  ftraight,  or  curve  line^ 
vhen  a  ftraight  line  is  drawn  to  this  line  from  a  point,  and 
from  the  point  in  which  it  meets  it,  a  ftraight  line  making 
an  angle  with  the  former  is  drawn  to  another  point,  as  is  evi- 
<Jcnt  from  the  90th  prop,  of  Euclid's  Data  :  for  thus  the  whole 
line  bfitwiis^t  the  firft  and  laft  points,  is  inflcftcd  or  broken  at 
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Book  III.  the  point  of  infle£t?on»  where  the  two  ftraight  lines  meet.  And 
in  the  like  fenfe  two  ftraight  lines  are  faid  to  be  inflcfted  from  I 
two  points  to  a  third  point,  when  they  make  an  angle  at  this| 
point ;  as  may  be  feen  in  the  defcription  given  by  Pappus  A< 
lezandrinus  of  Apollonius's  Books  de  Ix>cis  planis,  in  the  pre« 
face  to  his  7  th  book :  We  have  made  the  expreffion  fuller  irom 
the  poth  prpp.  of  the  data, 

PROP.    XXI.      B.  HI. 

There  are  two  cafes  of  this  propoficiont  the  fecond  of  which, 
VIZ.  when  the  angles  aie  in  a  fegment  not  greater  than  a  femi* 
circle,  is  wanting  in  the  Greek :  And  of  this  a  more  fimple 
demonftration  is  given  than  that  which  is  in  Commandiae,  as .] 
^eing  derived  only  from  the  firft  cafe,  without  the  help  of  tri- 
singles. 

PROP.  XXIII.  and  XXIV.    P.  HI. 

In  propofition  24.  it  is  demonftrated,  that  the  fegment  AEB 
muft  coincide  with  the  fegment  CFD,  (fee  Commandine's  fi« 
gure),  and  that  it  cannot  fall  otherwife,  as  CGD,  fb  as  to  cut 
the  other  circle  in  a  third  point  G,  from  this»  that,  if  it  did,  a 
circle  could  cut  another  in  more  points  than  two :  But  this 
ought  to  have  been  proved  to  be  impoi&ble  in  the  23d  Prop,  as 
well  as  that  one  of  the  fegments  cannot  fall  within  the  other : 
This  part  then  is  left  out  in  the  a4th9  and  put  in  its  proper  pUce, 
the  23d  Proportion.  ' 

PROP.    XXV.     B.in. 

This  proportion  is  divided  into  three  cafes,  of  which  two 
have  the  fame  cqpftruAion  and  demonftration  ;  therefore  it  ii 
now  divided  only  into  two  cafes. 

PROP.    XXXIII.      B.  III. 

This  alio  in  the  Greek  is  divided  into  three  cafes,  of  whkh 
two,  viz.  one,  in  which  the  given  angle  is  acute,  and  the  other  in 
which  it  is  obtufe,  have  exactly  the  fame  conftruAion  and  de- 
monftration  ;  on  which  account,  the  demonftration  of  the  laft 
cafe  is  left  out  as  quite  fuperflnous,  and  the  addition  of  fome 
unikilful  editor ;  befides  the  demonftration  of  the  cafe  when  the 
angle  given  is  a  right  angle,  is  done  a  round  about  way.  and  is 
f  jicf (fore  changed  to  a  more  (imple  on^,  as  was  done  by  Claviiu. 
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j  PRO  P.    XXXV.      B.  III. 

!  As  the  25th  and  33d  propofitions  are  divided  into  more  cafes, 
m  this  35th  is  divided  into  fewer  cafes  than  are  neceflary.  Nor 
can  it  be  fuppofed  that  Euclid  omitted  them  becaufe  they  are 
baijr ;  as  he  has  given  the  cafe,  which,  by  far,  is  the  eafieft  of 
ihem  all,  viz.  that  in  which  both  the  ftraight  lines  pafs  through 
the  centre  :  And  in  the  following  proppfition  he  feparately  de- 
monftrates  the  cafe  in  which  the  (Iraight  line  pafles  through  the 
centre,  •and  that  in  which  it  docs  not  pafs  thro'  the  centre :  So 
that  it  feems  Theon,  or  fome  other,  has  thought  them  too  long 
to  iniert :  But  cafes  that  require  different  demonftrations*  fhould 
not  be  left  out  in  the  elements,  as  was  before  taken  notice  of : 
Theie  cafes  are  in  the  tranflation  from  the  Arabic*  and  are  now 
put  into  the  text, 

PROP.    XXXVII.      B,  III. 

At  the  end  of  thb,  the  words,  *^  in  the  fame  manner  it  may 
<'  be  demonftrated,  if  the  centre  be  in  AC."  are  left  out  as  the 
Edition  of  fome  ignorant  editor. 

DEFINITIONS    of    BOOK    IV.  Booktv. 

WHEN  a  point  is  in  a  ftraight,  or  any  other  line,  this 
point  is  by  th^  Greek  geometers  faid  aoread-ai*  to  be 
ppon,  or  in  that  line*  and  when  a  ftraight  line  or  circle  meets 
a  circle  any  way,  the  one  is  faid  <xTTi(r3^a<  to  meet  the  other :  But 
when  a  ftraight  line  or^  circle  meets  a  circle  fo  as  not  to  cut  it, 
it  is  (aid  tfctTrrw^at,  to  touch  the  circle ;  and  thefe  two  terms 
are  never  promifcuoufly  ufed  by  them :  Therefore,  in  the  5th  de- 
finition of  B.  4.  the  compound  i^oLfrrtircu  muft  be  read,  inftead 
of  the  fimple  awrnrat :  And  in  the  ift,  2d,  3d,  and  6th  defi- 
nitions in  Commandine*s  tranflation,  *'  tangit^"  muft  be  read 
inftead  of  **  contiogit  i"*  And  in  the  ad  and  3d  definitions  of 
Book  3.  the  fame  change  rouft  be  made :  But,  in  the  Greek  text 
of  propofitions  nth,  lath,  13th,  18th,  ij^tb,  B.  3.  the  com« 
pound  verb  is  to  be  put  for  the  fimple. 

PROP.    IV.      B.  IV. 

In  this,  as  alfo  in  the  8th  and  13th  propofitions  of  this  book* 
it  is  demonftrated  indireAly,  that  the  circle  touches  a  ftraight 
line ;  whereas  in  the  17th,  33d,  and  37th  propofitions  of  book 
3-  the  fame  thing  is  diredlly  demonftrated :  And  this  way  we 

U  4  have 
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Book  IV.  have  chofen  to  ofe  in  the  propofitions  of  this  book,  as  it  i 
H'V^ihorter. 

P  R  Q  P.    V.      B.  IV. 

The  demonftratioQ  of  this  has  been  (polled  by  fome  uofkiKil 
hand  :  For  be  does  not  demonftrate,  as  is  neceiTaryy  that  the  mo 
ilraight  lines  which  bife£t  the  fides  of  the  triangle  s^t  right  aoglak 
muQ:  meet  one  another ;  and,  without  any  reafoni  he  diridq 
the  propofition  into  three  cafes  ;  whereas,  one  and  the  fame  cofr 
ftro^ion  and  demonflration  ferves  for  them  all,  as  Campma 
has  obferved ;  which  uftlefs  repetitions  are  now  left  om :  Tk 
Greek  text  alfo  in  the  Corollary  is  manifeftly  vitiated,  wks 
mention  is  made  of  a  given  angle,  though  there  neither  u^of 
can  be  any  thing  in  the  propofition  relating  to  a  given  aogie. 

PROP.    XV.    and  XVI.    B.  IV. 

In  the  corollary  of  the  firft  of  thcfe,  the  words  equibnnl 
and  equiangular  are  wanting  in  the  Greek  :  And  in  prop.  i& 
iudead  of  the  circle  ABCD,  ought  to  be  read  the  circumfocott 
ABCD :  Where  mention  is  made  of  its  containing  fifteen  e(]tfll 
parts. 


D  E  F.    III.       B.  V. 

"Book  V. 

V/f  A  N  Y  of  the  modern  mathematicians  rejeft  this  definiiioBs 
"*""*■  The  very  learned  Dr  Barrow  has  explained  it  atUrgcil 
the  end  of  bis  third  Icfture  of  the  year  i  (^(sd^  in  which  atfok 
anfwers  the  objjedtions  made  agamft  it  as  well  as  the  ful^cA 
would  allow  :  And  at  the  end  gives  his  opinion  upon  the  wfaok^ 
as  follows  : 

**  I   fhall  only   add,  that  the   author  had,  perhaps,  doo* 
^*  thcr  dcfign  in  making  this  definition,    than   (that  be  oigbt 

V  more  fully  explain  and  embcllifli  his  fubjcft)  to  give  ageoe- 
ral  and  fumniary  idea  of  ratio  to  b€;ginners,  by  preiiuiio| 

f  this  metaphydcal  definition,  to  the  more  accurate  defini* 
*<  tions  of  ratios  that  are  the  fame  to  one  another,  or  one  of 
"  which  is  greater,  or  lefs,  than  the  other:  I  call  it  ameti- 
*•  phyfical,  for  it  is  not  properly  a  mathematical  definitioflt 
f  fince  nothing  in  mathematics  depends  on  it,  or  is  dcdoad, 
f*  nor,  as  1  judge,  can  be  deduced  from  it :    And  the  drfni' 

V  tion  of  analogy,  which  follows,  viz.  Analogy  is  the  fcni* 

«  litpdp 
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^^.litude  of  latiosy  is  of  the  fame  kind,  »and'can  ferve  for  no  Book  v. 

F<  purpofe  ia  machetnaticSy  but  only  to-  give  beginners  Tome 

^'  generali  tho'  grofs  and  confufed  notion  of  analogy  :  But  the 

^*  whole  of  the  doctrine  of  ratios,  and  the  whole  of  mathqma* 

'*  tic3.  depend  upon  the  accurate  mathematical  definitions  which 

**  follow  this  :  To  thefe  we  ought  prihcipaHy  to  attend,  as  the 

**  doArine  of  ratios  is  more  perfedlly  explained  by  them  ;  this 

^'  third,  and  others  like  it ;  may  be  entirely  fpared  without  any 

^  lois  to  geometry  :  As  we  fee  m  the  7th  book  oi  the  elements, 

"  where  the  proportion  of  numbers  to  one  another  is  defined* 

*f  and  treated  oF,  yet  without  giving  any  definition  of  the  ratio 

^  of  numbers ;  tho'  fuch  a  definition  was  as  necefTary  and  ufe- 

'*  fill  CO  be  given  in  that  book,  as  in  this  :     But  indeed  there  is 

*'  icarce  any  need  of  it  in  either  of  them  :  Though  I  think  that 

f'  a  thing  of  fo  general  and  abftrafted  a  nature,  and  thereby  th^ 

^*  more  difficult  to  be  conceived,  and  explained,  cannot  be  more 

**  commodioufly  defined,  than  as  the  author  has  done :  Upon 

*'  vrhich  account  I  thought  fie  to  explain  it  at  large,  and  defend 

f<  it  ag^ainil  the  captious  objedtions  of  thofe  who  attack  it."     To 

this  citation  from  Dr  Barrow  I  have  nothing  to  add,  except  tha( 

I  folly  believe  the  3d  and  8  th  definitions  are  not  Euclid's,  bu^ 

folded  hy  fome  un&ilful  editor. 

D  E  F.    XI.      B,     V. 

It  was  neceffiry  to  add  the  word  "  continual"  before  •'  pro- 
f'  portiooals"  in  this  definition  ;  and  thus  it  is  cited  in  the  334 
prop,  of  book  1 1  • 

After  this  definition  ought  to  have  followed  the  definition  o£ 
compound  ratio,  as  this  was  the  proper  place  for  it ;  duplicate 
and  triplicate  ratio  beifkg  fpecies  of  compound  ratio.  ButTheoa 
has  made  it  the  5th  def.  of  B.  6.  where  he  gives  an  abfurd  and 
entirely  ufelefs  definition  of  compound  ratio  :  For  this  reafon  we 
have  placed  another  deficfltion  of  it  betwixt  the  i  ith  and  12th 
of  this  book,  which,  no  doubt,  Euclid  gave ;  for  he  cites  it  ex- 
prefsly  in  prop.  23.  B.  6.  and  which  Clavius,  Herigon,  and 
Sarrow  have  likcwife  given,  but  they  retain  alfo  Theon's,  which 
fhey  ought  to  have  left  out  of  the  elements. 

DEB*,    kill.      B.  V. 

This,  and  the  reft  of  the  definitions  following,  contain  the  ez« 
plication  of  fomc  terms  which  are  ufed  in  the  5th  and  following 
pook;;^  •  which*  except  a  few,  are  cafil^  enough  undcrftood  from 

the 


314  NOTES. 

Book  V.    the  propofitioQS  of  this  book  where  they  are  firft  mentiODei 
'They  feem  to  have  been,  added  by  Theon,  or  feme  other,  lim 
ever  it  be,  they  are  explained  fbmething  more  diftiii£UjforiU 
fake  of  learners. 

P  R  CKP.    IV.      B.  V. 

In  the  conftruAion  preceding  the  demonftratioD  of  H^ 
the  words  <x  trvx},  any  whatever,  are  twice  wanting  io  ik 
Greek,  as  alfo  in  the  Latin  tranflations ;  and  ai*e  now  addcd^  I 
being  wholly  necefiary. 

Ibid,  in  the  demonftration  ;  in  the  Greek*  and  in  thfilidi 
tranflation  of  Commandine,  and  in  that  of  Mr  Henry  Bi^ 
which  was  publifhed  at  London  in  162c,  together  witkii 
Greek  text  of  the  firft  fix  books,  which  tranflation  in  dui]iNi 
is  followed  by  Dr  Gregory  in  his  edition  of  Euclid,  there  is  lis 
fentence  following,  viz.  **  and  of  A  and  C  have  been  taka^ 
**  quimuhiples  K,  L ;    and  of  B   and  D,  any  equimoiqb 

«*  whatever  (a  trux^)  M,  N ;"  which  is  not  true,  the  toA 
**  any  whatever,"  ought  to  be  left  out :  And  it  b  ftraog^te 
neither  Mr  Briggs,  who  did  right  to  leave  out  thefe  words  ii< 
one  place  of  prop.  1 3.  of  this  book,  nor  Dr  Gregory,  wiio  ck» 
ged  them  into  the  word  '*  fome"  in  three  places,  and  left  tki 
out  in  a  fourth  of  that  fame  prop.  1 3.  did  not  alfb  leave  tki 
out  in  this  place  of  prop.  4.  and  in  the  fecond  of  the  twopini 
where  they  occur  in  prop.  17.  of  this  book,  in  neither  of  vlik 
they  can  ftand  confiftent .  with  truth:  And  in  none  of  all  ikft 
places,  even  in  thofe  which  they  corrected  in  their  Latin  wit 
lation,  have  they  cancelled  the  words  oi  ^Tv)(t  in  the  Greek  an^ 
as  they  ought  to  have  done. 

The  fame  words  «  iivx^  are  found  in  four  places  of  M 
1 1,  of  this  book,  in  the  firft  and  laft  of  which,  they  are  nocfr 
fary,  but  in  the  fecond  and  third,  though  they  are  true»  thf 
are  quite  fuperfiuous ;  as  they  likewife  are  in  the  fecond  of  ik( 
two  places  in  which  they  are  found  in  the  1 2th  prop,  aod  intk 
like  places  of  prop.  22.  23.  of  this  book:  But  are  wandogis 
the  laft  place  of  prop.  23.  as  alio  in  prop.  25.  Book  11. 

C  O  R.    IV.      PROP.      B.  V. 

This  corollary  has  been  unfkilfuUy  annexed  to  this  pro|)0- 
fitioo,  and  has  been  made  inftead  of  the  legitimate  demov' 
ilration^  which,  without  doubt,  Theon,  or  fome  other  ediiVi 
lias  taken  away,  not  frooa  this,  but  from  its  proper  place  ^ 
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ihiB  book :  The  author  of  it  deGgned  to  demonftrate,  that  if  four  Book  y. 
magDitodes  £,  G>  F,  H  be  proportionals,  they  are  alfo  propor- 
tioDab  inverfely ;  that  is,  G  is  to  E,  as  H  to  F ;  which  is  true, 
tmt  the  demouftration  of  it  does  not  in  the  leaft  depend  upon 
this  4th  prop,  or  its  demonftration  :  For*  when  he  lays,  "  be- 
"  caufe  it  is  demonftrated  that  if  K  be  greater  than  M,  L  is 
*<  greater  than  N,"  &c«  This  indeed  is  Ihewn  in  the  demon- 
flnuion  of  the  4th  prop,  but  not  from  this  that  E,  G,  F,  H  are 
proponionab ;  for  this  laft  is  the  conclufion  of  the  propofition. 
Wherefore  thefe  words,  **  becaufe  it  Is  demonflrated/*  ^c.  are 
wholly  foreign  to  his  defign  :  And  he  fhould  have  proved,  that 
if  K  be  greater  than  M,  L  is  greater  than  N,  from  this,  that 
£i  G,  F,  H  are  proportionals,  and  from  the  5  th  def.  of  this 
book,  which  he  has  not ;  but  is  done  in  propofition  B,  which  wc 
have  given,  in  its  proper  place,  inilead  of  this  corollary ;  and 
another  corollary  is  placed  after  the  4th  prop,  which  is  often  of 
ufe ;  and  is  neceflary  to  the  demonftration  of  prop.  i8.  of  xhU 
book. 


PROP,    V.    B.  V. 

In  the  conftruAion  which  precedes  the  demonftration  of 
this  propofition,  it  is  required  that  £B  may  be  the  fame  mul- 
tiple of  CG,  that  AE  is  of  CF  ;   that  is,  that  £B  be  divided 
hto  as  many  equal  parts,  as  there  are  parts  in  AE  equal  to 
CF :  From  which  it  is  evident,  that  this  conftru£tion  is  not 
Euclid's ;  for  he  does  not  (hew  the  way  of  dividing  ftraisht 
lines,  and  far  Ie(s  other  magnitudes,  into  any  number  or  e- 
qual  parts,  until  the  9th  propofition  of  B.  6. ;  and  he  never  re* 
quires  any  thing  to  be  done  in  the  cooftruAion,  of  which  he 
had  not  before  given  the  method  of  doing :  For  this 
reafoo,  wq  have  changed  the  conftru£lion  to  one,   A 
which,  without  doubt,  is  Euclid's,  in  which  no- ' 
thing  is  required  but  to  add  a  magnitude  to  itfelf  a    p . 
certain  number  of  times  ;    and  this  is  to  bt  found         ' 
in  the  tranflation  from  the  Arabic,   though  the  e^ 
nuDciation  of  the  propofition  and  the  demonftra- 
tion are  there  very  much  fpoiled.     Jacobus  Pcleta- 
rius,  who  was  ;he  firft,  as  i&r  as  I  know,  who  took 
potice  of  this  error,  gives  alfo  the  right  confiru£tion 
in  his  edition  of  Euclid,  after  he  had  given  the  other  which  he 
blames :  He  fays,  he  would  not  leave  it  out,  becaufe  it  was  fine^ 
Md  might  fbarpcn  one's  genius  to  invent  others  like  it  ^  whereas 

iher« 
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C 
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Book  V.  there  is  not  the  leaft  difference  between  the  two  demonftrat 
except  a  fingle  word  in  the  conftruAion»   which  verj  pn 
has  been  owing  to  an  unfkilful  Librarian.     Clavius  likewife  g^wij 
both  the  ways ;  but  neither  he  nor  Peletarius  takes  notice  of  chl| 
reafon  why  the  one  is  preferable  to  the  othen 

PROP.    VI.     B.  V. 

There  are  two  cafes  of  this  propofition,  of  which  onlf  the  fi4 
and  (Impleft  is  demonflrated  in  the  Greek  :  And  it  is  probatk 
Theoo  thought  it  was  fuSicient  to  give  this  one>  (ince  he  was  tt 
make  ufe  of  neither  of  them  in  his  mutilated  edition  of  the  5A 
book ;  and  he  might  as  well  have  left  out  the  other,  as  alio  the 
5th  propoficion^  for  the  fame  reafon  :  The  demonftration  of  die 
other  cafe  is  now  added,  becaufe  both  of  them,  as  alfo  the  5tl| 
propofition,  are  neceiTary  to  the  demonftration  of  the  i8ch  pro- 
poiition  of  this  book.  The  tranflatlon  from  the  Arabic  ffKk 
l)oth  cafes  briefly. 

PROP.    A.     B,  V. 

This  propofltion  is  frequently  ufed  by  geometers^  and  k  ii 
necefTary  in  the  25th  prop,  of  this  book,  31ft  of  the  6ch,  and 
34th  of  the  I  ith  and  i5ch  of  the  nth  book  :  It  iecms  to  haie 
been  taken  out  of  the  elements  by  Theon,  becaufe  it  appeasd 
evident  enough  to  him,  and  others  who  fubAitute  the  confiiU 
and  iodifiindk  idea  the  vulgar  have  of  proportionals,  in  plict 
of  that  accurate  idea  which  is  to  be  got  from  the  5th  dcf.  of 
this  book.  Nor  can  there  be  any  doubt  that  Eudoxus  or  Eb* 
did  gave  it  a  place  in  the  elements,  when  we  fee  the  7th  ax4 
9th  of  the  fame  book  demonflrated,  tho*  they  are  quite  as  ea^ 
and  evident  as  this.  Alphonfus  Borellus  takes  occafion  froB 
this  propofltion  to  eenfure  the  5th  definition  of  this  book  vciy 
feverely,  but  moft  tinjuflly  :  In  p.  126.  o{  his  Euclid  reflored, 
printed  at  Pifa  in  1658,  he  fays,  **Nor  can  even  this  leaflde- 
^*  gree  of  knowledge  be  obtained  from  the  forefaid  property,* 
viz.  that  which  is  contained  Iq  5th  def.  5.  *'  That,  tf  flow 
magnitudes  be  proportionals,  the  third  muft  necefiarily  be 
greater  than  the  fourth,  when  the  firft  is  greater  than  dx 
**  fecond  ;  as  Clavius  acknowledges  in  the  1 6th  prop,  of  the 
'*  5th  book  of  the  elements."  But  though  Clavius  makes  no 
fuch  acknowledgement  exprcfsly,  he  has  given  Borellus  a  hath 
die  to  fay  this  of  him  ;  becaufe  when  Clavius,  in  the  above-d 
ted  place,  cenfures  Commanding  and  that  very  juftly»  ford^ 
monflrating  this  propofltion  by  help  of  the  16th  of  the  5th; 
^et  he  himfeif  gives  no  demonftration  of  it^  but  thinks  it  plaia 
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6iOm  the  nature  of  proportionals,  as  he  writes  in  the  end  of  the  Book  V. 
I4ih  and  i6th  prop.  B.  5.  of  his  edition,  and  is  followed  by  He- 
rigOQ  in  Schol.  i.  prop.  14.  B.  5.  as  if  there  was  any  nature  of 
proportionals  antecedent  to  that  which  is  to  be  derived  and  un- 
derfiood  from  the  definition  of  them  :  And  indeed,  though  it 
is  very  ea(y  to  give  a  right  demonftration  of  it,  no  body,  as  far 
as  I  know,  has  given  one,  except  the  learned  Dr  Barrow,  who, 
in  aofwer  to  Borellus's  objection,  demonftrates  it  indire£lly,  but 
very  briefly  and  clearly,  from  the  5th  definition,  in  the  322d 
page  of  his  Led.  Mathem.  from  which  definition  it  .may  alfo  be 
eafily  demonftrated  direAIy  :  On  which  account  we  have  placed 
it  next  to  the  propofitions  concerning  equimultiples. 

PROP.    B.     BOOK    V. 

This  alfo  is  eafily  deduced  from  the  5th  def.  B.  5.  and  there- 
fore is  placed  next  to  the  other ;  for  it  was  very  ignorantly  made 
a  corollary  from  the  4th  prop,  of  this  book.  See  the  note  on 
that  corollary. 


PROP.    C.     B.  V. 

This  is  frequently  made  ufe  of  by  geometers^  and  is  necefiarf 
to  the  5th  and  6th  propofitions  of  the  loth  book.  Clavius,  in 
ho  notes  fubjoined  to  the  8th  def.  of  book  5.  demonftrates  it 
ODly  in  numbers,  by  help  of  fome  of  the  propofitions  of  the  7th 
book,  in  order  to  demonftrate  the  property  contained  in  the  5th 
definition  of  the  5th  book,  when  applied  to  numbers,  from  the 
property  of  proportionals  contained  in  the  20th  def.  of  the  7th 
book  :  And  mod  of  the  commentators  judge  it  difiicult  to  prove 
that  four  magnitudes  which  are  proportionals  according  to  the 
20th  def.  of  7th  book,  are  aUb  proportionals  according  to  the 
5th  def.  of  5th  book.     But  this  is  eafily  made  out,  as  follows. 

Firft,    If  A,   B,   C,   D  be  four 
magnitudes,    fuch    that   A    is  the  1^ 

fame  multiple,  or  the  fame  part  of   15 
B,  which  C  isofD;    A,  B,  C,  D  J) 

are  proportionals:   This  is  demon-* 
ftrated  in  propofition  C. 

Secondly,  If  AB  contain  the  fame  r* 

parts  of  CD  that  £F  does  of  GH  ; 
in  this  cafe  likewife  AB  is  to  CD|  as 

EF  to  GH. 
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Book  V.  Let  CK  be  a  part  of  CD,  and  GL  the  fame  part  of  Gfi 
and  let  AB  be  the  fame  multiple  of 
CK,  that  EF  is  of  GL  :  Therefore, 
by  prop.  C.  of  5th  book,  AB  is  to 
CK,  as  EF  to  GL :  And  CD,  GH 
are  equimultiples  of  CK,  GL  the 
fecond  and  fourth  ;  wherefore,  by 
Con  prop.  4.  Book  5.  AB  is  to  CD, 
as  EF  to  GH. 

And  if  four  magnitudes  be  pro- 
portionals according  fo  the  5tb  def. 

of  Book  5.  they  are  alfo  proportionals  according  to  the  t 
def.  of  Book  7. 

Firft,  If  A  be  to  B,  as  C  to  D  $  then  if  A  be  any  m 
or  part  of  B#  C  is  the  fame  multiple  or  part  of  D,  by  prop, 
of  B.  5. 

Next,  If  AB  be  to  CD,  as  EF  to  GH ;  then  if  AB 
any  parts  of  CD,'  EF  contains  the  fame  parts  of  GH  :  For  kt| 
CK  be  a  part  of  CD,  and  GL  the  fame  part  of  GH,  and 
AB  be  a  multiple  of  CK  ;    EF  is  the  fame  multiple  of  GL  t| 
Take  M  the  fame   multiple  of  GL  that  AB  b  of  CK ; 
fore  by  prop.  C.  of  B.  5.  AB  is  to  CK,  as  M  to  GL ;  and 
GH  are  equimultiples  of  CK,  GL ;  wherefore  by  Cot» 
4.  B.  5.  AB  is  to  CD,  as  M  to  GH  :  And.  by  the  hypo 
AB  is  to  CD,  as  EF  to  GH ;    therefore  M  is  equal  to  EF 
prop.  9.  Book  5.  and  confequendy  EF  is  the  lieunc  multipk 
GL  that  AB  is  of  CK. 

PROP.    D.    B.  V. 
This  is  not  unfrequently  ufed  in  the  demonllratioa  of 
propofitions,  and  is  neccilary  in  that  of  prop.  9.  B.  6.    It 
Theon  has  left  it  out  for  the  reafon  mentioned  in  the  notes 
prop.  A. 

PROP.    VIIL    B.  V. 
In  the  demonftratioQ  of  this,  as  it  is  now  3n  the  Gi 
there  are  two  cafes,  (fee  the  demonftration  in  Hervagius, 
Dr  Gregory's  edition),  of  which  the  firft  is  that  in  which 
is  lefs   than  EB  ;  and   in   this,  it  necefiarily  follows  that 
the  multiple  of  EB   is  greater  than  ZH  the  fame  multiple 
AE,  which  laft  multiple,  by  the  condruAioo,   is  greater  tl 
A ;  whence  alfo  H0  muft  be  greater  than  A  :  But,  in  the  fecoi 
cafe,  VIZ.  that  in  which  EB  is  lefs  than  AE,  tho'  ZH  be  greatei 
than  A,  yet  H0  may  be  Ufa  than  the  fame  A ;    fo  that  tl 
(anpot  be  taken  a  multiple  of  a  which  is  the  fir^  that  i 

greater 
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IgrdUer  than  K,  or  H09  becaufe  A  itfelf  is  greater  than  it :  Up«  ^^^ 
jon  this  account,  the  author  of  this  demonftration  found  it  ne- 
cefiEuy  to  change  one  part  of  the  coDftruAion  that  was  made 
iiiie  of  in  the  firft  cafe  ;  But  he  has/  without  any  necefficy, 
'dianged  alfo  another  part  of  it,  viz.  when  he  orders  to  take 
N  that  molciple  of  A  which 

is  the  firft  that  b  greater  than 
ZR ;  for  he  might  have  taken 
ttat  mukiple  of  A  which  is  the 
firft  that  is  greater  than  H0,  vr  I 
or  K,  as  was  done  in  the  firft 
cafe:  He  likewife  brings  in 
this  K  into  the  demonftration 
of  both  caies,  without  any  rea- 
ioD  ;  for  it  ferves  to  no  pur- 
pofe  but  to  lengthen  the  de- 
monftration.   There  is  alfo  a 

third  cafe,  which  is  not  mentioned  in  this  demonftration,  viz. 
that  in  which  A£  in  the  firft,  or  £B  in  the  fecond  of  the  two 
other  ca(c$9  is  greater  than  D  •  and  in  this  any  equimultiples, 
as  the  doubles,  of  AE,  KB  are  to  be  taken,  as  is  done  in  this 
cdidon,  where  all  the  cafes  are  at  once  demonftrated  :  And  from 
dus  it  is  plain  that  Theon,  or  fome  other  unfkilful  editor  has  vi- 
tiated this  propofition. 

PROP.    IX.    B.  V. 

Of  thb  there  is  given  a  more  explicit  demonftration  than  that 
vhich  b  now  in  the  elements. 

PROP.    X.    B.  V. 

It  was  necefiary  to  give  another  demonftration  of  this  pro* 
pofition,  becaufe  that  which  is  in  the  Greek  and  Latin,  or  o- 
iikr  editions,  is  not  legitimate  :  For  the  words  greater^  the  fame 
or  equals  lfjf^f%  have  a  quite  different  meanmg  when  applied 
to  magnitudes  and  ratios,  as  is  plain  from  the  5th  and  7th  de- 
fiaidons  of  Book  5.  By  the  help  of  thefe  let  us  examine  the 
demonftration  of  the  loch  prop,  which  proceeds  thus :  ''  Let  A 
"  have  toC  a  greater  rado,  than  B  to  C  :  I  fay  that  A  b  greater 
*'  than  B.  For  if  it  is  not  greater,  it  is  either  equal,  or  lei^. 
'*  But  A  cannot  be  equal  to  B,  becaufe  then  each  of  them 
^  would  have  the  fame  ratio  to  C  ;  but  they  have  not.  There* 
"  fore  A  b  not  equal  to  B/'  The  force  of  which  reafoning  b 
<Us,  if  A  had  to  C,  the  fame  ratio  that  B  has  to  C,  then  if 
any  equimultiples  whatever  of  A  and  B  be  taken,  and  any 

multiple 
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BookV.  multiple  whatever  of  C ;  if  the  multiple  of  .A  be  greater  4n 
^  'the  multiple  of  Cy  then,  bj  the  5th  def.  of  Book  5.  tbemn^jl 
of  B  is  alfo  greater  than  that  of  C  :  But,  firom  the  hypotlifli 
that  A  has  a  greater  ratio  to  C,  than  B  has  to  C,  there  mi^ 
by  the  7th  def.  of  Book  5.  be  certain  equimultiples  of  Aaodil 
and  fome  multiple  of  C  fuch^  that  the  multiple  of  A  is  j^ctt 
than  the  multiple  of  C,  but  the  multiple  of  B  is  not 
than  the  fame  multiple  of  C :  And  this  propofitkin 
contradiAs  the  preceding;  wherefore  A  is  pot.  equal  to 
The  demonilration  of  the  lorh  prop,  goes 00  thus:  ''Botfly 
'^  ther  is  A  lefs  than  B;  becaufe  then  A  would  have  akbiv 
*'  tio  to  C,  than  B  has  to  it :  But  it  has  not  a  lefs  ratio,  ii» 
*^  fore  A  is  not  lefs  than  B,"  &c.  Here  it  is  faid  thafl 
**  would  have  a  lefs  ratio  to  C,  than  B  has  to  C/'  or,  vUdi 
is  the  fiime  thing,  that  B  would  have  a  greater  ratio  to  (^ 
than  A  to  C ;  that  is,  by  7th  def.  Book  5.  there  mufi  be  bat 
e/juimuUipIes  of  B  and  A,  and  fome  multiple  of  C  fadi,  (bi 
the  multiple  of  B  is  greater  than'  the  multiple  of  C,  boi  ik 
multiple  of  A  is  liot  greater  than  it:  And  it  ought  to  las 
been  proved  that  this  can  never  happen  if  the  ratio  of  Ato 
C  be  greater  than  the  ratio  of  B  to  C  ;  that  is,  it  {hould  \m 
been  proved^  that,  in  this  cafe,  the  multiple  of  A  is  aiwajtgrti^ 
er  than  the  multiple  of  C,  whenever  the  multiple  of  B  ii 
greater  than  the  multiple  of  C  ;  for,  when  this  is  demoflftrM 
k  will  be  evident  that  B  cannot  have  &  greater  ratio  to  C  ite 
A  has  to  C,  or,  which  is  the  fame  thing,  that  A  caoootbnea 
lefs  ratio  to  C,  than  B  has  to  C :  But  this  is  not  at  all  proirf 
in  the  loth  propofition  ;  but  if  the  loth  were  once  demooftrM 
it  would  immediately  follow  from  it,  but  cannot  without  it 
be  eafily  demonilrated,  as  he  that  tries  to  do  it  will  find.  When* 
fore  the  1  oth  propofition  is  not  fufiiciently  demonftrated.  Ad 
it  feeins  that  he  who  has  giVen  the  demonftration  of  the  i(A 
propoiition  as  we  now  have  it,  inftead  of  that  which  Eodotf 
or  Euclid  had  given,  has  been  deceived  in  applying  tba  i 
manitcd:,  when  underftood  of  magnitudes,  unto  ratios,  Tiz.tli< 
a  magnitude,  cannot  be  both  greater  and  lefs  than  SDotha* 
That  ihofe  things  which  are  equal  to  the  fame  are  cqaal  • 
one  another,  is  a  moft  evident  axiom  when  undcrftood » 
magnitudes;  yet  Euclid  does  not  make  ufc  of  it  to  infer  t!)^ 
thoic  ratios  which  arc  the  fame  to  the  fame  ratio,  are  the  &* 
to  one  another ;  but  explicitly  demonftrates  this  in  prop,  ij* 
of  Book  5.  The  dcmonilration  we  have  given  of  the  loth  prop-" 
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00  doubt  the  fame  with  that  of  Eudoxus  or  Euclidi  ;is  it  is  im*    Book  V. 
ibediatery  and  diredly  derived  from  the  defioition   of  a  greater 
ratio,  viz.  the  7.  of  the  5. 
The  above  mentioned  ptopofition,  viz.  ]f  A  have  to  C  a 

fbatcr  ratio  than  B  to  Q  and  if  of  A  and 
there  be  taken  certain  equimuhiples,  and 
ibme  mokiple  of  C;  then  if  the  multiple 
of  fi  be  greater  than  the  multiple  of  C»  the 
moltiple  of  A  is  alfo  greater  th^  the  (kme,  - 

h  thus  demonftrated*  A.     ^     B      ^ 

Let  D,  E  be  equimultiples  of  A,  B^  and  D      F    £      F 
F  a  multiple  of  C,  fuch,  that  E  the  multiple 
of  B  is  greater  thanF;  D  the  multiple  of 
A  is  alfo  greater  than  F. 

Becauie  A  has  a  greater  ratio  to  C,  than 
B  to  C»  A  is  greater  than  B,  by  the  loth 
prop.  B  5.  therefore  D  the  multiple  of 
A  is  greater  than  £  the  fame  multiple  of 
B:  And  E  b  greater  than  F ;  much  more 
therefore  D  is  greater  than  F. 

PROP.   xm.  B.  V. 


In  Commandine's,  Briggs's  and  Gregory's  tranflations,  at  the 
tseginningof  this  demonftration,  it  is  faid,  **  And  the  multi* 
*'  pie  of  C  is  greater  than  the  multiple  of  D ;  but  the  multi- 
*'  pie  of  E  is  not  greater  than  the  multiple  of  F  ;*'  which 
words  are  a  literal  tranflation  from  the  Greek  :  But  the  fenfe 
evidently  requires  that  it  |be  read»  '*  fo  that  the  multiple  of  C 
**  be  greater  than  the  multiple  of  D ;  but  the  multiple  of  £  be 
"  not  greater  than  the  multiple  of  F,"  And  thus  this  place  was 
rcftored  to  the  true  reading  in  the  firft  editions  of  Comman* 
dioe's  Euclid,  printed  in  8vo at  Oxford;  but  in  the  later  £di- 
tioos,  at  leaft  in  that  of  1 747,  the  error  of  the  Greek  text  waa 
kept  in« 

'  There  is  a  corollary  added  to  Prop.  13*  as  it  is  neceflary  to 
the  2oth  and  21ft  Prop,  of  thb  book,  and  is  as  ufcful  as  tho 
propofidoQ. 

PROP.    XIV.    B.  V. 

The  two  cafes  of  this,  which  arc  not  in  the  Greek,  are  add- 
ed ;  ihe  demonflration  of  them  not  being  cx:tf\ly  the  fame  with 
that  of  the  firfi  ca£e. 

X  PROP. 
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PROP.    XVIL    B.  V. 

The  order  of  the  words  in  a  daufe  of  thb  is  changed  te  OM 
snore  natural :  As  was  alfodone  in  prop.  1 1* 

PROP.   XVIII.    B.  V. 

The  demondration  of  this  is  pone  of  £Qclid*s,  nor  is  it  legi* 
tittiaie  ;  for  it  depends  upon  this  hjpothefis»  that  to  any  thred 
niagnitudes,  two  of  which,  at  leaft,  are  of  the  fame  kibd« 
there  may  be  a  fourth  proportional;  which  if  not  proved^  fhl 
demon  {^ration  now  in  the  text  is  of  no  forces  But  this  it  af^ 
fiifncd  without  any  proof;  nor  can  it,  as  far  as  I  am  able  to 
difccrn,  be  demonilrated  by  the  propo&ions  preceding  this; 
fo  far  is  it  from  deferving  to  be  reckoned  an  axiom*  as  Cla^ 
vius,  after  oifier  commentators,  would  have  it,  at  the  end  of 
the  dcfiqitions  of  the  5th  book.  Euclid  does  not  demonftraie 
ir,  nor  docs  he  (hew  how  to  find  the  fourth  proponional,  be^ 
fore  the  1 2th  prop*  of  the  6th  book  :  And  he  never  ailuincsaay 
thing  in  the  dcmonftration  of  a  propolition,  which  he  had  not 
before  demonftrated ;  at  leaft,  he  ailumes  nothing  the  exigence 
of  which  is  not  evidently  poflible ;  for  a  certain  conduCon  caa 
never  be  dedticed  by  the  means  of  an  nncertatn  propcfitioo : 
Upon  this  account,  we  have  given  a  legitimate  dcmonflraiioa 
of  this  proportion  inflead  of  that  in  the  Greek  and  other  e- 
ditions,  which  very  probably  Theon,  at  leaft  fome  other,  has 
put,  in  the  place  of  Euclid's,  becaufe  he  thought  it  top  prolix : 
And  as  the  17th  prop,  of  which  this  i8th  is  the  converfe,  bde- 
monflratcd  by  help  of  the  ift  and  2d  propofidons  of  this  book, 
fo,  in  the  demonfiration  Dow  given  of  the  18th,  the  5th  prop^ 
and  both  cafes  of  the  6th  are  neceffary^  and  thefe  two  propo* 
fitionsare  the  converfes  of  the  ift  and  2d.  Now  the  5th  and 
6ih  do  not  enter  into  the  demonflration  of  any  propoGtion  ia 
this  book  as  we  now  have  it :  Nor  can  they  be  of  vfe  in  any 
propoiirion  of  the  Elements,  except  in  this  i8(b,  and  this  is  a 
manifLn  proof,  that  Euclid  made  ufe  of  them  in  his  demon- 
Aration  of  it,  and  that  the  demoofiration  now  given,  which  19 
exa£lly  the  converfe  of  that  of  the  17th,  as  it  ought  to  be,  dif- 
fers nothing  from  that  of  Eudoxus  or  Euclid  :  For  the  5th,  and 
6th  have  undoubtedly  been  put  into  the  5th  book  for  the  fake  of 
fome  proportions  in  it,  as  all  the  other  propofiilons  about  eqai- 
multiples  have  been. 

,   Hieronymus  Saccherius,  iii  his  book  named  Euclides  ab  om- 
ni  naevo  vindicatus,  printed  at  Milan  ana,  J  733,  in  4to,  ac- 
knowledges, 
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faioiiiedgtt,  dus  Uetntfh  in  the  demonftration  of  die   i8ih  and  BookV. 
that  he  may  retbove  it,  and  render  the  demonflration  we  now 
have  of  it  iegkiinate,  he  endeavours  to  demonftrate  (he  follow- 
ing propofition,  which  is  in  page  1 1 5.  of  his  book,  viz. 

*'  Let  A,  B,  C,  D  be  four  magnitudes,  of  which  the  two 
**  fiift  are  of  the  one  kind,  and  alfo  the  two  others  either  of  thd 
*'  iame  kind  with  the  two  fird,  or  of  feme  other  the  famo 
^  kiod  with  one  anorfaer.  I  fay  the  ratio  of  the  third  C  to  the 
^  fourth  D,  is  either  equal  to>  or  greater,  or  lefs  than  the  ratio 
%of  ffae  firft  A  to  the  fecond  B/* 

Aod  after  two  propositions  premifed  as  Lemmas,  lie  proceeds 
thus* 

*'  Either  among  all  the  poffible  equimultiples  of  the  firft 
^  A>  And  of  the  third  C,  and,  at  the  fame  time,  among  all 
*'  the  poffible  equimultiples  of  the  fecond  B,  and  of  the 
"  fourth  Dt  there  can  be  found  fome  one  multiple  £F  of  the 
*'  firft  A,  and  one  IK  of  the  fecond  B,  that  are  equal  to  one 
^  tnodier ;  and  alfo  (in  the  fame  cafe)  fome  one  multiple 
**  GH  of  the  third  C  equal  to  LM  the  multiple  of  the  fourth 
"  D,  or  fuch  equality  is  no  where  to  be  found.    Tf  the  firft 

-cafe    happen,    \ ,^ 

••  p.  e.  if  fuch  ^ E ^ 

**  equality  is  to   n ^ -^ 

«  be  foundj  itjs  O  1 JV. 

**  manifeftfrom  /-i  ^^  tj- 

••what    is    be.  U \J " 

••  fore  demon- 

••  fh^ed,    that  J) ht — M 

••  A  is  to  B,  as 

•*  C  to  D  :  but  if  fuch  flinultaneous  equality  be  not  to  be 
«  found  upon  both  fides,  it  will  be  found  either  upon  one 
"  fide,  as  upon  the  fide  of  A  [and  B ;]  or  it  will  be  found 
*•  upon  neither  fide ;  if  the  firft  happen ;  therefore  (from 
•'  Euclid's  definition  of  greater  and  Icflcr  ratio  foregoing) 
•*  A  has  to  B,  a  greater  or  lefs  ratio  than  C  10  D ;  accord- 
•*  ing  as  GH  the  multiple  of  the  third  C  is  lefs,  or  greater 
"  than  LM  the  multiple  of  the  fourth  D  :  But  if  the  fecond 
"  caie  happen ;  therefore  upon  the  one  fide,  as  upon  the  fide 
••  of  A  the  firft  and  B  the  fecond,  it  may  happen  ihat  the 
••  multiple  EF,  [viz.  of  the  firft]  may  be  lefs  than  IK  the 
••  multiple  of  the  fecond,  while,  on  the  contrary,  upon  the  o- 
««  ther  fide,  [viz.  of  C  and  D]  the  muhiple  Gil  [of  the  third 
M  C]  is  greater  than  the  other  multiple  LM  [of  the  fourth 
"  D  :]  And  ihca  (from  the  fame  defiuition  of  Euclid)  the  ra- 

X  2        •       •  '*  tio 
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B«ek  V.  u  i;o  of  the  firft  A  to  tbc  fecood  B,  is  lefs  than  the  ratio  of  tk 
**  third  C  to  the  fourth  D  :  or  on  the  contrary. 

*'  Therefore  the  axiom,  [i.  e.  the  propofition  before  (et  dowD]i 
**  remains  demonftrated/'  &c. 

Not  in  the  lead ;  but  it  remains  ftill  undemonftrated :  For 
wbabt  he  fays  may  happen,  may,  in  inntimeraUe  cafes,  never 
iiappen ;  and  therefore  his  demonftration  does  not  hold :  For 
example,  if  A  be  the  fide,  and  B  the  diameter  of  a  fqoare; 
'  and  C  the  fide,  and  D  the  diameter  of  another  fquare ;  there 
can  in  no  cafe  be  any  multiple  of  A  equal  to  any  of  B ;  nov 
any  one  of  C  equal  to  one  of  D,  as  is  well  known;  and 
yet  it  can  never  happen  that  when  any  multiple  of  A  is  greater 
than  a  multiple  of  B,  the  multiple  of  C  can  be  Icfs  than<he  mal- 
tiple  of  D,  nor  when  the  multiple  of  A  is  lefs  than  that  of  B^ 
the  multiple  of  C  can  be  greater  than  that  of  D,-  viz.  taking 
equimultiples  of  A  and  C,  and  equimultiples  of  B  andD: 
For  A,  B,  C,  D  are  proportionals ;  and  fo  if  th«  multiple  of 
A  be  greater,  &c.  than  that  of  B,  fo  muft  that  of  C  be  greater, 
&c.  than  that  of  D  ;  by  5ch  Def.  b.  5. 

The  fAttic  objeAioo  holds  good  againft  the  deraonftratioa 
which  fome  give  of  the  lO  prop,  of  the  6ch  book,  which  we  hm 
made  againft  this  of  the  t8th  prop,  becaufe  it  depends  vpon  the 
fame  infufficient  foundation  with  the  other. 

PROP.    XIX.    B.  V. 

A  Corollary  is  added  to  this,  which  is  as  frequently  ufed  as 
the  propofition  itfelf.  The  corollary  which  is  fubjotned  coit 
in  the  Greek,  plainly  (hews  that  the  5th  book  has  been  vitiated 
by  editors  who  were  not  geometers :  For  the  convcrfion  of 
ratios  does  not  depend  upon  this  19th,  and  the  demonftration 
which  feveral  of  the  commentators  on  Euclid  give  of  coover- 
fion,  is  not  legitimate,  as  Clavfus  has  rightly  obferved,  who 
has  given  a  good  demonftration  of  it  which  we  have  put  in  pro- 
pofition E ;  but  ;he  makes  it  a  corollary  from  the  19th,  and  be- 
gins it  with  the  words,  '*  Hence  it  eafily  follows/'  though  ii 
does  not  at  all  follow  from  it. 

P  R  O  P.  XX.  XXI.  XXII.  XXIII.  XXIV.  B.  V. 

The  demonftrations  of  the  20th  and  21ft  propofitions  a^ 
fhorter  than  thofe  Euclid  gives  of  eafier  propofitions,  either 
in  the  preceding,  or  following  books  :  Wherefore  it  was  pro' 
per  to  make  them  more  explicit,  and  the  22d  and  23d  propo* 
fiiions  are,  as  they  ought  to  be,  extended  to  any  number  0^ 
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aMgnirudes :  Andi  in  like  maoner,  may  the  24th  t>e/  as  is  taken  Book  v. 
notice  of  in  a  corollary;  and  another  corollary  is  added,  as^^*-v*T^ 
Dleful  as  the  propofition,  and  the  words  **  any  whatever"  are  fup- 
plied  near  the  end  of  prop.  23.  which  are  wanting  in  the  Greek 
text,  and  the  tranilations  from  it. 

In  a  paper  writ  by  Phiiippus  Naudaeus,  and  publifhed,  after 
his  deatht  in  the  hiftory  of  the  Royal  Academy  of  Sciences  of 
Berlin,  ann.  1745»  page  50.  the  23d  prop,  of  the  5ch  book  is 
ceniured  as  being  obfcurely  enunciated,  and,  becaufe  of  this, 
prolixly  deroonftrated :  The  enunciatiqn  there  given  is  aot  £u- 
dVd's  but  Tacquet'Sy  s^  he  acknowledges,  which,  though  not  {o 
ntell  exprefied,  is,  upon  the  matter,  the  fame  with  that  which 
is  now  in  the  Elements.  Nor  is  there  any  thing  obfcure  ia 
if,  though  the  author  of  the  paper  has  fet  down  the  propoi> 
donais  in  a  diladvantageous  order,  by  which  it  appears  to  be 
obicure  :  But,  no  doubt,  Euclid  enunciated  this  23d,  as  well  as 
the  22d,  fo  as  to  extend  it  to  any  number  of  magnitudes,  which, 
taken  two  and  two,  are  proportionals,  and  not  of  fix  only ;  and 
to  this  general  ca(e  the  cuuiiciatiQa  which  Naudaeus  gives,  can- 
pot  be  well  applied^ 

The  demonftratioa  wl|ich  is  given  of  this  23d,  in  that  paper^ 
is  quite  wrong;  becaufe*  if  the  proportional  magnitudes  be 
plane  or  folSd  figures,  there  can  no  rcAangle  (which  he  im* 
properly  calls  a  produ6l)  be  conceived  to  be  made  by  any  twQ 
of  them  :  And  if  it  fiiould  be  faid,  that  in  this  >:afe  ftraightlinca 
are  to  be  taken  which  are  proportional  to  the  figures,  the  de- 
monftration  would  this  way  become  much  longer  than  £u- 
clid's :  But  even  tho'  his  demonfbration  had  been  right,  who. 
dpcs  oot  fee  that  it  could  not  be  made  ufe.of  in  the  5th  book  ? 

PROP.    F,  G,  H,  K.    B.V; 

Thefe  propofitions  are  annexed  to  the  5th  book,  becau(e  they 
arc  frequently  made  ufe  of  by  both  ancient  and  modem  geome«, 
t«cs  :  And  in  many  cafes  compound  ratios  cannot  be  brought 
into  demonftration,  without  making  ufe  of  them. 

Whoever  defires  to  fee  the  doArine  of  ratios  delivered  ii^ 
this  5th  book  folidly  defeiuied,  and  the  arguments  brought  a- 
gainft  it  by  And.Tacquet,  Alph.  Borellus,  and  others,  fully 
lefuied,  may  read  Dr  Barrow's  mathematical  lectures,  viz^  the 
7tb  and  8ch  of  the  year  1:666. 

The  5th  book  being  thus  corrected,  I  moft  readily  agree  tot 
wljat  the  learned  Dr  Barrow  fays  *,  **  That  there  is  nothing  *  p.  nfi, 
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Book  V.  *t  ill  the  whole  hbdj  of  the  eleiiientt,  oFn  more  fnlKQc  ii 

nothiog  more  folidly  eftabliihed  and  more  accuracctj  bandlrd, 
**  than  the  doArine  of  proportionals."  And  there  it  finae 
ground  to  hope,  that  geometers  trill  think  that  thit  coold  aot 
have  been  faid  with  as  good  reafon»  fince  Theon's  time  ciU  At 
prefent. 


Boole  VI. 


D  E  F.    II.     and  V.  of  B.  VI. 

np  H  £  id  definition  docs  not  feem  to  be  Enclid*s,  but 
-*-    unikiiful  editor's:  For  there  is  no  mention  made  by  Ea* 
did,  nor,  as  far  as  I  know,  by  any  other  geometer,  of  redpRhl 

cal  figures:  It  is  ob(curely  exprefled,  which  made  ir  proper  if  I 
render  it  more  diftind  :  It  would  be  better  to  put  the  Mkm^[ 
ing  definition  in  place  of  it,  viz; 

i>  E  F.  n. 

Two  magnirudet  are  faid  to  be  reciprocAlIf  proportioail  lo 
two  others,  when  one  of  the  firft  is  to  one  of  the  other  mag*, 
nttudes,  as  the  remaining  one  of  the  laft  two  h  to  the 
one  of  the  firft. 

But  the  5th  definition,  which,  fince  Theon's  tiitie,  has 
kept  in  the  elements,  to  the  great  detriment  of  learners,  is  no# 
jtiilly  thrown  out  of  them,  for  the  reafons  given  iti  the  notaoa 
the  23d  prop,  of  this  book. 

PROP.    I.    and  H.    B.  VI. 

To  the  firft  of  thefe  a  corollary  is  adc^od  which  is  ofteo  afid: 
And  the  enunciation  of  the  lecond  is  made  more  generaL 

PROP.    HI.      B.    VI. 

A  fecond  cafe  of  this,  as  ufeful  as  the  firft,  is  given  in  prop.. 
A,  viz.  the  cafe  in  which  the  exterior  angle  of  a  triaogle  is  bi* 
felled  by  a  ftraight  line :  The  demonftration  of  it  b  very  like  to 
that  of  the  firft  cafe,  and  upon  this  account  may,  probably,  bate 
been  left  out,  as  alfo  the  enunciation,  by  fome  unficilfnl  editors 
At  leaft,  it  is  certain,  that  Pappus  makes  ufe  of  this  cale^  as  aa 
elementary  propofirion,  without  a  demonfttatioo  of  ity  in  profw 
39.  of  hb  7th  book  of  Mathematical  CoUcOioos. 


PROP. 


NOTES. 


PROP.    VII.      B.  VL 
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Book  Vr. 


To  this  a  cafe  is  added  which  occurs  not  uofrequentlj  in  dc« 
mooftratjons. 

PROP.     VIII.     B.  VL 

Rreema  plain,  that  fomc  editor  has  changed  the  demonftra* 
tion  that  Euclid  ga^e  of  thi$  propofition  :  For,  after  he  has  de« 
snonilrated,  chat  the  triangks  are  equiangular  to  one  another,. 
Jbc  particularly  ihews  that  their  fides  about  the  equal  angles  are 
proportionals,  as  if  this  had  not  been  done  in  the  deinonfli^atioa 
of  chc  4th  prop,  of  this  book:  This  fupeifluous  part  is  noc 
ibiidd  in  ibe  tranAaiioo  from  the  Arabic,  and  is  now  left  out. 

PROP.    IX.      B.  VI. 

This  is  demonftrated  in  a  particular  cafe,  viz.  that  in  which 
the  third  pare  of  a  ftraight  line  ia  required  to  be  cut  off; 
which  is  not  at  all  like  Euclid's  manner  :  Befides,  the  author 
of  the  demonftration,  fiotn  four  magnitudes  being  propor* 
tionals,  concludes  that  the  third  of  them  is  the  fame  multiple 
of  the  fourth,  which  the  firft  is  of  the  fecond  ;  now  this  is  na 
where  demonftrated  in  the  5th  book,  as  we  now  have  it  :  But 
the  editor  aflumes  it  from  the  confuled  notion  which  the  vulgar 
have  of  proportionals  :  On  this  account,  it  was  neceiTary  to  give 
^  general  and  legitimate  demooflration  of  this  propofition. 

PROP.    XVIII.      B.  VI. 

The  demondration  of  this  teems  to  be  vitiated ;  For  th^ 
propofition  is  demonftrated  only  in  the  cafe  of  quadrilateral 
figures,  without  mentioning  how  it  may  be  extended  to  figures 
of  five  or  more  fides  :  Befides,  from  two  triangles  being  equi- 
angular, it  is  inferred,  that  a  fide  of  the  one  is  to  the  homolo* 
gous  fide  of  the  other,  as  another  fide  of  the  firfi;  is  to  the 
Sde  homologous  to  it  of  the  other,  without  permutation  of 
the  proportionals ;  which  is  contrary  to  Euclid's  manner,  as. 
is  clear  from  the  npxt  propofition  :  And  the  fame  fault  occurs 
again  in  the  conclufion,  where  the  fides  about  the  equal  anglea 
arc  not  fhewn  to  be  proportionals ;  by  rcafon  of  again  nc- 
glcfting  permutation :  On  thefe  accounts,  a  demonfiration  isl. 
given  in  Euclid's  maimer^  like  to  that  he  make/  ufe  of  in  the. 
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Book  vr.  20th  Prop,  of  this  book ;  and  it  is  extended  to  five  fided 
by  which  it  may  be  feea  bow  to  extend  it  to  fibres  of  any 
ber  of  fides. 

PROP-    XXni.      B.  VI. 

Nothing  is  ufually  reclconed  more  difficult  in  the 
of  geometry  by  learners,  than  the  doftrine  of  compouod 
tio,  which  Theon  has  rendered  abfurd  and  ungeoaaecrical,  tf  I- 
fubftituting  the  5th  definition  of  the  6th  book  in  place  of 
right  definition,  which  without  doubt  Eudoxus  or  Euclid 
in    its    proper  place,    after  the  definition  of  triplicate 
&c,  in  the  5  th  book.     Theon's  definition  k  cfab ;  a 
faid  to  be  compounded  of  ratios  orcu  it  ror  K^yttf 
i^'  eocvrac  ^ow^trAao'iajOeio'ai  irou^vt  racL ;  Which 
thus  traoflates,  **  quando  rationum  quantitates  inter  fie 
'*  pHcatae  aliquam  efijciunt  rationem;"    that   b»     vbco   ite 
quantities  of  the  ratios  being  multiplied  by  one  another  malop 
a  certain  ratio.     Dr  Wallis  tranflates  the  word  wnKnummc 
**  rationum  exponentes,"  the  exponents  of  the  ratios  :  Aai 
Dr  Gregory  renders  the  laft  words  of  the  definition  by  **ilfiai 
•*  faclt  quantitatem,"  makes  the  quantity  oi  |hs^  ratio :  Bdl 
in  whatever  fenfe  the  *^  quantities"  or  "  expon^ts  of  die  ct- 
^*  tios,"  and  their   **  multiplication"   be  uken,    the  dcfinirioe 
will  be  ungeomecrical  and  uFelefs :  For  there  can  be  no  auMr 
plication  but  by  a  number :  now  the  quantity  or  exponent  of 
a  ratio  (according  as  Eutocius  in   his  G}mment.  on  prop.  4. 
book  2.  of  Arch,  de  3ph.  et  Cyl.  and  the  moderns  explain  that 
term)  is  the  number  which  multiplied  into  the  confequent  icoa 
of  a  racio  produces  the  antecedent,  or,  which  is  the  fame  thio^ 
the  number  which  arifes  by  dividing  the  antecedent  by  the  coci- 
(equent ;   but   there  are  many  ratios  fuch,   that  no   nooibar 
can  arife  from  the  divifion  of  the  antecedent  by  the  conieqneot; 
ex.  gr.  the  ratio  which    the  diameter  of  a  fquare  has  to  the 
lide  of  it ;  and  the  ratio  which  the  circumference  of  a  ctrde 
has  to  its  diamcrer,  and  fuch  like.     Befides,  there  is  not  the 
leaft  mention  made  of  this  definition  in  the  writings  of  £a« 
clid,  Archimedes,  Apollonius,  or  other  ancients,  tho'  they  fire- 
queotly  make  ufe  of  compound  ratio  :  And  in  this  a  3d  prop^ 
of  (he  61  h  book,    where  compound  ratio  is  fir(b  mentioned, 
there  is  not  one  word  which  can  relate  to  this  definition,  tho' 
here,   if  in  any  place,  it  was  neceifary  to  be  brought  in  ;  but  the 
right  definition   is  expref^ly  cited  in  thefe  words :  **  But  the 
**  ratio  of  K  to  M  is  compounded  pf  the  ratio  of  K  to  I^ 
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^  and  of  the  ratio  of  L  to  M,**  •  This  dcfioition  therefore  of  Book  VI. 
Tbeoa  u  quite  ufeleft  and  abfurd  :  For  that  Theon  brought  it 
loto  the  elements  can  fcarce  be  doubted  ;  as  it  is  to  be  found 
in  his  commentary  upon  Piolomy's  Mtyaxw  :^vfre^ic,  page  62. 
where  he  alfo  gives  a  childifti  explication  of  it,  as  agreeing 
only  to  fuch  ratios  as  can  be  expreflcd  by  numbers ;  and  from 
this  place  the  definition  and  explication  have  been  exaAly  co- 
pied  and  prefixed  to  the  definitions  of  the  6th  book»  as  ap- 
pears from  Hervagius*s  edition  :  But  Zambertus  and  Commao- 
dioe,  in  their  Latin  ti*anflations,  fubjoin  the  fame  to  thefe  de- 
JBtiioos.  Neither  Campanus»  nor,  as  it  feems,  the  Arabic 
jDsnufcriptSy  from  vhich  he  made  his  tranflacion,  have  this 
definitloii.  CIavius»  in  his  obfervations  upon  it,  rightly  judges 
^at  the  definition  of  compound  ratio  might  have  been  made 
liter  the  fame  manner  in  which  the  definitions  of  duplicate 
tod  triplicate  ratio  are  given,  viz.  **  That  as  in  feveral  magni- 
^  tndcs  that  are  continual  proportionals,  Euclid  named  the 
*'  ratio  of  the  firft  to  the  third,  the  duplicate  ratio  of  the 
^  firft  to  the  fecond  ;  and  the  ratio  of  the  firft  to  the  fourth, 
"  the  triplicate  ratio  of  the  firft  to  the  iecond  ;  that  is,  the 
**  ratio  compounded  of  two  or  three  intermediate  ratios  that 
^  are  equal  to  one  another,  and  fo  on ;  fo,  in  like  manner,  if 
"^  there  be  feveral  magnitudes  of  the  fame  kind,'  following  one 
''  another,  which  arc  not  continual  proportionals,  the  firf^  is 
*'  faid  to  have  to  the  lafl  the  ratio  compounded  of  all  the  in* 
**  termediate  ratios.  «^— >  only  for  this  reafon,  that  tbefe  inter- 
"  mediate  ratios  are  interpofed  betwixt  the  two  extremes,  viz. 
**  the  firfl  and  lafl  magnitudes ;  even  as,  in  the  loth  definition 
"*  of  die  5th  book,  the  ratio'  of  the  firfl  to  the  third  was  called 
"  the  duplicate  ratio,  merely  upon  account  of  two  ratios  be- 
"  log  interpofed  betwixt  the  extremes,  that  are  equal  to  one 
'*  another :  So  that  there  is  no  difference  betwixt  this  com- 
^  poandiog  of  ratios,  and  the  duplication  or  triplication  of 
"  them  which  are  defined  in  the  5th  book,  but  that  in  the  du- 
^  plicaiipo,  triplication,  &c.  of  ratios,  all  the  interpofed  ratios 
*'  are  eqaal  to  one  another  ;  whereas,  in  the  compounding  of 
**  raiioi,  ic  ia,not  neccfiary  that  the  intermediate  ratios  Ihould 
"  be  equal  to  one  another."  Alfo  Mr  Edmund  Scarburgb, 
in  his  EngliCb  tranflation  of  the  firft  fix  books,  page  238. 
266,  exprefftly  affirms,  that  the  5ih  definition  of  the  6th  book,  is 
AippQ&titiouS|  and  that  the  true  definition  of  compound  ratio 

is 
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Book  VL    19  contained  in  fhe  loth  defioidon  of  the  51b  boeki  vl 
^defioicion  of  duplicate  ratio»  or  to  beuaderftood  fromi^i 
ivit»  in  the  fame  manner  as  Clavius  has  explained  it  b  tki 
ceeding  citation*    Yet  thefe,  and  the  reft  of  the  moderaib 
notwithftanding  retain  tbiis  5th  def.  of  the  6th  book,  aod 
ftrate  and  explain  it  hj  long  commentaries,  when  thej  oog^u 
ther  to  have  taken  it  quite  airay  from  the  elements. 

For,    by  comparing  def.  5.   book  6,    with  prop«  5. 
8.  it  will  clearly  appear  that  this  definition  has  been  put  mi 
elements  in  place  of  the  right  one  which  has  been  takes 
of  them :  Becaole,  in  prop.  5.  book  8.  it  is  demooflraid. 
the  plane  number  of  which  the  fides  are  C,  D  has  to  the] 
number  of   which  the  fides  are   £,  Z,    (fee  Hergavk 
Gregory's  edition}^  the  ratio  which  is  compounded  of  die 
tios  of  their  fides;  that  is,  of  the  ratios  of  C  to  £,  aadBl 
Z  :  And  by  def.  5.  book  6.  and  the  explication  given  of 
all  the  commentators,  the  ratio  which  is  compounded  of  tkl 
tios  of  C  to  E,  and  D  to  Z,    is  the  ratio  of  the  prodo&i 
by  the  multiplication  of  the  antecedents  C,  D  to  the 
of  the  confequents  £,  Z;  that  is,   the  ratio  of  the  plane 
of  which  the  fides  are  C,  D  to  the  plane  number  of 
the  fides  are  £,  Z.    Wherefore  the  propofition  which  isdsj 
def.  of  book  6.  is  the  very  fame  with  the  5th  prop,  of 
and  therefore  it  ought  nccefiarily  to  be  cancelled  in  one  of  I 
places ;  becaufe  it  is  abfurd  that  the  fame  propofirioD 
lland  as  a  definition  in  one  place  of  the  elements,  and  be 
monftrated  in  another  place  of  them.     Now  there  is  no 
that  prop.  $•  book  8.  fhould  have  a  place  in  the  elcmcoi^i 
the  fame  thing  is  demonftrated  in  it   concerning  plane 
bers,  which  is  demonftrated  in  prop,  23.  book  6,  of  eqoii 
lar  parallelograms ;  wherefore  def.  5.  book  6.  ought  not 
in  the  elements.     And  from  this  it  is  evident  that  this 
is  not  Euclid's,  but  Theon's,  or  fome  other  unikilfulge 

But  no  body,  as  far  as  I  know,  has  hitherto  fiiewo  ihei 
ufe  of  compound  ratio,  or  for  what  purpofe  it  has  bees 
troduced    into   geometry ;    for    every    propofition  in 
compound  ratio  is  made  ufe  of,  may  without  it  be  both 
ciated  and  demonftrated.    Now  the  ufe  of  compound 
confifts  wholly  in  this,  that  by  means  of  it,  circuxnlc 
may  be  avoided,  and  thereby  propofitioiis  may  be  more 
ly  either  enunciated  or  demonftrated,   or  both  may  be 
for  inftance,.  if  this  23d  propofition  of  the  fixth  book  vciet 
be  enunciatedi  without  mentioning  compouad  ratio,  h  "^ 


N    O    T    E    & 


n» 


k  daoe  is  fblIow9*    If  two  panDelogratnt  be  eqinaftgukr.  aodB^kVL 
if  as  a  fide  of  the  firft  to  a  fide  of  the  fecond,  fo  anj  aflumed' 
ftriight  liae  be  made  to  a  fecood  ftratght  line  ;  aod  as  the  o* 
dierfideof  the  firft  to  the  other  fide  of  the  fecond,  fo  the  ie- 
cood  ftraigjbt  line  be  made  to  a  third*    The  firft  parallelogram 
11  to  die  (ecoody  as  the  firft  ftraight  Hoc  to  the  third.    And  the 
demooftratioQ  would  be  exafily  the  fame  as  we  now  have  it. 
tut  die  aotieot  geometen*  when  thej  oWerved  this  eQuncIa-^ 
tiofi  could  be   made  (horter,    by  giving  a  name  to  the  ratio 
vhkh  the  firft  ftraight  line  hM  to  the  laft.  by  which  name  the 
ioicriDediaie  ratios  might  likewife  be  figoified*  of  the  firft  to 
tk  fecoody  aixi  of  the  feoond  to  the  third,  and  fo  on»  if  there 
were  more  of  them»  thej  called  this  ratio  of  the  firft  to  the 
hft,  the  ratio  compounded  of  the  ratios  of  the  firft  to  the  fe« 
€ond»  and  of  the  fecood  to  the  third  ftraight  line ;  that  is,  in 
the  prefeot  example,  of  the  ratios  which  are  the  fame  with 
the  ratios  of  the  fides,  and  by  this  they  ezprcfled  the  propo* 
fitioo  more  briefly  thus :  If  there  be  two  equiangular  paralle- 
bgrams,   they  have  to  one  another  the  ratio  which  is  the 
me  with  that  whkh  b  compounded  of  ratios  that  are  the 
iime  with  the  ratios  of  the  fides»     Which  Ts  Shorter  than  the 
preceding  enunciation,  but  has  prccifely  the  fame  meaning 
Or  yet  &orter  thus  :  Equiangular  parallelograms  have  to  one 
itH)tber  the  ratio  which  is  the  fame   with  that   which  is  com* 
potiaded  of  the  ratios  of  their  fides.    And  thefe  two  enuncia« 
tioos,  the  firft  efpecially,  agree  to  the  demonftration  which  is 
BOW  ui  the  Greek.    The  propofition  may  be  more  briefly  de< 
BK>Qftrated»   as  Candalla  does,  thus:   Let  ABCD,  CEFG  be 
two  equiangular  parallelograms*    and  complete  the  parallelo* 
{nm  CDHG ;    then,   becaufe  there  are  three  parallelograms 
AC|  CH»  CF>  the  firft  AC  (by  the  definition  of  compound 
^)  has  to  the  third  CF*  the  ratio    . 
^hich  is  componiKled  of  the  ratio  of  A 
^  firft  AC  to  the  fecond  CH,  and  of 
die  ratio  of  CH  to  the  third  CF  ;  but  ^ 
^e  parallelogram  AC  is  to  the  pa-  U 
nllelogram  CH,  as  the  ftraight  line 
BC  to  CG ;   and  the  parallelogram 
CH  is  to  CF,    as  the  ftraight  line 

CD  is  to  C£;  therefore  the  parallelogram  AC  has  to  CF  the 
^10  which  is  compounded  of  ratios  that  are  the  fame  with  the 
"^ios  of  the  fides.  And  to  this  demonftration  agrees  the  enun* 
Ndation  which  is  at  prefent  in  the  text.  viz.  Equiangular  paralle* 
lograms  have  to  one  another  t^e  ratio  which  is  compounded  of 

the 
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Book  VI.  the  ratios  of  the  fides :  For  the  vulgar  reading,  *'  which  is 
'*  pounded  of  their  fides,"  is  abfurd.     But,  iu  this  edition, 
have  kept  the  demonftration  which  is  in  the  Greek  text,  i 
not  fo  fhort  as  Candalla's  ;  bccaufe  the  way  of  finding  the 
which  is  compounded  of  the  ratios  of  the  fides,  that  is,  of  fi 
iog  the  ratio  of  the  parallelograms,  is  (hewn  in  that,  but  not 
Oandalla's  demonftration ;  whereby  beginners  may  leara,  in 
cafes,  how  to  find  the  ratio  which  is  compounded  of  two  o^ 
more  given  ratios. 

From  what  has  been  iaid,  it  may  be  obferved,  that  in  aoy^ 
magnitudes  whatever  of  the  fame  kind  A,  B,   C,  D,   Sec.  tbe 
ratio  compounded  of  the  ratios  of  the  firft  to  the  (eoond,  e( 
the  (econd  to  the  third,  and  fo  on  to  the  laft,  is  only  a  naine 
or  expreifion  by  which  the  ratio  which  tbe  firft  A  has  co  the 
laft  D  is  fignified,  and  by  which  at  the  fame  time  the  ratios  ot] 
all  the  magnitudes  A  to  B,  B  to  C,  C  to  D  from  the  firft  to 
the  laft,  to  one  another,  whether  they  be  the  fame,  or  be  noc 
the  fame,  are  indicated  ;  as,  in  magnitudes  which  are  condnual 
proportionals  A,  B,  C,  D,  &c.  the  duplicate  ratio  of  the  firft 
to  the  fecond  is  obly  a  name,  or  expreffion  by  which  the  ratio 
of  the  firft  A  to  the  third  C  is  fignified,  and  by  which,  at  d»  * 
fame  time,  is  (hewn  that  there  are  two  ratios  of  the  magoi* 
tudes  from  the  firft  to  the  laft,  viz.  of  the  firft  A  to  the  fe- 
cond B,  and  of  the  fecond  B  to  the  third  or  laft  C,  which  are 
fhe  fame  with  one  another ;   and  the  triplicate  ratio  of  the 
firft  to  the  fecond  is  a  name  or  exprefiion  by  which  the  ratio 
of  the  firft  A  to  the  fourth  D  is  fignified,  and  by  which»  at  the 
fame  time,  is  fhewn  that  there  are  three  ratios  of  the  magai- 
tudes  from  the  firft  to  the  laft,  viz.  of  the  firft  A  to  the  fe-  < 
cond  B,  and  of  B  to  the  third  C,  and  of  C  to  the  fourth  or 
laft  D,  which  are  all  the  fame  with  one  another ;    and  fo  in 
the  cafe  of  any  other  multiplicate  ratios.    And   that  this  is 
the  right  explication  of  the  meaning  of  thefe  ratios  is  plain 
from  the  definitions  of  duplicate  and  triplicate  ratio  in  which 
Euclid  makes  ufe  of  tbe  word  xeytraA,  is  faid  to  be,  or  b  called; 
which  word,  he  no  doubt  made   ufe  alfo  in  the  definitioa 
of  compound  ratio,  which  Theon,  or  fome  other,  has  expun- 
ged from  the  elements  ;  for  the  very  fame  word  is  ftill  retained 
in  the  wrong  definition  of  compound  ratio,   which  is  now  the 
5th  of  the  6th  book  :  But  in  the  citation  of  thefe  definitions  it 
i^  (bmetimes  retained*   as  in  tbe  demonftration  of  prop.  19* 
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6.  •«  the  firft  is  faid  to  have,  |;^«r  xtyerai,  to  the  third  the  Book  VI. 
duplicate  ratio,"  &c.  which  is  wrong  traDilaced  by  Comman*' 
and  others,  "  has"  Inftcad  of  **  u  faid  to  hare ;"  and 
times  it  is  left  out,  as  in  the  demonftration  of  prop.  33. 
pi  the  1 1  th  Book,  in  which  we  find  **  the  firft  has,  i^ei^  to  the 
jF  third  the  triplicate  ratio  ;"  but  without  doubt  e^^ei,  ••  has," 
Ai  thh  place  figoifies  the  fame  as  ij^&v  Ktyirai,  is  faid  to  have  : 
So  likewife  in  prop.  23.  B.  6.  we  find  this  citation,  "  but  the 


^^  ratio  of  K  to  M  is  compounded,  tnlykuTou,  of  the  ratio  of 
[f*  K  to  L,  aad  the  ratio  of  L  to  M,"  which  is  a  (horter  way  of 
[ttpreffing  the  fame  thing,  which,  according  to  the  definitiop, 
^IHight  to  have  been  exprciled  by  wyiLua^ou'  xiytrtu,  is  faid  to 
)ibt  cooipounded. 

From  thefe  remarks,  together  with  the  propofitions  fubjoined 
I  to  the  5th  book,  all  that  b  found  concerbing  compound  ratio, 
:  either  in  the  ancient  or  modem  geometers  may  be  underftood 
I  and  explained. 

PROP.    XXIV.    B.  VI. 

It  (eems  that  ibme  unlkilful  editor  has  made  up  this  demon- 
;  ftratioD  as  we  uow  have  it,  out  of  two  others ;  one  of  which  may 
I  .be  made  from  the  ad  prop,  and  the  other  from  the  4th  of  this 
book  :  For  after  he  has,  from  the  2d  of  this  book,  and  compofi- 
tion  and  permmation,  demonftrated  that  the  fides  about  the 
angle  common  to  the  two  parallelograms  are  proportionals,  he 
might  have  Immediately  concluded  that  the  fides  about  the  other 
equal  angles  were  proportionals,  viz.  from  prop.  34.  B.  i .  and 
prop.  7.  Book  5.  This  he  does  not,  but  proceeds  to  (hew  that 
the  triangles  and  parallelograms  are  equiangular  ;  and  in  a  te- 
dious way,  by  help  of  prop.  4.  of  this  book,  and  the  2 2d  of 
Book  5.  deduces  the  fame  conclufion  :  From  which  it  is  plain 
that  this  ill  compofed  demonftration  is  not  Euclid's  :  Theie  fu- 
perfluous  things  are  now  left  out,  and  a  more  fimple  demonftra- 
tion is  given  from  the  4th  prop,  of  this  book,  the  fame  which 
is  in  the  tranflation  from  the  Arabic,  by  help  of  the  2d  prop, 
and  compoGtion  ;  but  in  this  the  author  neglcAs  permutation, 
aod  does  not  ftiew  the  parallelograms  to  be  equiangular,  as  is 
proper  to  do  for  the  fake  of  beginners. 

PROP.    XXV.     B.  VJ. 

Ic  is  very  evident  that  the  demonftration  which  Euclid  had 

^vcn  of  this  propofiiion   has  been  vitiated  by  fome  unikilful 

hand  :  For,  alter  this  editor  had  demonftrated  that  "  as  the 

!*  rcailiocal  figure  ABC  is  to  the  redtilineal  KGH,  fo  is  the 

"  parallelogram 


Jin  motes; 

tooVVL  t*  ptrallelogram  BE  to  the  paralielogram  EF;"  oocblof 
fhouidhave  been  added  but  this»  '*and  the  re&ilineal 
*'  ABC  is  equal  to  the  parailelogram  BE ;  therefore  the 
•«  lioeai  KGH  is  equal  to  the  paraUelogratn  £F,"  vb. 
prop.  14.  book  5.  But  becvixt  thefe  two  feoicDoes  he  hm 
fcrted  this  ;  **  wherefore,  by  pcrmutacion,  as  the  rediliDal 
*'  gure  ABC  to  the  parallelogram  BE,  fo  is  the  reftiliocal  ~ 
^  to  the  parallelogram  £F  ;"  by  which,  it  is  plaio*  he  tl 
it  was  DOt  fo  evident  to  conclude  that  the  fecond  of  fbor 
[>orttonals  is  equal  to  the  fourth  from  the  equality  of  the 
nnd  third,  which  is  a  thin^  demonftrated  in  the  14th 
B.  5.  as  to  conclude  that  the  third  is  equal  to  the  fourth, 
the  equality  of  the  firft  and  fecond,  which  is  no  where 
ftrated  in  the  elements  as  we  now  have  them  :  But  tkoofjl 
propofiiion,  viz.  the  third  of  four  pro^oitidBals  b  eqoiIlD 
fourth,  if  the  firft  be  equal  to  the  fecond,  had  been  giw 
the  elements  by  EucKd,  as  very  pi*obabIy  it  was,  yet  he  M  _ 
not  have  made  ufe  of  it  in  this  place  ;  becaufe,  as  was  6U9  m 
conclufion  could  have  been  immediately  deduced  without  tf 
fuperfluous  ftep  by  permutation  :  This  we  have  ihewn  st  A^ 
greater  length,  both  becaufe  it  affords  a  certain  proof  of  ie 
vitiation  of  the  text  of  Euclid  ;  for  the  veiy  fame  Uontek 
found  twice  in  the  Greek  text  of  prop.  23.  book  if.  andNAi 
In  prop,  2.  b.  12.  and  in  the  5.  ii.  12.  and  18th  of  that  bid^ 
in  which  places  of  book  1 2.  except  the  laft  of  them,  it  is  r^^f^ 
left  out  in  the  Oxford  edition  of  Commandine's  cranflinBI 
And  alfo  that  geometers  may  beware  of  making  ufe  of  porM 
tation  in  the  like  cafes ;  for  the  moderns  not  unfrequeoilf  eas» 
mit  this  miftake,  and  among  others  Commandine  himfelfialk. 
commentary  pn  prop.  5.  book  3.  p.  6.  b.  of  Pappus  h)a/M 
mis,  and  in  other  places  :  The  vulgar  notion  of  proportioMk 
has,  it  feems,  preoccupied  many  fo  much,  that  they  donotfi^ 
fidently  underftand  the  true  nature  of  them. 

Befides,  though  the  reAilineal  figure  ABC,  to  whkh  toodMr: 
is  to  be  made  fimilar,  may  be  of  any  kind  whatever;  jetindl. 
demonftration  the  Greek  text  has  •*  triangle"  infiead  of  rcffit 
"  neal  figure,"   which  error  is  corrected  in  the  above-oaorf 
Oxford  edaion. 

PROP.    XXVIL     B.  VI. 

The  fecond  cafe  of  this  has  olkkZ^^  otherwife,  prefiud  » 
it,  as  if  it  was  a  diderent  demonftration,  which  probably  \B 
been  done  by  fomc  unfkilful  Librarian.    Dr  Gregory  has  x^ 

IT 


NOTES. 


nt 


^  left  it  out :  The  fchetne  of  this  fecond  cftfe  ought  to  be  mairlt-  Book  VL 
Id  with  the  fame  letters  of  the  alphabet  which  are  ip  the  fchemc*^ 

H  the  firft.  as  is  now  done. 

I* 

PROP.    XXVnr.  and  XXIX.    B.  VI. 

TbeTe  two  problems,  to  the  firft  of  which  the  27th  prop,  ir 
iieceflarj,  are  the  moft  general  and  n(ef ul  of  all  in  the  elemeots, 
md  are  moft  frequently  made  u(e  of  by  the  ancient  geometen 
jk  the  folution  of  other  probtetns  $  and  therefore  are  very  igno- 
^tly  left  out  by  Tacquet  and  Dechales  in  their  editions  of  the 
i  Dements,  who  pretend  that  they  are  fcarce  of  any  u(e  :  The  ca« 
fies  of  thele  problems,  wherein  it  is  required  to  apply  a  re£lan- 

£  which  fliall  be  equal  to  a  given  fquare,  to  a  given  ftraight 
»  either  deficient  or  exceeding  by  a  fquare ;  as  alfo  to  apply 
larcAangte  which  fhall  be  equal  to  another  given,  to  a  given 
:  ibajght  line,  deficient  or  exceeding  by  a  fquare,  are  very  often 
made  ufe  of  by  geometers  ;  And,  on  this  account,  it  is  thought 
proper,  for  the  fake  of  beginnerSi  to  give  their  conftru£Uons» 
IS  follows. 

u  To  apply  a  refiangle  which  fhall  be  equal  to  a  given  fquare^ 
to  a  given  ftraight  line,  deficient  by  a  fquare :  But  the  given 
f^nare  muft  not  be  greater  than  that  upon  the  half  of  the  given 
line. 

Let  AB  be  the  given  ftraight  line,  and  let  the  fquare  upon 
the  given  ftraight  Ime  C  be  that  to  which  the  re£hingle  to  be 
applied  muft  be  equal,  and  this  fquare,  by  the  determination,  i* 
iK)t  greater  than  tbat  upon  half  of  the  ftraight  line  AB. 
'  BifeA  AB  in  D,  and  if  the  fquare  upon  AD  be  equal  to 
the  fquare  upon  C,  the  thing  required  is  done :  But  if  it  be  not 
equal  to  ir,    AD  muft  be 

greater   than  C,  according    j  'UK. 

to  the  determination  :  Draw  ^ 
DE  at  right  angles  to  AB, 
and  make  it  equal  to  C  ; 
produce  £D  to  F,  fo  that 
liF  be  equal  to  AD  or  DB, 
and  from  the,  centre  £,  at 
the  diQance  £F,  defcribe  a 
circle  meeting  AB  in  G, 
and  upon  GB  defcribe  the  fquare  GBKH,  and  complete  the 
reftangle  AGHL;  alfo  join  EG:  And  bccaulc  AB  is  bifcftcJ 
in  D,  the  rcftanglc  AG,  GB  together  with  the  fquare  of  DG 
tt  equal  •  to  (the  fquare  of  DB,  that  is,  of  liF  or  EG,  that  is,    ^  ,.  ^^ 

to) 
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BookVL  to)  the  fquarec  of  ED,  DG:  Take  away  the  fqoareof 
I .  r'w"*'"^  from  each  of  ihcfc  equals  j    therefore  ihc  remainiag 

AG,  GB  is  equal  to  the  fquare  of  ED,  that  is,  of  C  :  Btic 
re£langle  AG,  GB  is  the  rectangle  AH,   becaufe  GHb 
to  GB  ;  therefore  the  rcdtangle  aH  is  equal  to  the  gi?ea 
upon  the  (Iraight  line  C.     Wherefore  the  reftangle  /iH, 
to  the  given  fquare  upon  C,  has  been  applied  to  ibe 
ftraight  line  AB,  deficient  by  the  fquare  GK.     Which 
be  done. 

2.  To  apply  a  re£laogle  which  (hall  be  equal  to  agtteof^ 
to  a  given  ftraight  Une,  exceeding  by  a  fquare. 

Let  AB  be  the  given  ftraJght  line,   and  I^t  the  fqnait 
the  given  fttVight  line  C  be  that  to  which  the  reftangle  to  tt 
plied  muft  be  equal. 

Bifea  AB  in  D,  and  draw  BE  at  right  angles  to  it,  A 
BE  be  equal  to  C  ;  and  having  joined  DE,  from  the  cam 
at  the  diilance  D£  defcribe  a  circle  meeting  AB  pnxfaxd 
G ;  upon  BG  defcribe  the  fquare 
BGHK,  and  complete  the  red- 
angle  AGHL.  And  becaufe 
AB  is  bilefied  in  D,  and  pro- 
duced to  G,  the  reAangle  AG, 
GB  together  with  the  fquare  of 
t  ff.  ».  I)B  IS  equal  *  to  (the  fquare  of  ^  ^  ]} 
DG,  or  DE,  that  is,  to)  the 
fquares  of  £B,  BD.  From  each 
of  thefe  equals  take  the  fquare  of 
DB  ;  therefore  the  remaining  reflangle  AG,  GBis  epical  IbII 
fquare  of  BE,  that  is,  to  the  fquare  upon  C.  But  die  rtBaM 
AG,  GB  is  the  reftangle  AH,  becaufe  GH  b  equal  10  W 
Therefore  the  reAangle  AH  is  equal  to  the  fquare  opoofi 
Wherefore  the  re£UngIe  AH,  equal  to  the  given  fqoarcsfi 
C,  has  been  applied  to- the  given  ftraight  line  AB,  ex€ecdiB|i| 
the  fquare  GK.    Which  was  to  be  done. 

3.  To  apply  a  refiangle  to  a  given  ftraight  line  which  flulll 
equal  to  a  given  redangle,  and  be  defi[cie<it  by  a  fquare.  h 
the  given  redangle  muft  not  be  greater  than  the  fquare  upoo  ft 
half  of  the  given  ftraight  lirie. 

Let  AB  be  the  given  ftraight  line,  and  let  the  given  refiiB|^ 
be  that  which  b  contained  by  the  ftraight  lines  C,  D,  whUt 
not  greater  than  the  fquare  upon  the  half  of  AB ;  it  is  rcqvrti 
to  apply  to  AB  a  redlangte  equal  to  the  rectangle  C»  Bi  ^ 
cient  by  a  fquare. 
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DraUr  A%  BF  at  right  angles  to  AB,  upon  the  Tame  fide  of  it.  Book  vr. 
iknd  make  AE  equal  to  C,  and  BF  to  D  :   Join  £F  and  bifea  it 
m  G ;  and  from  the  centre  G,  at  the  diftance  GE,  defcribe  a 
tircle  meeting  AE  agaiq  in  H  ;  join  HF  and  draw  GK  paralkl 
to  ity  and  GL  parallel  to  AE  meeting  AB  in  L. 

fiecaufe  the  angle  EHF  in  a  femicircle  is  equal  to  the  right  "^ 
■ngle  EAB,  AB  and  HF  are  parallels,  an  AH  and  BF  are 
parallels  ;  wherefore  AH   is  equal  to  BF,  and  the  re£faingle 
CA,    AH  equal  to  the  rectangle  EA,    BF,   that  is  to  the 
^dangleC,  D :  And  becaufe  EG,  GF  are  equal  tcf  one  another^ 
and  AE,  LG,  BF  parallels  ;    therefore  AL  and  LB  are  equal ; 
ilfo  EK  is  equal  to  KH  %  and  the  reAangle  C,  B.  from  the  a  |.  3. 
detennination,  is  not  greater  than   the  fquare  of  AL  the  half 
of  AB  ;  wherefore  the  redangle  E A,  AH  is  not  greater  than 
the  fquare  of  AL,  that  is  of  KG  :    Add  to  each  the  fquare 
of  KE  ;  therefore  the  fquare  ^  of  AK  is  not  greater  than  thcb  tf.  i. 
fquares  of  £K,  KG,  that  i$« 
than  the  fquare  of  EG  ;  and 
tonfequently  the  ftraight  line 
AK   or  GL   is  not  greater 
than  GE.    Now,  if  G£  be 
equal  to  GL,  the  circle  EHI* 
touches  AB  in  L,  and  there* 
lore  the  fquare  of  AL  is  ""  e* 
qual  to    the   reftangle  EA, 
AH,  that  is,  to  the  given  red- 
ingle  C,  D  ;   and  that  which 
^as  required  is  done :  But  if 
£G,    GL  be   unequal,    EG 
muft  be   the    gre^iter ;    and 
therefore  the  circle  EHF  cuts  the  ftraight  line  AB  ;  lei  it  cut  It 
in  the  points  M,  N,  and  upon  Ni3  defcribe  the  fquare  NBOP,  and 
complete  the  rcAangle  ANPQj    Becaufe  ML  is  equal  to  ^  LN.d  3.  3. 
Aod  it  has  been  proved  that  AL  is  equal  to  LB  ;  therefore 
AM  b  equal  to  NB,  and  the  rectangle  AN,  NB  equal  to  the 
wdanglc  NA,  AM,  that  is,  to  the  rcftangle  «  EA,  AH  or  ihec  Cor.  3^. 
tcftangle  C,  D  :   But  the  reftengle  AN,  NB  is  the  reftangle    3- 
AP,  becaufe  PN  is  equal  to  NB  :    Therefore  the  reftangle  AP 
is  equal  to  the  reftangle  C,  D  ;    and  the  reftangle  AP  equal  to 
the  given  reftangle  C,  D  has  been  applied  to  the  given  ftraight 
line  AB,  deficient  by  the  fquare  BP«    Which  was  to  be  done. 

Y  4.  To 
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4.  To  appl^  a  re£langle  to  a  given  ftraight  line  that  (haB  hi 
'equal  to  a  given  rectangle,  exceeding  by  a  Tquare. 

Let  AB  be  the  given  ftraight  line»  and  the  reAangle  C,  D 
the  given  re£tangle,  it  is  required  to  apply  a  reAangle  to  AB 
equal  to  C,  D,  exceeding  by  a  fquare. 

Draw  AE,  BF  at  right  angles  to  AB,  on  the  cootraiy 
fides  of  it,  and  make  A£  equal  to  C»  and  BF  equal  to  D: 
Join  £F,  and  bife^  it  in  G ;  and  from  the  centre  G,  at  dK 
diflance  G£,  defcribe  a  circle  meeting  AE  again  in  H ;  jflia 
HF,  and  draw  GL  parallel  to 
AE ;  let  the  circle  meet  AB 
produced  in  M»  N,  and  upon 
BN  ^defcribe  the  fquare 
NBOP,  and  complete  the 
rectangle  ANPQ:  becaufe  the 
angle  EHF  in  a  femicircle  is 
equal  to  the  right  angle  EAB. 
AB  and  UF  are  parallels,  and 
therefore  AH  and  BF  are  c- 
qual,  and  the  re^angle  £A| 
AH  equal  to  the  reAangle 
EA,  BF,  that  is,  to  the  rectangle  C,  D  :  Acid  becaule  ML  ii 
equal  to  LN,  and  AL  to  LB,  therefore  MA  is  equal  to  BN,  sad 
the  reftangle  AN,  NB  to  MA,  AN,  that  is,  '  to  the  re&ng^ 
E A,  AH,  or  the  rcftangle  C,  D  :  Therefore  the  re£biDgle  I^ 
NB,  that  is,  AP,  is  equal  to  the  reAangleC,  D  ;  and  to  thefK 
ven  ftraight  line  AB  the  rectangle  AF  has  been  applied  eqoaltt 
the  given  rectangle  C,  D,  exceeding  by  the  fquare  BP.  WUcfc 
was  to  be  done. 

Willebrordus  Snellius  was  the  firft,  as  far  as  I  know,  lA^ 
gave  thefe  conftrudtions  of  the  3d  and  4th  problems  in  his  A^ 
pollonius  Batavus  :  And  afterwards  the  learned  Dr  Halley  g^ 
them  in  the  Scholium  of  the  i8th  prop,  of  the  8th  book  of  A* 
poilonius'a  conies  reftored  by. him. 

The  3d  problem  is  otherwife  enunciated  thus  :  To  cot  ft 
given  ftiaighc  line  AB  in  the  point  N,  fo  as  to  make  the  itS* 
angle  AN,  NB  equal  to  a  given  fpace  :  Or,  which  u  iki 
fa'T.e  thing,  having  given  AB  the  fum  of  the  fides  of  a  refi^ 
ani^le,  and  the  magnitude  of  it  being  likewife  given,  to  find  ff 
fides. 

And  the  4ih  problem  Is  the  fame  with  this.  To  find  a  poirt 
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K  in  the  given  ftraight  line  AB  produced,  (6  as  to  make  the  Book  vr. 
I  reflangie  AN,  NB  equal  to  a  given  fpace  :  Or,  which  is  the^ 
i  fame  thing,  having,  given  AB  the  diff<:rence  of  the  fides  of  a 
\  tcStxaglc,  and  the  magnitude  of  it,  to  find  the  fides. 

PROP-    XXXi.    B.VI. 

ID  the  demonftration  of  this,  the  inverfidn  of  proportionals  is 
twice  neglected,  and  is  now  added,  that  die  conclufion  may  be 
legitimately  made  by  help  of  the  24tb  prop,  of  b.  5.  as  Clavius 
had  done. 

PROP.    XXXll.      B.Vt 

Thi^  enunciation  of  the  preceding  26th  prop,  is  not  general  e« 
nough ;  becaufe  not  only  two  fimilar  parallelograms  that  hav6 
an  aogle  common  to  both,  are  about  the  fame  diameter ;  but 
likewife  two  fimiUr  parallelograms  that  have  vertically  oppofite 
angles,  have  their  diameters  in  the  fame  ftraight  line :  But  there 
fcems  to  have,  been  another,  and  that  a  dire  A  demonftration  o^ 
thefe  cafes,  to  which  this  32d  propofition  was  needful :  And  the 
32d  may  be  otherwife  and  fometbing  more  briefly  demonftrated 
fli  follows. 

iP  R  O  p.    XXXII.    B.  VI* 

If  two  triangles  which  have  two  fides  of  the  ope,  &<;. 

Let  GAF,  HFC  be  two  triangles  which  have  two  fides  AG» 
GF,  proponional  to  the  two  fides  FH,  HC>  viz.  AG  10  GF,  as 
FH  to  HC  ;  and  let  AG  be  paral-     . 
Id  to  FH,  and   GF  to  HC  ;    AF  A 
ud  FC  are  in  a  ftraight  line. 

Draw  CK  parallel  *  to  FH,   and   r 
let  it  meet  GF  produced  in   K  :  *^ 
Becaufe  AG,  KC  are  each  of  them 
parallel  to  FH»  they  are  parallel  ^ 
to  one  another,  and  therefore  the  ^ 
alternate  angles  AGF,  FKC  arc  e- 

qaal :.  And  AG  is  to  GF,  as  (FH  to  HC.  that  is  *)  CK  to  KF  ;c  34.  i, 
wherefore  the  triangles  AGF,  CKF  are  equiangular  ^  and  the  d  tf.  tf. 
aoglc  AFG  equal  co  ihe  angle  CFK :  But  GFK  is  a  ftraight  line, 
therefore  AF  and  FC  are  in  a  ftraight  line  «.  c  u-  ^ 

The  26th  prop,  is  demonftrated  from  ^hc  3  2d,  as  follows. 

If  two  fimilar  and  fimilarly  placed  parallelograms  have  an  an- 
gle common  to  both,  or  vertically  oppofite  angles  5  their  diame- 
Un  are  in  the  fame  ftraight  line. 

Y  z  Firft, 
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Book  VT.     Firft»  Let  the  parallelograms  ABCD,  AEFG  have  the  wd^ 
***V"*^BAD  common  to  both,  and  be  fimtlar,  and  fimilarly  pboed; 
ABCD,  AEFG  are  about  the  fame  diameter. 

Produce  £F,  OF,  to  H,  K,  and  join   FA,  FC :    Tha  k- 
caufe  the  parallelograms  ABCD,    AEFG  are   fimilar,   DA 
is  to  AB,  as  GA  to  AE ;  where-  ' 
a  Cor.  i^.  forg  ihc  remainder  DG  is  •  to  the  A 

^'         remainder  £B,  as  G A  to  AE :  But 

DG  is  equal  to  FH,  EB  to  HC,   p 
and  AE  to  GF  :  Therefore  as  FH  ""^ 
to  HC,    fo  is  AG  to  GF;    and 
FH,  HC  are  parallel  to  AG,  GF ; 
and  the  triangles  AGF,  FHC  are  3 
joined  at  one  angle,   in  the  point 
1»  3^  •  ^'  F ;  wherefore  AF,  FC  are  in  the  iame  ftraight  line  K 
Next,  Let  the  parallelograms  KFHC,  GFEA,  which 
lar  and  fimilarly  placed,  have  their  angles  KFH,  GFE 
oppofite ;  their  diameters  AF,  FC  are  in  the  fame  ftiaighifiKi 
Becaufe  AG,  GF  are  parallel  to  FH,  HC ;    aod    that  AG 
is  to  GF,  as  FH  to  HC ;  therefore  AF,  FC  are  ia  the  faai 
ftraight  line  \ 

PROP.    XXXm.      B.  VI. 

The  words  *'  becaufe  they  are  at  the  centre,"*  are  left  oat,  a 
the  addition  of  fome  unlkilful  hand. 

In  the  Greek,  as  alfo  io  the  Latin  tranflation,    the  worii 

a  tTv^t,  "  any  whatever,"  are  left  out  in  the  demonftratkw  flf 
both  parts  ot  the  propoficion,  and  are  now  added  as  quite  necc^ 
fafy]  and,  in  the  demondration  of  the  fccond  part,  where ik 
triangle  BGC  is  proved  to  be  equal  to  CGK,  the  illative  pi^ 
tide  af  flt  in  the  Greek  text  ouglit  to  be  omitted. 

The  fccond  ^art  of  the  propofition  is  an  addirion  of  TheonX 
as  he  tells  us  in  his  commentary  on  Ptolomy's  MtyxKfi  'Svfti^f 
p.  so. 


PROP.    B.C.D.      B.VI. 

Thefe  three  proportions  are  added^  becaufe  they  are  frequent- 
ly made  ufc  of  by  geometers. 
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D  E  F.    rX.    and  XI.    B.  XI. 

^T^HE  fimilitude  of  plane  figures  is  defined  from  the  e- 
-^  quality  of  their  angles,  and  the  proportionality  of  the 
fides  about  the  equal  angles ;  for  from  the  proportionality  of 
the  fides  only,  or  only  from  the  equality  of  the  angles,  the 
fimilitude  of  the  figures  does  not  follow^  except  in  the  cafe 
^rben  the  figures  are  triangles :  The  fimilar  pofitioo  of  the  fides, 
Mfhich  contain  the  figures,  to  one  another,  depending  partly 
upon  each  of  thefe  :  And,  for  the  fame  reafon,  thofe  are  fi- 
milar foHd  figures  which  have  all  their  folid  angles  equal,  each 
to  each,  and  are  contained  by  the  fame  number  of  fimilar 
plane  figures:  For  there  are  fome  folid  figures  ^contained  by  fi- 
milar plane  figures,  of  the  fame  number,  and  even  of  the- 
fztnt  magnitude,  that  are  neither  fimilar  nor  equal,  as  QxM 
he  demonftrated  after  the  notes  on  the  loth  definition  :  Upon 
thb  account  it  was  necefifary  to  amend  the  definition  of  fimi- 
lar folid  figures,  and  to  place  the  definition  of  a  folid  angle 
before  it  t  And  from  this  and  the  loth  definition,  it  is  fufH- 
ciently  plain,  how  xpqeh  the  el(?inents  have  been  fpoiled  by  un- 
skilful editors, 

D  E  F.    X.      B.  XI. 

Since  the  meaning  of  the  word  *'  equal"  is  known  and 
cftabliflied  before  it  comes  to  be  ufed  in  this  definition ; 
therefore  the  propofition  which  is  the  loth  definition  of  this 
book,  is  a  theorem,  the  truth  or  falfebood  of  which  ought  to 
be  demonftrated,  not  afilimed ;  fo  that  Theon,  or  fome  o- 
ther  Editor,  has  ignorantly  turned  a  theorem  which  ought 
to  be  demonftrated  into  this  loth  definition  :  That-  figures  are 
fimilar,  ought  to  be  proved  from  the  definition  of  fimilar 
figures ;  that  they  are  eaual  ought  to  be  demonftrated  from 
the  axiom,  **  Magnitudes  that  wholly  coincide,  are  equal 
**  to  one  another;"  or  from  prop.  A.  of  book  5.  or  the  9th 
prop,  or  the  14th  of  the  fame  book,  from  one  of  which  the 
equality  of  all  kind  of  figures  muft  ultimately  be  deduced. 
In  the  preceding  books,  Euclid  has  given  no  definition  of  e- 
qual  figures,  and  it  is  certain  he  did  not  give  this  :  For  what  is 
called  the  ift  def,  of  the  3d  book,  is  really  a  theorem  in 
which  thefe  circles  are  (aid  to  be  equal,  that  have  the  ftraight 
lines  from  their  centres  to  the  circumferences  equal,  which  is 
plaioj  from  the  dcfinidon  of  a  circle ;  and  therefore  has  by 
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Book  XI.  foQie  editor  been  improperly  placed  among  the  definitknn.  Tht 
^equality  of  figures  ought  not  to  be  defined,  but  demoDftraiied : 
Therefore,  though  it  were  true,  that  folid  figures  coatamcd  by 
the  fame  number  of  fimilar  and  equal  plane  figures  are  equal  lo 
one  another,  yet  he  would  juQly  deferve  to  he  blamed  who 
ihould  make  a  definition  of  this  propofition  which  ought  to  be 
demonftrated  But  if  this  propofition  be  not  true»  miift  it  not 
be  conferred,  that  geometers  have,  for  thefe  thirteen  hnndrai 
years,  been  miftakeo  in  this  elementary  matter  ?  And  this  flmoU 
t(;ach  u$  modefty,  and  to  acknowledge  how  little,  through  ik 
Wc-aknefs  of  our  minds,  we  are  able  to  prevent  miftakcs  even  k 
the  principles  of  fciences  which  are  juftly  reckoned  s^ongft^ 
moft  cet  tarn  ;  for  that  the  propofition  is  not  univerfal^  trv, 
can  be  fhewn  by  many  examples  :  The  following  is  fufiideot 

Let  there  be  any  plane  reAilineal  figure,  as  the  triai^ 
ABC»  and  from  a  point  D  within  it  draw  *  the  ftraight  ^ 
DE  at  right  angles  to  the  plane  ABC ;  in  DE  take  D£  DF 
^qual  to  one  another,  upon  the  oppofite  fides  of  the  pbae, 
and  let  G  be  any  point  in  EF  ;  join  DA,  DB,  DC  ;  BA| 
EB,  EC  ;  FA,  FB,  FC  ;  GA,  GB,  GC  :  Bccaufe  the  ftn^gbi 
line  £DF  is  at  right  angles  to  the  plane  ABC,  it  makes  li^ 
angles  with  DA,  DB  DC  which  it  meets  in  that  pUne;  iai 
in  the  triangles  £i:B.  FDB.  ED  and  DB  are  equal  to  FD  and 
DB,  each  to  each,  and  they  contam  right  angles ;  chcrcfbi^ 
the  bafe  EB  Ms  equal  ^ 
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to  the  bafe  FB  ;  in  the 
fame  manner  EA  is  e- 
qual  to  FA,  and  EC  to 
FC :  And  in  the  triangles 
EBA,  FBA.  EB,  BA 
are  equal  to  FB,  BA 
and  the  bafe  EA  is  e- 
qual  ;o  the  bafe  FA  ; 
V  hei  efore  the  angle 
EBA  is  equal  ^  to  the 
angle  FBA,  and  the  tri>  T> 
angle  EBA  equal  »»  to**^ 
the  triangle  FBA,  and 
the  other  angles  equal  to 
the  other  angles;  there- 
f>ie  »hcfe  triangles  arc 
'  fiinilar  '^ :  Jn  ibe  Um^  m^WV  (be  triangle  £^C  is  fiinilar 
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the  triangle  FBC,  and  the  triangle  E  AC  to  FAC ;  therefore  Book  xi. 
there  are  two  folid  figures  each  of  which  is  contained  by  fix' 
triangles,  one  of  them  by  three  triangles,  the  common  vertex 
of  which  is  the  point  G,  and  their  bafcs  the  ftraight  lines  AB, 
BC,  CA  ;  and  by  three  other  triangles  the  common  vertex 
of  which  is  the  point  E,  and  their  bafes  the  fame  lines  AB, 
BC,  CA  :  The  other  folid  is  contained  by  the  fame  three  tri- 
angles the  common  vertex  of  which  is  G,  and  their  bafes  AB, 
BC,  CA;  and  by  three  other  triangles  of  which  the  common 
Tertcx  is  the  point  F,  and  their  bafes  the  fame  firaight  lines 
AB,  BC,  CA :  Now  the  three  triangles  GAB,  GBC,  GC A 
are  common  to  both  folids,  and  the  three  others  £AB,  EBC, 
£CA  of  the  firft  folid  have  been  (hewn  equal  and  fimilar  to  the 
three  others  FAB,  FBC,  FCA  of  the  other  folid,  each  to  each ; 
therefore  thefe  two  folids  are  contained  by  the  fame  number  of 
equal  and  fimilar  planes  :  But  that  they  are  not  equal  is  mani- 
fed,  becaufe  the  firft  of  them  b  contained  in  the  other  :  There- 
fore it  is  not  univerfally  true  that  folids  are  equal  which  are 
contained  by  the  fame  number  of  equal  and  fimilar  planes. 

Com.  From  this  it  appears  that  two  unequal  folid  angles  may 
be  contained  by  the  fame  number  of  equal  plane  angles. 

For  the  folid  angle  at  B,  which  is  contained  by  the  four  plane 
angles  EBA,  EBC,  GBA,  GBC  is  not  equal  to  the  folid  angle 
at  the  fame  point  B  which  is  contained  by  the  four  plane  angles 
FB A,  FBC,  GBA,  GBC ;  for  this  laft  contains  the  other  : 
And  each  of  them  is  contained  by  four  plane  angles,  which  are 
equal  to  one  another,  each  to  each,  or  are  the  felf  (ame  ;  as 
has  been  proved :  And  indeed  there  may  be  innumerable  foIid 
angles  all  unequal  to  one  another,  which  are  each  of  them  con- 
tained by  plane  angles  that  are  equal  to  one  another,  each  to 
each  :  It  is  like  wife  manifeft  that  the  before-mentioned  folids 
are  not  fimilar,  fince  their  folid  angles  are  not  all  equal. 

And  that  there  may  be  innumerable  folid  angles  all  unequal 
to  one  another,  which  are  each  of  them  contained  by  the  fam^ 
plane  angles  difpofed  in  the  fame  order,  will  be  plain  from  the 
three  following  propofitions. 

PROP.    L     PROBLEM. 

Three  magnitudes,    A,  B,  C  being  given,   to  find  a  fourth 
fuch,  that  every  three  fhall  be  greater  than  the  remaining  one. 
Let  P  be  the  fourth ;  therefore  D  muft  be  lefs  than  A,  B> 

Y  4  C  togeiher  : 


344 


N    O    T    E    »• 


9ook  XL  C  together :  Of  thb  three  A,  B,  C.  let  A  be  that  whidi  Is  m* 
^lefs  thao  cither  of  the  two  B  and  C  :  And  firft,  let  B  and  C 
together  be  not  lefs  than  A :  therefore  B,  C,  D  together  axe 
greater  than  A  ;  and  becaufe  A  is  not  lefs  than  B  ;  A»  C,  D 
together  are  greater  than  B  t  In  the  like  manner  A,  B,  D  to* 
gether  are  greater  than  C  :  Wherefore  iir  the  cafe  in  which  B 
and  C  together  are  not  left  than  A»  any  magnitude  D  which  » 
lefs  than  A»  B,  C  together  will  anfwer  the  problem. 

But  if  B  and  C  together  be  lefs  than  A ;  then»  becaafe  it  k 
required  that  B,  C,  D  together  be  greater  than  A,  from  eack 
of  thefe  taking  away  B,  C^  the  remaining  one  D  mvft  be 
greater  than  the  excefs  of  A  above  B  and  C  :  Take  therdbic 
any  magnitude  D  which  is  leis  than  A«  B»  C  together,  but 
greater  than  the  ei^cefs  of  A  above  B  and  C  :  Then  B«  C,  D 
together  are  greater  than  A  ;  and  becaufe  A  is  greater  than  eir 
tber  B  or  C,  much  more  will  A  and  D,  together  with  either  of 
the  two  By  C  be  greater  than  the  other  :  And,  by  the  coa- 
ilru^bion,  A»  B,  C  are  together  greater  than  D. 

Cor.  If  bciides  it  be  required^  that  A  and  B  together  fhaD 
not  be  ie(s  than  C  and  D  together :  the  excefs  of  A  and  B  to- 
gether above  C  muft  not  be  lefs  than  D,  that  is,  JO  muft  ooi 
be  greater  than  that  excels. 

PROP.    11.     PROBLEM. 

Four  magnitudes  A»  B»  C,  D  being  given,  of  which  A  aaj 
B  together  are  not  lefs  than  C  and  D  togetheri  and  fuch  tiiat 
any  three  of  them  whatever  are  greater  than  the  fourth  ;  it  ii 
required  to  find  a  fifih  magnitude  £  fucb>  that  any..twQ  of  rbe 
three  A,  B,  £  ihali  be  greater  than  th^  third,  and  alfo  that  any 
|wo  of  the  three  C,  D,  £  (ball  be  greater  than  the  third.  Let 
A  be  not  leis  than  B  :  And  C  not  lefs  than  D. 

Firft,  Let  the  excefs  of  C  above  D  be  not  lefs  than  the  excefi 
pf  A  above  B  :  It  is  plain  that  a  magnitude  £  can  be  ukea 
which  is  lefs  than  the  fum  of  C  and  P,  but  greater  than  ihs 
excefs  of  C  above  D  ;  let  it  be  taken  ;  then  £  is  greater  like- 
wife  than  the  excefs  of  A  above  B  ;  wherefore  £  and  B  togetba 
are  greater  than  A  ;  and  A  is  not  lefs  than  B  ;  therefore  A  and 
£  together  are  greater  than  B  :  And,  by  the  hy<pothefis»  A  and 
JB  together  are  not  lefs  than  C  and  D  together^  and  C  and  D 
together  are  greater  tban£;  therefore  likeyrife  A  and  Bare 
prcater  tl^aii  1£, 
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Bat  let  the  ezcefs  of  A  above  B  be  greater  than  the  excefi  of  Book  ^r, 
^  aix>ve  D  :  And  becaiife»  b^  the  hypothefis,  the  three  B,  C/ 
^  are  together  greater  than  the  fourth  A  ;  C  and  D  together 
ire  greater  than  the  excefs  of  A  above  B  :  Therefore  a  magni* 
Hide  tMj  be  taken  which  is  Icfs  than  C  and  D  together,  but 
greater  than  the  excefs  of  A  above  B.  Let  this  magnitude  be 
I ;  and  becaufe  £  is  greater  than  the  excefs  of  A  above  B»  B 
b|ether  with  E  b  greater  than  A  :  And,  as  in  the  preceding 
Cw>  it  may  be  Ihewn  that  A  together  with  £  is  greater  than  B, 
Ittdthat  A  together  with  B  is  greater  than  E :  Therefore^  ,in 
each  of  the  cafes»  it  has  been  fhewn  that  any  two  of  the  three 
A»  B,  £  are  greater  than  the  third. 

Aod  becaufe  in  each  of  the  cafes  E  is  greater  than  the  excefi 
of  C  above  D,  £  together  with  D  is  greater  than  C  ;  and,  by 
ihe  hypothefis,  C  is  not  lefi  than  D  ;  therefore  £  together  with 
C  is  greater  than  D ;  and,  by  the  con(lru£lioo>  C  and  D  toge^ 
ther  are  greater  than  £  :  Therefore  any  two  of  the  three>  Q,  D« 
£  are  greater  than  the  third, 

PROP.    in.      T  H  E  O  R  E  M, 

There  may  be  innumerable  folid  angles  all  unequal  to  one  an* 
other,  each  of  which  is  contained  by  (he  fame  four  plane  an« 
^  placed  in  the  fame  order. 

Take  three  plane  angles.  A,  B,  C,  of  which  A  is  not  lefi 
than  either  of  the  other  two,  and  fuch,  that  A  and  B  coge* 
pher  are  lefi  than  two  right  angles  ;  and  by  problem  i.  and 
us  corollary,  find  a  fourth  angle  D  fuch,  that  any  three  what- 
ever of  the  angles  A,  B*  C,  D  be  greater  than  the  remaining 
uigie,  and  fuch,  that  A  and  B  together  be  not  lefi  than  C 
tad  D  together  ;  And  by  problem  2.  find  a  fifth  angle  £  fuch. 
that  any  two  of  the  angles  A,  B«  E  be  greater  than  the  thiro* 
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^d  alfo  that  an^  two  of  the  angles  C#  D»  £  be  greater  than 
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Book  xr.  the  third  :  And  becaufe  A  and  B  together  are  Ids  thaa 
^■^-V*'*^  right  angles,  the  double  of  A  and  B  together  is  icfsthan 
right  angles :  But  A  and  B  together  are  greater  than  the 
E  ;  wherefore  the  double  of  A,  B,  together  is  greaier 
the  three  angles  A,  B,  E  together,  which  three  are 
quently  lefs  than  four  right  angles  ;  and  every  two  of 
fame  angles  A,  B,  £  are  greater  than  the  third ;  tber 
by  prop.  23.  i  I.  a  folid  angle  may  be  made  contained  bf 
plane  angles  equal  to  the  angles  A,  B,  £,  each  to  each. 
this  be  the  angle  F  contained  by  the  three  plane  angles 
HFK,  GFK  which  are  equal  to  the  angles  A,  B,  E, 
each  :  And  becaufc  the  angles  C/  D  together  are  not 
than  the  angles  A,  B  together,  therefore  the  angles  Q 
are  not  greater  than  the  angles  A,  B,  E :  But  thefelaft  three 
lefs  than  four  right  angles,  as  has  been  demonfVrared ;  1 
fore  alio  the  angles  C»  D,  E  are  together  lefs  than  fbnr  ^ 
angles,  and  every  two  of  them  are  greater  than  the  third ;  tboj 
fore  a  folid  angle  may  be  made  which  (hall  be  contained  bfiU 
a  A3.  II.    plane  angles  equal  to  the  angles  C,  D,  E,  each  to  each':  H 
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by  prop.  26.  II.  at  the  point  F  in  the  ftraight  lineFGatf 
angle  maybe  made  equal  to  that  which  is  contained bfi 
three  plane  angles  that  are  equal  to  the  angles  C,  D,E:l4 
this  be  made,  and  let  the  angle  GFK,  which  is  equal  to  £i  k 
one  of  the  three  ;  and  let  KFL,  GFL  be  the  other  two  wB 
arc  equal  to  the  angles,  C,  D,  each  to  each.  Thus,  that  tt 
folid  angle  conftituted  at  the  point  F  contained  by  the  fborjihK 
angles  GFH,  HFK,  KFL,  GFL  which  arc  equal  to  the  a^ 
A,  B,  C,  D,  each  to  each. 

Again,  Find  another  angle  Mfuch,  that  every  two  of  4^ 
three  angles  A,  B,  M  be  grearef  than  the  third,  and  4 
cvtrj  two  of  the  three  C,  D,  M  be  greater  than  die  Mi 
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iDd,  as  in  the  preceding  part,  it  may  be  demondratcd  that  Book  XL 

three  A,  B,   M  are  Icls 

four  right  angles,  as  alfo 
at  the  three  C,  D,  M  are 

than  four  right  angles, 
ake  therefore  *  a  folid  angle 
N  contained' by  the  three 

e   angles    ONP,    PNQ^ 
HQ^  which  are  equal  to  A, 
,  M,  each  to  each  :   And  by 
^p.  26.  II.    make   at    the 

ipoint  N  in  the  ftraight  line  ON  a  folid  angle  contained  by  three 
^jbnc  angles  of  which  one  is  the  angle  ONQ^equal  to  M,  and 
ilhc  other  two  are  the  angles  QNR,  ONR  which  are  equal  to 
die  angles  C/D,  each  to  each.    Thus,   at  the  point  N,  there 
.ha  folid  angle  contained  by  the  four  plane  angles  ONP,  PNQ^ 
i^R,  ONR   which  are  equal  to  the  angles  A,  B,  C,  D,  each 
to  each.    And  that  the  two  folid  angles  at  the  points  F,   N, 
each  of  which  b  contained  by  the  above  named  four  plane  an- 
gles, are  not  equal  to  one  another,  or  that  they  cannot  coin* 
cide,  will  be  plain  by  confidering  that  the  angles  GFK,  ONQ: 
that  is,  the  angles  £.  M  are  unequal  by  the  condruftion  ;  and 
therefore  the  ftraight  lines  GF,  FK  cannot  coincide  with  ON» 
NQj  nor  confequently  can  the  folid  angles,  whieh  therefore  are 
QDcqual. 

And  becaufe  from  the  four  plane  angles  A,  B,  C,  D,  there 
can  be  found  innumerable  other  angles  that  will  ferve  the  fame 
purpofe  with  the  angles  E  and  M  ;  it  is  plain  that  innumerable 
other  folid  angles  may  be  conftituted  which  are  each  contained 
by  the  fame  ftjur  plane  angles,  and  all  of  them  unequal  to  one 
another,  Q^  E.  D. 

And  from  this  it  appears  that  Clavius  and  other  authors  are 
mif^aken,  who  ailert  that  thofe  folid  angles  are  equal  which  are 
contained  by  the  fame  number  of  plane  angles  that  are  equal  to 
one  another,  each  to  each.  Alfo  it  is  plain  that  the  26th  prop, 
of  book  II.  is  by  no  means  fufficiently  demonftrated,  becaufe 
the  equality  of  two  folid  angles,  whereof  each  is  contained  by 
three  plane  angles  which  are  equal  to  one  another^  each  to  each, 
19  only  aflumed,  and  not  demonftratedt 


PROR 
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P  R  O  P.  L    B.  XI. 

The  words  at  the  end  of  this,  **  for  a  ftraight  line  caaoot' 
**  meet  a  ftraight  line  in  more  than  one  point,'*  are  left  out,  ai 
an  addition  by  fome  unlkilful  hand ;  for  this  is  to  be  demoo* 
flrated,  not  aflumed. 

Mr  Thomas  Simpfon,  in  his  notes  at  the  end  of  the  ad  edItioQ 
of  his  elements  of  geometry,  p.  262.  after  repeating  the  words 
of  this  note,  adds^  **  Now,  can  it  poffibly  (hew  any  want  of 
<*  ikill  in  an  editor  (he  means  Euclid  or  Theon)  to  refer  to  20 
**  axiom  which  Euclid  himfelf  hath  laid  down,  book  i.  No  14." 
be  means  Barrow's  Euclid,  for  it  is  the  loth  in  the  Greek,  "and 
^  not  to  have  demonftrated,  what  no  man  can  demonftrate?' 
But  all  that  in  this  cafe  can  follow  ftx>m  that  a^iom  is,  diat,  if 
two  ftraight  lines  could  meet  each  other  in  two  points,  the  parts 
of  them  betwixt  iheie  points  muft  coincide,  and  fo  they  would 
have  a  iegmenc  betwixt  thefe  points  common  to  both.  Now,  as 
it  has  not  been  ihewn  in  £uclid,  that  they  cannot  have  a  com- 
mon  fegmenr,  thb  does  not  prove  that  they  cannot  meet  in  two 
points*  from  which  their  not  having  a  common  fegment  is  de- 
duced in  the  Greek  edition  :  But,  on  the  contrary,  becaufethcy 
cannot  have  a  common  fegment,  as  is  Ihewn  in  Cor.  of  nth 
prop,  book  I.  of  4to  edition,  it  follows  plainly  that  they caooot 
meet  in  two  points,  which  the  remarker  fays  no  man  can  de- 
monftrate. 

Mr  Simpfon,  in  the  fame  notes,  p.  265.  juftly  obfervei,  tl^t 
jn  the  corollary  of  prop.  1 1.  book  1.  4to  edit,  the  ftraight  lioes 
AB,  BD,  BC,  are  fuppofed  to  be  all  in  the  fame  plane,  which 
cannot  be  aflumed  in  ift  prop,  book  11.  This,  foon  after  the 
4to  edition  was  publiflied,  I  obferved  and  correded  as  it  is  now 
in  this  edition  :  He  is  miftaken  in  thinking  the  10th  axiom  he 
mentions  here  to  be  Euclid's ;  it  is  none  of  Euclid's,  but  is  the 
10th  in  Dr  Barrow's  edition,  who  had  it  from  Herigoo's  Curfiis, 
vol.  1 .  and  in  place  of  it  the  corollary  of  loth  prop^  book  1.  «tt 

added.  ' 

■% 

PROP.  II.    B.  XI. 

Thb  propofition  feems  to  have  been  changed  and  vitiated  hf 
{omt  editor ;  for  all  the  figures  defined  in  the  ift  book  of  the 
elements,  and  among  them  triangles,  are,  by  the  hfpotbcfiSf 
plane  figures  ;  that  is,  fuch  as  are  defcribed  in  a  plane;  where* 
fore  the  fccond  part  of  the  enunciation  needs  no  dcmonftraijoB« 
BeOdcs,  a  convex  fuperficics  may  be  terminated  by  three  ftraight 
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im  meetiDg  one  anorli^ :  The  thing  that  Ihould  have  been  Book  xr. 
■dcmonftrated  is,  that  two,  or  three  ftraight  lines,  that  meet' 
#be  another,  are  in  one  plane.     And  as  this  is  not  fufficientlf 
done,  the  enunciation  and  demonftration  are  changed  into  thofe 
How  put  into  the  text. 

PROP.   III.    B.  XI. 

In  this  propolition  the  following  words  near  to  the  end  o(  it 
are  left  out,  viz.  '*  therefore  DEB,  DFB  are  not  ftraight  lines; 
^  m  die  like  manner  it  may  be  demooftrated  that  there  can  be 

*  DO  Other  ftraight  line  between  the  points  D,  B :"  Becaufe 
from  this,  that  two  lines  include  a  fpace,  it  only  follows  that 
.ooe  of  them  is  not  a  ftraight  line :  And  the  force  of  the  argu- 
.Dent  lies  in  this,  viz.  i7  the  common  ief^on  of  the  planes  be 
aot  a  ftraight  line,  then  two  ftraight  lines  could  include  a  fpace, 
vUch  is  abfurd ;  therefore  the  common  ibCUon  is  a  ftraight 
Koe, 

P  R  O  P.  IV.    B.  XI. 

The  words  ^'  and  the  triangle  AED  to  the  triangle  BEG" 
sre  omitted,  becaufe  the  whole  conclufion  of  the .  4t}i  prop, 
b.  I.  has  been  fo  often  repeated  in  the  preceding  books,  it  was 
Medle6  to  ftpcat  it  here. 

P  R  O  P.  V.   B.XI. 
In  this,  near  to  the  end>  tTniriloj  ought  to  be  left  out  in  the 
Greek  text :   And  the  word  '*  plane"  is  rightly  left  out  in  the 
Oxford  edition  of  Commandine's  tranflation* 

PROP.  VII.   B.  XI. 

This  propofttion  has  been  put  into  this  book  by  fome  un« 
flulful  editor,  as  is  evident  from  this,  that  ftraight  lines  which 
^  drawn  from  one  point  to  another  in  a  plane,  are,  in  the 
preceding  books,  fuppofed  to  be  in  that  plane  :  And  if  they 
were  not,  fbme  demonftratioos  in  which  one  ftraight  line  is 
'Dpjpo/ed  to  m^et  another  would  not  be  condufive,  becaufe 
thefe  lines  would  not  meet  one  another :  For  inftance,  in  prop. 
3^*  b.  I .  the  ftraight  line  GK  would  not  meet  EF,  if  GK  were 
oot  in  the  plane  in  which  are  the  parallels  AB,  CD,  and  in 
which,  by  hypothefis,  the  ftraight  line  EF  is:  Belides,  this 
J^h  propofition  is  demonftrated  by  the  preceding  3.  in  which 
|lie  very  thing  which  is  propofed  to  be  demonftrated  in  the  7th, 
^  twice  -aftumed,  viz.  that  the  ftraight  line  drawn  from  ooe 
pobt  to  another  in  a  plane,  is  in  that  plane;  and  the  fame  thing 
tt  Gained  b  the  preceding  6th  prop,  in  which  the  ftraight  line 

which 
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Book  xr.  which  joins  the  points  B,  D  that  are  in  the  plane  to  which  Aftij 
^  ^ and  CD  are  at  right  angles,  is  fuppofed  to  be  in  that  plane:] 
And  the  7  th,  of  which  another  demonftration  is  given,  is  kept, 
in  the  book  merely  to  preferve  the  number  of  the  propofitionsj/ 
for  it  is  evident  from  the  7th  and  35th  definitions  of  the  ift 
book,  though  it  had  not  been  in  the  elements. 

PROP.    vni.    B.XI. 

In  the  Greek,  and  in  Commandine's  and  Dr  Gregory's  traof' 
lations,  near  to  the  end  of  this  propofition,  arc  the  followJM 
words  :  **  But  DC  is  in  the  plane  through  BA,  AD"inftcado? 
which,  in  the  Oxford  edition  of  Comrhandine's  tranflation,  is 
rightly  put  "  but  DC  is  in  the  plane  through  BD,  DA :"  Bnt 
**  all  the  editions  have  the  following  words,  viz.  becaufe  AB, 
**  BD  are  in  the  plane  thro*  BD,  DA,  and  DC  is  in  die  phnc 
••  in  which  are  AB,  BD,"  which  are  manifeftly  corrupted,  or 
have  been  added  to  the  text ;  for  there  was  not  the  leaft  oeceffi- 
ty  to  go  fo  far  about  to  fhew  that  DC  is  in  the  fame  plane  in 
which  are  BD,  DA,  bec^ule  it  immediately  follows  from  prop- 
7-  preceding,  that  BD,  DA  arc  in  the  plane  in  which  are  die 
parallels  AB,  CD :  Therefore,  inftead  of-  thcfe  words,  there 
ought  only  to  be  "  becaufe  all  three  are  in  the  pUne  in  whidi 
<•  arc  the  parallels  AB,  CD." 

PROP.    XV.     B.  XL 

After  the  words,  *«  and  becaufe  BA  is  parallel  to  GH.'  the 
following  arc  added,  "  for  each  of  them  is  parallel  to  DE,  and 
•*  are  not  both  in  the  fame  plane  with  it,"  as  being  manifeftly 
forgotten  to  be  put  into  the  text. 

PROP,  XVI.    B.  XL 

In  this,  near  to  the  end,  inftead  of  the  words,  «*  but  ftraight 
«•  lines  which  meet  neither  way"  ought  to  be  read,  "butftraight 
**  lines  in  the  fame  plane  which  produced  meet  neither  way:* 
Becaufe,  though  in  citing  this  definition  in  prop.  27.  book  1. 
it  was  not  neccfTary  to  mention  the  words,  "  in  the  fame  plane,* 
all  the  ftraight  lines  in  the  books  preceding  thb  being  in  ito 
fame  plane ;  yet  here  it  was  quite  necefiTary. 

PROP.  XX.    B.  XL 

In  this,  near  the  beginning,  are  the  words,  "  But  if  not, 
^*  let  B  AC  be  the  greater:"  But  the  angle  B  AC  may  happen 
to  be  equal  to  one  of  the  other  two :  Wherefore  this  place  fliould 
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k read  thas,  "  But  if  not,  let  the  angle  BAG  be  not  lc&  than ^  B«>kxr. 
*  etther  of  other  two,  but  greater  than  DAB." 

At  the  end  of  this  proportion  it  is  faid,  '*  in  the  fame  man- 
II  oer  it  may  be  demonftrated,"  though  there  is  no  need  of  any 
jemonftration ;  becaufe  the  angle  BAG  being  not  \eb  than  ei- 
ther of  the  other  two*  it  is  evident  that  BAG  together  with  one 
d(  them  is  greater  than  the  other.    • 

PROP.    XXII.     B.  XI. 

And  likewise  in  this,  near  the  beginning,  it  it  faid«  '*  But 
^  if  not,  let  the  angles  at  B,  £,  H  be  unequal,  and  let  the 
"  angle  at  B  be  greater  than  either  of  thofe  at  £,  H :"  Which 
Words  manifeftly  fhew  this  place  to  be  vitiated,  becaufe  the  an- 
ile at  B  may  be  equal  to  one  of  the  other  two.  They  ought 
tbcrefore  to  be  read  thus,  **  But  if  not,  let  the  angles  at  B,  £, 
**  H  be  unequaU  and  let  the  angle  at  B  be  not  lefs  than  either 
^  of  the  other  two  at  £,  H  :  Therefore  the  ftraight  line  AC 
<*  is  oot  leis  than  either  of  the  two  DF»  GK." 

PROP.    XXIII.    B.  XI. 

The  demonftration  of  this  is  made  fomething  (horter,  by  not 
Rpeating  in  the  third  cafe  the  things  which  were  demonftrated 
b  the  firft ;  and  by  making  ufe  of  the  confirudion  which  Gam- 
puius  has  given ;  but  he  does  not  demondrate  the  fecond  and 
third  cafes :  The  conftruAion  and  demonftration  of  the  third 
Qfeare*made  a  little  more  fimple  than  in  the  Greek  text. 

PROP.  XXIV.    B.  XI. 

The  word  **  fimilar"  is  added  to  the  enunciation  of  this  pro- 
pofition,  becauie  the  planes  containing  the  folids  which  are  to  be 
dcmonftrated  to  be  equal  to  one  another,  in  the  25th  propofition, 
<>ught  to  be  fimilar  and  equal,  that  the  equality  of  the  folids 
may  be  inferred  from  prop.  C.  of  this  book:  And,  in  the  Ox- 
ford edition  of  Gommandine's  tranflation,  a  corollary  is  added  to 
prop.  24.  to  (hew  that  the  parallelograms  mentioned  in  this  pro- 
pofitioD  are  fimilar,  that  the  equality  of  the  folids  in  prop.  25. 
^  be  deduced  from  the  loth  def.  of  book  11. 

PROP.  XXV.  and  XXVI.  B.  XL 

Iq  the  25th  prop,  folid  figures  which  are  contained  by  the 
«nie  number  of  fimilar  and  equal  plane  figures,  are  fuppofed 
•o  be  equal  to  one  another.  And  it  fcems  that  Theon,  or  fomc 
®*cr  editor,  that  he  might  fave  himfelf  the  trouble  of  de- 
^ODftrating  the  folid  figures  mentioned  in  this  propofition  to 

be 
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fiook  xr.^  be  equal  to  one  ariother,  has  incited  the  foth  def.  of  this  booU 

'to  ferve  inftead  of  a  demonftration ;  which  was  werj  igooran^ 

done.  I 

Likewife  in  the  26tii  proj).  two  felid  angles  are  fbppoftd  II 

be  equal :  If  each  of  thecn  be  contained  by  three  plane  angW 

which  are  equal  to  one  another,  each  to  each.   And  it  is  firaogi 

enough,  that  none  of  the  commentators  on  Eodd  have,  as  m 

as  I  know,  perceived  that  fomething  is  wanting  in  the  demoo* 

ftrations  of  thefe  two  propofitions.    Clavius,  indeed^  io  a  noli 

upon  the  1 1  th  def.  of  this  book,  affirms,  that  it  js  evidcfic  th» 

thofe  folid  angles  are  equal  which  are  contained  by  the  fam^ 

number  of  plane  angles,  equal  to  one  another,  each  to  eadi^ 

becaufe  they  will  coincide,  if  they  be  conceived  to  be  pbced 

within  one  another ;  but  this  is  faid  without  any  proof,  nor  bit 

always  true,  except  when  the  folid  angles  are  contained  bf  three 

plane  angles  onIy»   which  are  equal  to   one   another,  eadi' 

to  each  t   And  in  this  cafe  the  propofition  is   the  iame  with  tho^ 

that  two  fpherical  triangles  that  are  equilateral  to  one  soother, 

are  alfo  equiangular  to  one  another,  and  can  coincide;  whidi 

ought  not  to    be   granted    without  a    demonfirauoo.    £o- 

clid    does    not    afliime    this    in  the  cafe    of  reQiluaeal  tri* 

angles,  but  demonftrates  in  prop.  8*    book   i  ^  that  trao^ 

which  are  equilateral  to  one  another  are  alfo  equiaogulir  to 

one  another;  and   from  this  their  total  equality  appean  hf  \ 

prop.  4.  book  I.  And  Menelaus,  in  the  4th  prop,  of  his  ift  book  | 

of  fpherics,  explicitly  demonArates  that  fpherical  triangles  vhkh  | 

are  mutually  equilateral,  are  alfo  equiangular  to  one  another  ;| 

from  which  it  is  eafy  to  fhew  that  they  muft  coincide,  profidiog  { 

they  have  their  fides  difpofed  in  the  lame  order  and  fitottioo.  1 

To  fupply  thefe  defers,  it  was  neceflary  to  add  the  three  pro*  j 

pofitions  marked  A,  B,  C  to  this  book.   For  the  25th,  26th,  aod  | 

28th  propofitions  of  it,  and  confequently  eight  othersi  viz.  the 

27th,  3  ift,  32d,  33d,  34ih,  36th,  37th,  and  40th  of  the  bwc^  i 

which  depend  upon  them,  have,  hitherto  ftood  upon  aa  infins  l 

foundation;  as  alfo,  the  8rh,  12th,  Cor.  of  17th  and  iSdiof 

1 2th  book,  which  depend  upon  the  9th  definition.    For  it  to 

been  (hewn  in  the  notes  on  def.   10.  of  this  book,  that  ibii' 

figures  which  are  contained  by  the  fame  number  of  fimilar  ukI 

equal  plane  figures,  as  alfo  folid  angles  that  are  contained  bf 

the  fame  number  of  equal  plane  angles,  are  not  always  eqoil 

to  one  another. 

k 
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.It  is  to  be  obTerved  that  Tacquet,  in  his  Euclid,  defines  equal  Book  XI. 
&Iid  angles  to  be  fuch,  **  as  being  put  within  one  another  do  '^ 
^  coincide  :"  fiut  this  is  an  axiom,  not  a  definition  ;  for  it  is 
L  true  of  ail  magnitudes  whatever.  He  made  this  ufelefs  dcfini- 
[  tion.  that'by  it  he  might  demonftrate  the  36th  prop,  of  this 
[  book;  without  the  help  of  the  35th  of  the  fame  :  Concerning 
[  ^bich  dcmonftration,  fee  the  note  upon  prop.  ^6. 

PROP.    XXVIII.      B.  XL 

In  this  it  ought  to  have  been  demon (Irated,  not  aflumed« 
tlut  the  diagonals  are  in  one  plane*  Clavius  has  fopplied.  ihis 
dcfcft. 

PROP.    XXIX.     B.  XL 

Thc^'c  arc  three  cafes  of  this  propofition ;  the  firft  is,  when 
ikc  two  parallelograms  oppofite  to  the  bafe  AB  have  a  fiJc  coax- 
mon  to  both  ;  the  fecond  is,  when  thefe  parallelograms  are  f^;- 
pvated  from  one  another ;  and  the  third,  when  there  is  a  parfr 
of  them  common  to  both  ;  and  to  this  lafl  only,  the  demon.- 
ftration  that  has  hitherto  been  in  the  elements  docs  agree.  The 
firft  cafe  is  immediately  deduced  from  the  preceding  28th  prop, 
which  feems  for  this  purpofe  to  have  been  premifed  to  this  291  li, 
ibr  it  is  necc0at;y  to  none,  but  to  it,  and  to  the  40th  of  this  bool^ 
|s  we  now  have  it,  to  which  l«*ft  U  would,  without  doubt,  have 
been  premifed,  if  Euclid  had  not  made  ufe  of  it  in  the  29th.; 
but  fome  unfkilful  editor  has  taken  it  away  from  the  elements. 
9nd  has  mutilated  £uclid*s  dem.onftration  of  the  other  two  cafes^. 
Mfhich  is  now  reftored,  and  ferves  for  both  at  once. 

PROP.    XXX.     B.  XI. 

In  the  demonftration  of  thi&,  the  oppoiue  planes  of  the  fDlid 
CP,  in  the  figure  in  this  edition^  that  is,  of  the  folid  CO  ia 
Commandine*s  figure^  arc  i>ot  ppovqd  to  be  parallel ;  which  it 
^  proper  to  do  for  the  fake  of  learners. 

PROP.   XXXI.    B.  XL 

There  arc  two  cafes  of  this  propofition  ;  the  firft  is,  when. 
the  iniifting  ftraight  lines  are  at  right  angles  to. the  bafes ;  the 
Other,  when   they  are  not  :  The  firft  cafe  is  divided  againinto 
two  others,   one  of  which  is,  when  the   bafcs  are  equianguliv 
f^rallclograms  ;  the  other,  when  they  are  not  cauianguUr  5 

Z.  TtlQ: 


3S4  NOT    E    S. 

Book  XT.  The  Greek  editor  makes  no  mention  of  the  firft  of  thcfc  tw§ 
laft  csrfes,  but  has  inferted  the  demonftntion  of  it  as  a  part  of 
that  of  the  other  :  And  therefore  (hould  have  taken  notice  of 
it  in  a  corollary  ;  but  we  thought  It  better  to  give  thefe  two  afei 
feparately  :  The  Hemonftration  alfo  is  made  fomething  (horter 
by  following  the  way  Euclid  has  made  ufe  of  in  prop.  14.  boolc 
6.  Befides,  in  the  demonftration  of  the  cafe  in  which  the  in- 
lifting  ftraight  lines  are  not  at  right  angles  to  the  bafes,  the  edi- 
tor does  not  prove  that  the  folids  defcribed  in  the  conftrufHon 
are  parallelepipeds,  which  it  is  not  to  be  thought  that  Euclid  oe- 
glebed  :  Alfo  the  words,  *'  of  which  the  infifting  ftraight  lines 
''  are  not  in  the  fame  ftraight  lines/*  have  beeti  added  bj  fome 
uoikilful  hand  ;  for  they  may  be  in  the  fame  ftraight  lines. 

PROP.    XXXII.    B.  XI. 

The  editor  has  forgot  to  order  the  parallelogram  FH  to  be 
applied  in  the  angle  FGH  equal  to  the  angle  LCG,  which  is 
neccftary.     Clavius  has  fupplied  this. 

Alfo,  in  the  conftroAion,  it  is  required  to  complete  the 
folid  of  which  the  bafe  is  FH»  and  altitude  the  fame  with  that 
of  the  folid  CD  :  but  this  does  not  determine  the  folid  to  be 
completed,  fince  there  may  be  innumerable  folids  upon  the 
fame  bafe,  and  of  the  fame  altitude ;  It  ought  therefore  to  bo 
faid  **  complete  the  folid  of  which  the  bafe  is  FH»  and  oneof 
"  its  infifting  Draight  lines  is  FD  :'*  The  fame  corre£^ion  muft 
be  made  in  the  following  propoiition  33. 

P  R  O  P.    D.      B.  XI. 

It  is  very  probable  that  Euclid  gave  this  propofition  a  place  m 
the  elements,  (ince  he  gave  the  like  propofition  concerning eqni- 
angular  parallelograms  in  the  23d  b.  6. 

PROP.   XXXIV.      B.  XI. 

In  this  the  words,  ^y  a/  i^wrZaon  vk  «V/k  ct/  tZp  aJr«r  fJfe»i 
**  of  which  the  infifting  ftraight  lines  are  not  in  the  fainc 
*•  ftraight  lines,"  are  thrice  repeated  ;  but  thefe  words  ought 
cither  to  be  left  out,  as  they  are  by  Clavius,  or,  in  place  of  thciB, 
ought  to  be  put,  "  whether  the  infifting  ftraight  lines  be,  or  be 
«*  not,  in  the  fame  ftraight  lines  :"  For  the  other  cafe  is  vitb« 
out  any  reafon  eiLcludcd ;  alfo  the  words,  ir  ra  u^n,  of  whidi 

tbe 


N^  O    T    E    S,  3ss^ 

"  the  alcltudes/'  arc  twice  put  for  up  at  eftJTt^ffon,  "  of  which  Book  xr. 
**  the  infifting  ftratght  lines  ;"  which  is  a  plain  miftake :  For  ihe 
ahitode  is  always  at  right  angles  to  the  bafe* 

PROP-    XXXV.     B.  XI. 

The  angles  ABH,  DEM  are  demonflrated  to  be  right  angles 
in  a  (horter  way  than  in  the  Greek  :  and  in  the  fame  way  ACH,. 
DFM  may  be  demonftrated  to  be  right  angles  :  Aifo  the  repe- 
tition of  the  fame  demonftration/  which  begins  with  '*  in  the 
**  fame  mannert"  is  left  out,  as  ic  was  probably  added  lo  the 
tat  by  fomc  editor  ;  for  the  vibrds,  *^  in  like  manner  we  may 
'*  demon (li*ate,"  are  not  inferted  except  whan  thedcmonfVration 
is  not  given,  or  when  it  is  fomething  difi^renr  from  the  other, 
if  it  be  given,  as  in  prop.  26.  of  this  book.  Companus  has  not 
thb  repetition. 

We  have  given  another  demonflration  of  the  corollary,  be- 
fides  the  one  ia  the  original,  by  help  of  which  the  following 
36th  prop.  m9j  be  demonitrated  without  the  35th. 

« 

PROP.  XXXVL    B  XI. 

Tacquet  in  bis  Euclid  demonflrates  this  propofition  withooc 
the  help  of  the  35th  ;  but  ic  is  plain,  that  the  folids  mentioned 
in  the  Greek  text  in  the  enunciatiga  of  the  propodtion  as  eqni- 
' angular,  are  fuch  that  their  folid  angles  are  contained  by  three 
plane  angles  equal  to  one  another,  each  to  each  ;  as  is  cviJenc 
from  the  conftruftion.  Now  Tacquet  does  not  demonfiiatc,, 
but  afiumes  thefe  folid  angles  to  be  eqpal  to  one  another  ;  for 
he  fuppofes  the  iblids  to  be  already  made,  and  does  not  give  the 
conftruAion  by  which  they  arc  made  :  But,  by  the  fccond  dc' 
nionflration  of  the  preceding  corollary,  his  demonrk^-atlon  is. 
rendered  legitimate  likewifc  iu  the  caf^  where  thp  folids  are  con- 
ftruftcd  as  io  the  text. 

PROP.  XXXVlh    B.  XI. 

;  In  this  it  is  aSumed  that  the  ratios  which  are  triplicate  of  thofe 
^tlos  which  are  the  fame  with  one  another,  are  like  wife  the 
'^me  with  one  another  ;  and  that  thofe  ratios  are  the  (lime  with 
one  another,  of  which  the  triplicate  ratios  are  the  fame  with  one 
another  ;  but  this  ought  not  to  be  granted  without  a  demondra- 
^on  ;  nor  did  Euclid  affume  the  lirft  and  eaiiell  oF  ihcie  two 

• 

propol\tions,  but  demonilratcd  it  in  the  cafe  of  duplicaic  ratios, 
*n  the  22d  prop,  book  6.  On  this  account,  another  dcmonih  a- 
Uon  is  given  of  this  propofition  like  to  that  which  Euc.id  givea 
Uiprop.  22.  book  6.  as  Ciavius  has  done. 


3S6  N    Q    T   1    a. 

Book  XT. 

^--v--W  PROP.    XXXVIII.     B.  XU 

When  it  is  required  to  draw  a  perpendicular  from  a  point  \m 

one  plane  which  is  at  right  apgle$  to  another  plane,  unto  this 

H(k  plane,  it  is  done  by  drs^wing  a  perpendicular  from  the  point 

to  the  common  fe£):ion  of  the  planes  ;    for  this  perpendicular 

will  be  perpendicular  to  the  plane,  by  Def,  4.  of  this  book : 

And  it  would  be  foolifb  in  this  cafe  to  do  it  by  the  nth  prop,  of 

a  xy.  It.  the  fame :    Bat  Euclid  *p   Apollonius,    and  other  geometers. 

Jo  other  c-  when  they  have  occaiion  for  this  problem,  dircA  a  perpendicu- 

auiQQs,      j^^  j^  jj^  drawn  froip  the  point  to  the  plane,  and  conclude  that 

it  will  fall  upon  the  common  feAion  of  the  planes,  becaufe  this 

is  the  very  fame  thing  as  if  they  had  made  u(c  of  the  conftruc- 

tion  above  mentioned,  and  then  concluded  that  the  (Iraight  line 

muft  be  perpendicular  to  the  plane ;    but  is  exprclTed  in  fewer 

words  :  Some  editor,  not   perceiving  this,   thought  it  was  ne- 

ccifary  to  add  this  proportion,  which  can  never  be  of  anyufeto 

the  nth  book,  and  its  being  near  to  the  end  among  propofl- 

tions  with  which  it  has  no  fsonnpAion,  is  ^  mark  of  its  ha?iog 

^ceq  s^dd^d  iQ  the  te^t. 

PROP.  XXXIX,    B.  xr. 

In  this  it  is  fuppofed,  that  the  ftraight  lines  which  hUedt  the 
{ides  of  the  oppofite  planes,  are  in  one  plaqe*  which  ought  19 
^ave  be^n  dpaips^drs^ced  ;  ^  is  pow  done. 


B.    Xfl. 

Book  XIT.  np^HE  learned  Mr  Moor,  profcflbr  of  Greek  in  the  Univcr- 
j[  fity  of  Glafgow,  obfei  ved  to  me,  that  it  plainly  appears 
from  Archimedes>  epiflle  to  Pofithcus,  prefixed  to  his  books  of 
the  Sphere  and  Cylinder  ;  which  epiftle  he  has  reftored  from 
ancient  manufqripts,  that  Eudqxus  was  the  aut)ior  of  the  chief 
proportions  in  this  J2th  book. 

P  R  O  P.    IL     B.  XIL 

At  the  beginning  pf  this  it  is  fai4>  "  if  it  be  not  fo,  (he  fquare 
<«  of  BD  (hall  be  ro  the  fquare  of  FH,  as  thp  circle  ABCD  is 
<*  to  lome  fp^ice  either  lei's  than  the  circle  EFGH,  or  greater 
f*  than  it  :"  At>d  the  like  is  to  be  found  near  to  the  end  of  thb 
propogcionf  asalfo  in  prop.  c.  if,  ;^.  |8.  qf  (hi$  book  :  Con- 

feroinj 
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terning  which^  iti«  to  be  obfcircd,  that,  in  thfc  dcmonftraiion  Boot  xrr. 
of  theorems,  it  b  fufficicnt,  in  this  and  the  like   cafes,  that  a^**"^*  ^ 
thiog  itiade  ule  of  in   the  reaibning  can   poffibly  exift.  provi- 
ding ihis  be  evident,  though  it  cannot  be  exhibited  or  found  by  a 
geometrical  cooftruAion  :  So,  in  this  place,  it  is  aflumed,  that 
there  may  be  a  fourth  proportional  to  thefe  three  magnitudes, 
^12.  the  fquares  of  BD,  FH,  and  the  circle  A  BCD  ;  becaufe 
k  is  evident  that  there  is  fome  fquare  equal  to  the  circle  ABCDi 
diODgh  it  cannot  be  found  geometrically;  and  to  the  three  recti- 
lineal figures,  viz.  the  fquares  of  BD,   FH,  and  the  fquare 
which  is  equal  to  the  circle  ABCD,  there  is  a  fourth  fquare 
proportional ;  becaufe    to  the  three  ftraight  lines  which  are  «  m.  ^ 
their  (ides,  there  is  a  fourth  ftraight  line  proportional  *,  aiid 
dus  fourth  fquare,  or  a  fpace  equal  to  it,  is  the  fpace  which 
m  this  proportion  is  denoted  by  the  letter  S :  And  the  like  is  to 
be  underilood  in  the  other  places  above  cited :   And  it  is  pro- 
tadde  that  this  has  been  fhewn  b^  Euclid,  but  left  out  by  fome 
editor;  for  the  lemma  which  iome  unfkilful  hand  has  added  to 
this  propofition  explains  nothing  of  it* 

PROP.    III.     B.  XIL 

Itk  the  Greek  text  and  the  tranflations,  it  is  faid,  **  and 
"  becaufe  the  two  ftraight  lines  BA,  AC  which  meet  one  an- 
**  ocher,"  &c.  here  the  angles  BAG,  KHL  are  demonftrated 
to  be  equal  to  one  another  by  lothprop.  b.  it.  which  had 
been  done  before:  Becaufe  the  triangle  E AG  was  proved  to 
be  fimilar  to  the  triangle  KHL :  This  repetition  is  lefr-out,  and 
the  triangles  BAC9  KHL  are  proved  to  be  ilmllar  in  a  fhoner 
way  by  prop^  2i.  b.  6. 

PROP.  IV.    B.  XIL 

A  few  things  in  this  are  more  fully  explained  than  In  the 
Greek  text. 


P  R  O  P.    V.      B.  XIL 

In  this,  near  to  the  end,  are  the  words,  «f  Ifir^ov^if  kliix^^, 
^  as  was  before  fhewn,**  and  the  fame  are  found  again  in  the 
end  of  prop.  18.  of  this  book  ;  but  the  demonftration  referred  to, 
except  it  be  the  ufelcfs  lemma  annexed  to  the  2d  prop,  b  no 
where  in  thefe  elements,  and  has  been  perhaps  left  out  by  fome 
editor  who  has  forgot  to  cancel  tbofe  words  sdfo. 

Z3  PROP. 
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PROP.    V!.      B.  Xll.  * 

A  Ihorter  demonftratlon  is  given  of  this ;  and  that  which . 
is  in  the  Greek  text  may  be  made  fliorter  bj  ai  ftep  than  it  b: 
For  the  author  of  it  makes  ufe  of  the  22d  prop,  of  bi  5.  twice : 
Whereas  once  would  have  ferved  his  purpoic ;  becaufe  that  pro« 
poiicion  extends  to  any  number  of  magnitudes  which  arc  pro- 
portionals taken  two  and  two,  as  well  as  to  three  which  are  pra* 
poriional  to  other  three. 

COR.    PROP.  vin.    B.  XII. 

The  demonftratioh  of  this  is  imperfcft,  becaufe  it  is  not 
{hewn,  that  the  triangular  pyramids  into  which  thofe  upon  ibdI- 
tangular  bafes  are  divided,  are  fimilar  to  one  another,  as  ought 
neccifarily  to  have  been  done»  and  is  done  in  the  like  cafe  in 
prop.  1 2.  of  thii  book :  The  full  demonfiration  of  the  coooBary 
1^  as  follows. 

Upon  the  polygonal  bafes  ABCDE,  FGHKL,.let  there  be  £•. 
tnilar  aod  iimilarly  fituated  pyramids  which  have  the  points  M« 
N  for  their  vertices  :  The  pyraoiid  ABCDEM  has  to  the  pyra- 
mid FGHKLN  the  triplicate  ratio  of  that  which  the  fide  AB 
has  to  the  homologous  fide  FG. 

Let  the  polygons  be  divided  into  the  triangles  ABE,   EBC,' 

a  %o.  €.  ECD ;  FGL,  LGU,  LHK,  which  are  fimilar  «  each  to  etch : 

h  tu  dcf.  And  becaufe  the  pyramids  are  fimilar,  therefore  h  the  triangle 

>i*        EaM  is  fimilar  to  the  triangle  LFN,  and  the  triangle  ABM 

c  4.  «•    to  FGN  :  Wherefore  c  ME  is  to  £A,  as  NL  to  LF ;  aod  as  A£ 


to  EB,  fo  is  FL  to  LG,  becaufe  the  triangles  EAB,  LFG  nrc 
fimilar ;  therefore,  ex  aequali^  as  ME  to  £B^  fo  is  NL  to  LG  : 
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lafikemanner  it  may  be  (hewn  that  £B  is  to  BM,  as  LG  toBookxiL. 
GN;  therefore,  again*  cjl  acquali,  as  EM  to  RIB,  (o  is  LN  to '-  '"^"'  "^ 
N6:  Wherefore  the  triangles  £MB,  LNG  having*  their  fides 
proportionals  are  ^  equiangular,   and  (imilar  to  one  another:d5*  tf* 
Therefore  the  pyramids  which  have  the  triangles  £  AB,  LFG 
for  their  bales,  and  the  points  M,  N  for  their  vertices,  are  fi- 
milar'tooQC  another,  for  their  folid  angles  are  «  equal,  andb  n.  deQ 
diefolida  themfelves  are  contained  by  the  fame  number  of  H*   ."' 
milar  planes:  In  the* fame  manner  the  pyramid  £BCM  may 
be  (hewn  to  be  fimilar  to  the  pyramid  LGHN,  and   the  pyra- 
mid ECDM   to  LHKN :  And  becaufe  the   pyramids  £  ABM.   * 
LFGNare  fimilar,  and  have  triangular  bafes,  the  pyramid  £  ABM 
has  f  to  LFGN  the  triplicate  ratio  of  that  which  £B  has  to  the  f  8*  x«i 
homologous  fide  LG,     And,  in  the  fame  mani^r,  the  pyramid 
£BCM  has  to  the  pyramid  LGHN  the  triplicate  ratio  of  that 
which  £B  has  to  LG  :  Therefore  as  the  pyramid  £ABM  is  to 
the  pyramid  LFGN,  fo  is  the  pyramid  EBCM  to  the  pyramid 
LGHN :  In  like  manner,  as  the  pyramid  EBCM  is  to  LGHN^ 
£>  is  the  pyramid  ECDM  to  the  pyramid  LHKN :  And  as  one 
of  the  antecedents  is  to  one  of  the  confequents,  fo  are  all  the 
antecedents  to  all  the  confequents :  Therefore  as  the  pyramid 
£ABM  to  the  pyramid  LFGN,    fo    is  the  whole  pyramid 
ABCDEM  to  the  whole  pyramid  FGHKLN :  And  the  pyra- 
mid EaBM  has  to  the  pyramid  LFGN  the  triplicate  ratio  of 
tbat  which  AB  has  to  FG ;  therefore  the  whole  pyramid  has 
to  the  whole  pyramid  the  triplicate  ratio  of  that  which  AB  has 
10  the  homologous  fide  FG.  QJl.  D.  ^ 

PROP.  XI.  andXIL  B.  XII. 

The  order  of  the  letters  of  the  alphabet  is  not  obferved  in 
tbefe  two  propofitions,  according  to  Euclid's  manner,  and  is 
i^ow  reftored  :  By  which  means  the  firft  part  of  prop.  12.  may 
he  demonftrated  in  the  fame  words  with  the  firft  part  of  prop.. 
11* ;  OQ  this  account  the  demonftration  of  that  firft  part  b  left 
out,  and  afiumed  from  prop.  1 1. 

PROP.  XIII.  B.  XII. 

In  this  propofition  the  common  feftion  of  a  plane  parallel 
to  the  bafes  of  a  cylinder,  with  the  cylinder  itfelf,  is  iuppofed 
to  be  a  circle,  and  it  was  thought  proper  briefly  to  demon- 
firateit;  from  whence  it  is  fufficiently  manifcft,  that  ihis  plane 
<livides  the  cylinder  into  two  others  :  And  the  fame  thing  is  uoi* 
<lcrftood  to  be  fupplicd  in  prop.  14. 

Z  4  PROP- 


NOTES. 


PROP.  XV.    B.  XIL 

"  And  complete  the  cylinders  AX.  £0/'  both  the  enotf* 
elation  and  expofiticn  of  the  propoficion  reprefent  the  cylioderi 
as  well  as  the  cones  as  already  defcrtbed :  Wherefore  the  read* 
ing  ought  rather  to  be,  "  and  let  the  cooes  be  ALC,  £NG} 
"  and  the  cylinders  AX,  EO." 

The  firil  cafe  in  the  fccond  part  of  the  demonftration  is  waot" 
ing  ;  and  ibmething  alfo  in  the  fecond  cafe  of  that  part,  before 
the  repetitioa  of  the  conftruAioa  is  mtntioned;  which  arc 
now  added. 

PROP.    XVIL      B.  XIL 

Tn  tlie  enunciation  of  this  proportion,  the  Greek  words  eir 
^WK  /jLtil^ovoL  (ffaTfar  ariftlr  tirohOthfof  tyifaxj/ai,  yui  y^avw  nc 
€K«V(rc)'oc  cf  celiac  xard  rh  i7n(pdnixY,  are  thus  tranflated  by  Com- 
mandine  and  others,  '*  in  majori  fojidum  polyhedrum  deicri* 

here  quod  minoris  fphaerae  fuperficiem  non  tangat  ;'*  that  is, 

to  df  i'cribe  in  the  greater  fphere  a  folid  polyhedron  which 
*'  (hall  not  meet  the  fuperficies  of  the  lefler  fphere :"  Whereby 
they  refer  the  words  itara  fh  WKfituaf  to  thefc  next  to  ihcm 
Ti?c  i\ao-cc^ec  ff(pajfOL;:  But  they  ought  by  no  means  t6  be  thut 
tranflated,  for  the  folid  polyhedron  doth  not  only  meet  tfie  fu* 
perficies  of  the  IclTer  fphere,  but  pervades  the  whole  of  that 
fphere  :  Therefore  the  forefaid  words  are  to  be  referred  to 
to  arifily  TfoKviJ^fcf,  and  ought  thus  to  be  tranflated,  viz.  to  de- 
fer ibc  in  the  greater  fphere  a  foh'd  polyhedron  whofe  fuperficies 
fliall  not  meet  the  Iciler  fphfre  ;  as  the  meaning  of  the  piopo* 
iition  neceiTarily  requires. 

The  demondration  of  the  propoStion  is  fpoiled  and  muti- 
lated :  t^or  fome  eafy  things  are  very  explicitly  demonftrated, 
while  others  not  fo  obvious  are  not  fufficiently  explained;  for 
example,  when  it  is  affirmed,  that  the  fquare  of  KB  is  greaier 
than  the  double  of  the  fquare  of  BZ,  in  the  firft  demonflra- 
tion ;  and  that  the  angle  BZK  is  obtufe,  in  the  fecond  :  Both 
which  ought  to  have  been  demonOrated :  Befides,  in  the  firll  de- 
xnonAration,  it  is  faid,  *'  draw  Kxi  from  the  point  K  pcrpen* 
**  dicular  to  BD ;"  whereas  it  ought  to  have  been  faid,  "  joia 
**  KV,"  and  it  fhould  have  been  demonflraied  that  KV  is 
perpendicular  to  BD :  For  it  is  evident  from  the  figure  in  Her- 
vagiu^'s  anJ  Gregory's  editions,  and  from   the   words  of  the 

demonAration, 
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Jemonftration,  tbat  the  Greek  Editor  did  n6t  peroehe  that  Book  xit 
the  perpendicular  drawn  from  the  point  K  to  the  ftraightline^ 
BD  mttft  neceflarily  fall  upon  the  point  V,  for  in  the  figure  it 
k  made  to  fall  upon  the  point  A  a  different  point  from  V^ 
which  is  like  wife  fappofed  in  the  demonftration.     Comman* 
dioe  feems  to   have  been  aware  of  this ;  for  in  this  figure  ht 

marks  one  and  the  fame  point  with  the  two  letters  V»  A ;  and 
before  Commandine,  the  learned  John  Dee^  in  the  commen* 
tary  he  annexes  to  this  propoficion  in  Henry  Billinfley's  tranf^ 
htioQ  of  the  Elements  printed  at  London,  Ann.  1 570,  ex^ 
prcfsly  takes  notice  of  this  error,  and  gives  a  demonftration 
fuited  to  the  conftruAion  in  the  Greek  text,  by  which  he  Qicwi 
that  the  perpendicular  drawn  from  the  point  K  to  BD,  muft  ne** 
ccflarily  fall  upon  the  point  V, 

Likewife  it  is  not  demooftrated  that  thti  quadrilateral  figures 
SOFT,  TPRY,  and  the  triangle  YRX  do  not  meet  the  leffcr 
fphere,  as  was  neceilary  to  have  been  done :  Only  Clavius»  as 
far  as  I  know,  has  obferved  this,  and  demonflrated  it  by  a  lem- 
ma, which  is  now  premifcd  to  this  propofition,  fomething  alter* 
cd  and  more  briefly  demonftrated. 

In  the  corollary  of  this  propoficion»  it  is  fuppofed  ^hat  a 
fdid  polyhedron  is  defcribed  in  the  other  fphere  fimilar  to  that 
which  is  defcribed  in  *the  fphere  BCDE ;  but,  as  the  conftruAioa 
by  which  this  may  be  done  is  not  given,  it  was  thought  proper 
to  give  it,  and  to  demonftrate,  that  the  pyramids  in  it  are  fimi- 
lar  to  thofc  of  the  fame  order  in  the  folid  polyhedron  defcribed 
in  the  fphere  BCDK 

from  the  preceding  notes,  it  is  liifEciently  evident  how 
much  the  Elements  of  Euclid,  who  was  a  moft  accurate  geo- 
meter, have  been  vitiated  and  mutilated  by  ignorant  editors. 
The  opinion  which  the  greateft  part  of  learned  men  have  en- 
tertained concerning  the  prefent  Greek  edition,  viz.  that  it  is 
^ery  little  or  nothing  different  from  the  genuine  work  of  Eu-> 
did,,  has  without  doubt  deceived  them,  and  made  them  lefs 
attentive  and  accurate  in  examining  that  edition ;  whereby  fe« 
veral  errors,  fome  of  them  grofs  enough,  have  efcaped  their 
notice  from  the  age  in  which  Theon  lived  to  this  time*  Upon 
which  account  there  is  fome  ground,  to  hope  that  the  pains  we 
I)avc  taken  in  corre£Ung  thofe  errors,  and  freeing  the  ele- 
Bi€Qts  as  far  as  we  could  from  blemilhes,    will  not  be  unac* 

ceptable 
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Book  XXL  ceptaUe  to  good  judges  who  can  difcem  when  demonftrattiofli  ; 

are  legitimate^  and  when  they  are  not.  ^ 

.    The  objei£tion8  which»  fiace  tbe  firft  edition,    have  been 

made  againft  fome  things  in  the   notes,  efpccially  againft  the 

do&rine  of  proportionals,  have  either  been  fuWj  anfwered  io 

Dr  Barrow's  LeA.  Mathemat.  and  in  tbefe  notes ;  or  asc  fuch, 

except  one  which  has  been  taken  notice  of  in  the  note  oa 

prop.  I •  book   !!•  as  fliew  that  the  perfoa  who  made  theoi 

has  not  fufficiently  coniidered  the  things  againft  which  thej 

are  brought ;  fo  that  it  is  not  neceifary  to  make  any  further 

anfwer  to  thefe  objections  and  others  like  them  againft  Euclid's 

definition  of  proportionals;   of  which  definition  Dr  Barrow 

juftlyfays  in  page  297.  of  the  above,  named  book,  that  "  Ni« 

''  6.  machinis  impuUa  validioribus  aetcrnum  perfiftet  iocoa* 

?•  cufla." 
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P    R    E    F    A-  C    E. 

Euclid's  data  is  the  firft  in  order  of  the 
books  written  by  the  ancient  geometers  to 
£icilitate  and  promote  the  merfiod  of  refblution  or 
analyfis.  In  the  general,  a  thing  is  faid  to  be  gi- 
ven which  is  either  adlually  exhibited,  or  can  be 
found  out,  that  is,  which  is  either  known  by  hy- 
pothecs, or  that  can  be  demonftrated  to  be  known ; 
and  the  propofitions  in  the  book  of  Euclid's  Data 
£bew  what  things  can  be  found  out  or  known  from 
thole  that  by  hypothefis  are  already  known ;  fo 
that  in  the  analyfis  or  inveftigation  of  a  problem, 
from  the  things  that  are  laid  down  to  be  known 
or  given,  by  the  help  of  thefe  propofitions  other 
things  are  demonflxated  to  be  given,  and  from 
thefe,  other  things  are  again  fhewn  to  be  given, 
and  fo  on,  until  that  which  was  propofed  to  be 
found  out  in  the  problem  is  demonftrated  to  be 
given,  and  when  this  is  done,  the  problem  is  fol- 
ved,  and  its  compofition  is  made  and  derived 
from  the  compofitions  of  the  Data  which  were 
made  ufe  of  in  the  analyfis.  And  thus  the  Data 
of  Euclid  are  of  the  moft  general  and  neceflary 
ufe  in  the  folution  of  problems  of  every  kind. 

Euclid  is  reckoned  to  be  the  author  of  the  Book 
of  the  Data,  both  by  the  ancient  and  modern  geo- 
meters ;  and  there  leem?  to  be  no  doubt  of  his  ha- 
ving written  a  book  on  this  fubjetft,  but  which,  in 
jhe  courfe  of  fo  many  ages,  has  been  much  vi- 
tiated by  unfkilful  editors  in  feveral  places,  both 
in  the  order  of  the  propofitions,  and  in  the  defi- 
jiitions  and  denionftratigns  themfelves.  To  cor- 
2  re^ 
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redl  the  errors  which  ar?  nQw  found  in  it,  and 
bring  it  neater  to  the  accuracy  with  which  it 
was,  no  doubty  at  firft  written  by  Euclid,  is  the 
^efign  of  this  edition,  that  lb  it  may  be  rendci^ 
cd  more  ufefiil  to  geometers,  at  leaft  to  begin- 
ners who  defiire  to  learn  the  invefligatory  method ! 
of  the  ancients*  And  for  their  fakes,  the  com-  i 
pofitions  of  moft  of  the  Data  are  fiibjoined  to 
their  demonflrations,  that  the  compofitions  of 
problems  folved  by  help  of  the  Data  may  be  the 
more  eafily  made. 

Marinus  the  philofopher*s  preface,  which,  in 
the  Greek  edition,  is  prefixed  to  the  data,  is  here 
left  out,  as  being  of  no  ufe  to  undcrftand  them. 
At  the  end  of  it,  he  {ays,  that  Euclid  has  pot  u-^ 
fed  the  fynthetical,  but  the  analytical  method 
in  delivering  them ;  in  which  he  is  quite  mifta^ 
ken ;  for  in  the  analylis  of  a  theorem,  the  thing 
to  be  demonftrated  is  affunied  in  the  analyiis; 
but  in  the  demonftrations  of  the  Data,  the  thing 
tfi  be  demonftrated,  which  is,  that  fomething  or 
other  is  given,  is  never  once  affumed  in  the  de-  j 
monftration,  from  which  it  is  manifeft,  that  c-  j 
very  one  of  them,  is  demonftrated  fynthetically ; 
though  indeed,  if  a  propofition  .of  the  Data  be 
turned  into  a  problem,  for  es;ample  the  84th  or 
85  th  in  the  former  editions,  which  here  are  the 
85th  and  86th,  the  demonftration  cf  the  propo- 
iition  becomes  the  analyfis  of  the  problem. 

Wherein  this  edition  differs  from  the  Greeks 
and  the  reafons  of  the  alterations  from  it,  will 
be  fhewn  in  the  notes  at  the  end  of  the  Data. 
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EUCLID'S        DATA^ 


DEFINITION  S* 

I. 

SPACES*  lines>  and  angles,  are  faid  to  be  given  in  niagm« 
i  tude,  when  equals  to  them  can  be  found. 

II. 
A  ratid  is  faid  tb  be  given,  when  a  ratio  of  a  given  magnitude 
to  a  give  magnitude  which  is  the  fame  ratio  with  it  can  be 
found. 

III. 
ReAilineal  figures  are  faid  to  be  given  in  fpecies,  which  have 
each  of  their  angles  given,  and  the  ratios  of  their  fides  givea. 

IV. 
^omts,  lines,  and  {paces,  are  faid  to  be  given  in  poCtion»  which 
have  always  the  fame  fituation,  and  which  are  cither  a£tual|j 
exhibited^  or  can  be  found. 

A. 
An  angle  is  faid  to  be  given  in  poHdon,  which  is  contained  fay 
ftraight  lines  given  in  pofition. 

V. 

A  circle  is  faid  to  be  given  in  magnitude,  when  a  ftraight  linQ 

from  its  centre  to  the  circumference  is  given  in  magnitude. 

VL 
A  circle  is  faid  to  be  given  in  pofition  and  magnitude,  the  centre 
of  which  is  given  in  pofition,  and  a  ftraight  line  from  it  to 
the  circumference  b  given  in  magnitude. 

VII. 

Segments  of  circles  are  faid  to  be  given  in  ma^itude*  when 

the  angles  in  them,  and  their  bafes,  are  given  in  magnitude. 

VIII. 
Segments  of  circles  arc  faid  to  be  given  in  pofiri'>n  and  mag. 
nitude,  when  the  angles  in  them  aie  given  in  magnitud!^ 
and  their  bafes  are  given  both  in  pofition  and  magnitude. 

IX. 
A  magnitude  is  faid  to  be  greater  than  anorK  •  "^  a  given  mag- 
nitude, when  this  given  mr»goitudv-  •     u  from  it,   the 
reznaindcr  is  equal  to  the  other 
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A  magnitude  is  faid  to-be  Ie(s  than  another  by^  a  given  nugni- 
tude,  when  thb  given  magnitude  being  added  to  it,  the 
whole  is  equal  to  the  other  magnitude. 

PROPOSITION    I. 

THE  ratios  of  given  magnitudes  to  one  another  is 
given- 
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Let  Ay  B  be  two  given  magnitudes,  the  ratio  of  A  to  9  b 
given. 

Becaufe  A  is  a  given  magnitude*,  there  may 
ft  I.  def.«  be  found  one  equal  to  it ;  let  this  be  C  :  And 
^^  becaufe  B  is  given,  one  equal  to  it  may  be 
found ;  let  it  be  D ;  and  fince  A  is  equal  to  C, 
and  B  to  D  ;  therefore  ^  A  is  to  B»  as  C  to 
D ;  and  confequently  the  ratio  of  A  to  B  is 
given,  becaufe  the  ratio  of  the  given  magoi  .  ^ 
tudes  C,  D  which  is  the  fame  with  it,  has  beeniV  B 
found. 


en 


SeeN. 
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PROP.    11. 

IF  a  given  magnitude  has  a  given  ratio  to  another 
magnitude,  "  and  if  unto  the  two  magnitudes  by 
which  the  given  ratio  is  exhibited,  andlthe  given 
magnitude,    a  fourth  proportional  can  be  found  f^ 
the  other  magnitude  is  given. 

Let  the  given  magnitude  A  have  a  given  ratio  to  the  mag- 
nitude B ;  if  a  fourth  proportional  can  be  found  to  the  three 
magnitudes  above  named,  B  is  given  in  magnitude. 

Becaufe  A  is  given,    a  magnitude  may  be 
found  equal  to  it  * ;  let  this  be  C :  And  be- 
caufe the  ratio  of  A  to  B  is  given,  a  ratio 
which  is  the  fame  with  it  may  be  found,  let    j^   -wm  ^  t\ 
this  be   the  ratio  of  the  given  magnitude  $  xV  m  ^  "U 
to  the  given  magnitude  F :   Unto  the  magni-  C^  Tj* 

tudes  E,   F,   C  find   a  fourth    proportional 
P,  which,    by  the  hypothefis,  can   he   done» 
Wherefore,  becaufe  A  is  to  B,  as  E  to  F ;  and 
^'as  £  to  F,  fo  is  C  to  P  :  A  is  ^  to  Q,  as  C  tq. 


*  Tbe^figurcf  in  dxc  mar^  Oicir  the  aumbcr  of  die  propolitlont  ia  tb^  otb9 

fditiPAi. 


r 
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^.  But  A  U  e^ual  to  C  ;  therefore  ^  B  is  e4ual  to  D.  The  c  14.  s- 
magnicude  B  i$  therefore  given  ^,  becaufe  a  magoitude  D  equaU  i.  del; 
to  it  has  been  found. 

The  limitation  within  the  inverted  commas  is  not  in  the 
Greek  text,  but  is  now  neceflariiy  added ;  and  the  fame  muft  be  . 
underftood  fa  all  the  propofitions  of  the  book  which  depend- 
iipoo  this  (ecdnd  propofiiion,  where  it  is  not  exprefslj  mention- 
ed.   See  the  note  upon  it. 


I 


PROP.    iiJ.  a 

F  any  given  magnitudes  be  added  togethel-^  their 
fum  ihall  be  given* 


Let  any  given  magnitudes  AB»  BC  be  added  togetbeft  their 
fcnr  AC  is  given. 

Becaufe  AB  is  given>  a  magnitude, equal  to  it  may  be  found  a .  a  t.  deft 
fet  (his  be  DE  : .  And  becaufe  BC  i«  gi    .  ^ 

ten,  one  equal  to  it  may  be  found  ;  Ict^^        _         B       C 

this  be  EF  :  Wherefore,   becaufe  AB  is  ^      - 

kqualto  DE    and  BC  equal  to  EF  ;  thc0 E_JP 

whole  AC  is  equal  to  the  whole  DP :  ' 

AC  is  therefore  given,  becaufe  DF  has  been  found  Which  is  c* 

^uid  to  it. 


I 


F  a  given  iridgriitude  be  taken  from  a  given  magni- 
tude ;  the  remaining  magnitude  fhall  be  given. 

From  the  given  magnitude  AB,  let  the  given  magnitude  AC 
betaken  ;  the  remaining  magnitude  CB  is  given. 

Becaufe  AB  is  given,  a  magnitude   equal  to  it  may  >  bea  i.  delj 
found  ;  let  this  be  DE  :   And  becaufe 
AC  is  given,  one  equal  to  it  may  be  J^  C?       B 

found  ;  let  this  be  DF :  Wherefore,  be       '         n       ■!   ■ 
caulcAB  is  equal  to  DE,  and  AC  to0     .         ,F        Ei 
DP ;  the  remainder  CB  is  equal  to  the  '  * 

remainder  F£»    CB  is  therefore  given  s  becaufe  F£  which  b 
equal  to  it  has  been  found. 

A  a  PROF. 
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MX.  PRO  P.    V. 

s«c  N.  T  F  of  three  magnitudes,  the  firfl:  together  with  thrf 
J[  fecond  be  given,  and  alio  the  fecornl  together  witb 
the  third  j  either  the  firll  is  equal  to  the  third,  or  one 
of  them  is  greater  that  the  other  by  a  given  magni- 
tude. 

'  Let  AB,  BC,  CD  be  three  roagnirudes,  of  which  AB  logether' 

with  BC,  that  is  AC,  is  given  ;  and  alfo  BC  together  with  CD, 
rtnat  is  BI>,  is  givcD^  Either  AB  is  ecjual  to  CD,  or  one  of  theta 
is  greater  than  the  other  by  a  given  magnitude. 

Becaufe  AC.  BD  are  each  of  them  given,  they  arc  either  e- 
<^ual  to  one  another,  or  not  equal.  A       T>  f^      T% 

Firft,  let  them  be  equal,  and  becaufe "i^: t  -V =^ 

AC  is  equal  to  BD.  take  away  the  common  part  BC  ;  therefore 
the  remainder  AB  is  equal  to  the  remainder  CD. 

But  if  they  be  uncquaU   let. AC  be  greater  than  BD,  and 
make  CE  equal  to  BD .     Therefore  CE  is  given,  becaufe  BD  is 
given.     And  the   whole  AC  is  gU 
<  4.  dat.    ven ;  therefore  a  AE  the  remainder  A   R      B        C       I^ 
IS  givcfiw     And  becaufe  EC  is  equal  — "i     ■  "i  < 

to  BD,  by  taking  BC.from  both, 

the  remainder  EB  is  equal  to  the  remainder  CD.     And  AE  is 
given  ;  wherefore  AB  excoeds  EB,  that  is  CD,  by  the  gives 
'    magnitude  A£. 

I-  t  R  O  P.     Vt 

*"  **•  'pF  a  tnagnitmfe  has  a  given  rr.tio  to  a  part  of  it,  it  fhall 
X  alfo  have  a  given  ratio  to  the  remaining  part  of  if. 

Let  the  maghitude  AB  have  a  given  ratio  to  AG  a  part  of  it ; 
it  has  alfo  a  given  ratio  to  the  remainder  BC. 

Becauie   the  ratio  of  AB  to  AC   is  given,  a  ratio  may  be 
a  s.  dcf,    found  a,  which  is  the  fame  to  it  :  Let  this  be   the  ratio  of  DE 
a;  given  magnitude  to   the  given   mag- 
nitude DF.     And  becaufe  DP,  DF  are^  C       B 
fc  4.  rfat.    given,    rtie  remainder  FE   is   b    given  -I 

And   becaufe  A B  is  to  AC,  as  DE  tojj  F        E 

*^  E.  I.     DF,  by  converfion  c  AB  is  to  BC,  as  *      "   ' 

DE  to  EF.  Therefore  the  ratio  of  AB  to  BC  Is  given,  becaufe 
the  ratio  of  the  given  magnitudes  DE  EF,  which  is  the  fame 
with  it,  has  been  foundi 

CoK. 
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Cor.  From  this  It  follows,  that  the  parts  AC,  CB  have  a  gi*  ' 
Ven  ratio  to  one  another  :  Becaufe  as  AB  ro  bC»  (o  is  D£  to 
BF;  by  divifion  d,  AC  is  toCB,  asDFioFE;  and  DF,  FE<>  »7.  i- 
arc  given  j  therefore  a'  the  ratio  of  AC  to  GB  is  given,  *  *• 

PROP.     VII.  tf. 

TF  two  magnitudes  which  have  a  given  ratio  td  one   scc  N* 

another,  be  added  together  ;  the  whole  magnitude 
Ihall  have  to  dach  of  them  a  given  ratio. 

Let  the  magnitudes  AB,  BC  which  have  a  giveii  ratio  to  one 
dinother,  be  ndded  together  :  the  whttic  AG  has  to  each  of  the 
magnitudes  AB,  BC  a  given  ratio. 

Becaufe  the  raiio  of  AB   to  BO  is  given,  a  ratio  may  be 
found  ^  whith  is  the  fame  whh  it;    let  this  be  the  ratio  of  the  a  x.  dcF. 
given  magnitudes  DE,  £F :    And  be-  ^  ft        f^ 

fcaufe   DE,  EF  are  given,  the  whole  A  P        t/ 

DF  is  given  b  s  And  becaufe  as  AB  lb  .  •  «>  3-  dati 

BC,  fo  is  DE  to  EF  ;  by  compofiiioiD  E      -P 

•  AC  is  to  CB.   as  DF  to  FE ;  and  by    • *"       '' 

convcrfion  d,  AC  is  to  AB,  as  DF  to  DE  :  Wherefore  becaufe  a  E.  i. 
AC  is  to  each  of  the  magnitudes  AB,   BC,   as  DF  to  each  of 
the  others  DE,  EF  ;  the  ratio  of  AC  to  each  of  the  magoitades 
ABj  BC  is  given  K  '       *       - 

P  R  <D  P.    VIIL  7- 

TF  a  given  Magnitude  bd  divided  into  two  parts  which   ^  N* 

have  a  given  ratid  td  one  another,  and  if  a  fourth 
proportional  can  be  found  to  the  fum  of  the  two  mag- 
nitudes by  which  the  given  ratio  is  exhibited,  one  of 
them,  arid  the  given  magnitude  j  each  dt  tlie  parts  is 
given; 

Let  the  given  tnagnitude  AB  be  divided  into  tte  parts  AC, 
CB  which  have  a  given  ratio  to  one  another  ;  if  i  fourth  pro- 
ponional  can  be  found  to  the  above  ^  '      C3        H 

tiaroed  magnitudes  ;  AC  and  CB  are  V*  T  ■   '     ■ 

each  of  them  given.  -m^  1?      17 

Becaufe  the  ratio  of  AC  to  CB  jvl^  K      ^ 

fiveDi  the  ratio  of  AB  to  BC  is  given  >;  therefore  a  ratio  ^  7.  i^u 

'      A  a  a  wbi«h 
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b  2.  def.   which  is  the  fame  with  it  can  be  found  b,  let  this  be  the  ratio  of 
the  given  magnitudes  DE,  EF  :  And 

becaufe  the  given  magnitude  AB  has  A  C         B 

to  BC  the  given  ratio  of  DE  to  EF,  if 


unto  DE,  £F,   ABa  fourth  propor-J) 
tional  can  be  found,  this  which  is  BC   ~~ 


F  £ 


c  % 


^at.    j^  given  e ;  and  becaufe  AB  is  given,   the  other  pare  AC  b  gi- 
d  4*  daC.    ven  d* 

lo  the  fame  manner,  and  with  the  like  limitation^  if  the  dif- 
ference AC  of  two  magnitudes  A3,  BC  which  have  a  given 
ratio  be  given  ;  each  of  the  magnitudes  AB,  BC  is  given* 

.     g;  PROP.    IX. 

iLf  AGNiTUDEs  which  have  gi ven  ratios  to  the  feme 
magnitude,  have  alfo  a  given  ratio  to  one  an- 
other. 

Let  A,  C  have  each  of  them  a  given  ratio  to  B ;  A  has  a  g?> 
ten  ratio  to  G. 

Becaufe  the  ratio  of  A  to  B  is  given,  a  ratio  which  is  the 
fame  to  it  may  be  found  a  ;  let  this  be  the  ratio  of  the  giveo 
magnitndes  D,  £ :  And  becaufe  the  ratio  of  B  to  C  is  given,  a 
a  s.  dcfl  i^tHi  which  is  the  iame  with  ir  may  be  found  ^  }  let  this  be  the 
ratio  of  the  given  magnitudes  F,  G  : 
To  F,  G,  E  find  a  fourth  propor- 
tional H,  if  it  can  be  done  ;  and 
becaufe  as  A  is  to  B,  fo  is  D  to  E  ; 
and  as  B  to  C,  fo  is  (F  to  G»  and 
ib  is)  E  to  H  ;  ex  aequali,  as  A  to 
C,fo  is  D  to  H  :  Therefore  the  ratio 
of  A  to  C  is  given  a,  becaufe  the 
ratio  of  the  given  magnitudes  D  and 
H,  which  is  the  fame  with  it,  has 
been  found :  But  if  a  fourth  propor- 
tional to  F,  G,  £  cannot  be  found, 
^  then  it  can  only  be  faid  that*  the  ratio  of  A  to  C  is  compounded 
of  the  ratios  of  A  to  B,  and  B  to  C,  that  is^  of  the  given  ratios 
of  D  to  E|  and  F  to  &, 


ABC  DEH 
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P  R  O  P.    X  9. 

JF  two  or  more  magnitudes  have  given  ratios  to  one 
another,  and  if  they  have  given  ratios,  though  they 
be  not  the  fame,  to  fome  other  magnitudes  ;  thefe  o- 
iher  magnitudes  fli^U  alfo  have  given  ratios  to  one  an- 
other. V 

Let  two  or  more  magnuudes  A,  B,  C  have  gWcn  ratios  to 
one  another  ;  and  let  them  have  given  ratios,  though  they  be 
not  the  fame,  to  fome  other  magnitudes  D,  E,  F  :  The  magni- 
tudes D,  E,  F  have  given  ratios  to  one  another. 

Becaufe  the  ratio  of  A  to  B  is  gi^en,  and  likewife  the  ratio 
of  A  to  D  ;    therefore  the  ra-     a  j^_ 

tio  of  D  to  B  is  giveo  a  ;    but  '•  »  p.  jai. 

the  ratio  of  B  to  £  is  given,  Tl       ■        ^i    .      \!\ 
therefore  *  the  ratio  of  D  to 

E  is  given:    And  becaufe  the  C  '  '"     "  F*-     ■'■" 

ratio  of  B  to  C  is  given,  and  alio  the  ratio  of  B  to  £  ;  the  ratio 
ot  E  to  C  is  given  »  :  And  the  ratio  of  C  to  F  is  given  ;  where- 
fore the  ratio  of  E  to  F  b  given  ?  D,  E,  F  havfC  therefore  given 
ratios  to  one  another. 


P  R  O  P.    Xf,  *». 

JF  two  magnitudes  have  each  of  them  a  given  ratio 
to  another  magnitude  ;  both  of  them  together  Ihall 
have  a  given  ratio  to  that  other* 

Let  the  magnitudes  AB*  BC  have  a  given  ratio  to  the  magni- 
tude D  ;  AC  has  a  given  ratio  to  the  fume  D. 

Becaufe  AB,  BC  have  each   of 

them  a  given  ratio  to  D,   the  ratio    A>        B  C 

of  AB  to  BC  is  given  * :  And  by  com-  t   ^  a  p.  dit, 

pofition^  the  ratio  of  AC  to  CB  is    J^ 

pvcn  b  :  But  the  ratio  of  BC  to  D       — '  k  ^.4^t 

•If  given  ;  therefore  ^  the  ratio  of  AC  to  D  is  given. 


A  *  3  PROP. 
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^,.  PRO  F.    xn. 

^^^^  TF  the  whole  have  to  t|ie  whole  a  given  ratio,  anil 
X  the  parts  have  to  the  parts  given,  but  not  the  (aino, 
ratios:  Every  one  of  them,  whole  or  part,  fliall  have 
to  every  one  a  given  ratip. 

Let  the  whole  AB  hive  a  givrn  ratio  to  the  whole  CD,  anil 
the  parts  AIL,  £B  have  giyen,  but  not  cb^  fam^,  ratios  to  the 
parts  CF,  h  D  :  Every  one  fhalJ  have  to  every  ope,  whole  of 
part,  a  giveii  ratio. 

Becaulc  the  ratio  of  Ap  to  CF  is  given,  as  AE  to  CF,  fo 
make  A^  to  CG  ;  the  ratio  theietore  of  AB  to  CG  is  given  ; 
wherefore  the  ratio  of  the   remainder  EB  to  the  rtmaiiwlcr 

f>  If-  s-  FG  is  given,  becaufc  it  is  the  fame  »  with  the  ratio  of  AB  to 
CG  :  And  the  ratfo  of  EB  to  FD  is   A  IJ  "tt 

,  given,  wherefore  the  raiio   of  FD  'r'     .  ■     i 

l>  9'  ^'-  to  FG  is  given  b ;  and  by  ppnver-  jn,       •-,  ^    r\ 

fion.   the   ratio  of  FD   to  DG  is  U        1^  vr  U 

etf.  dat.  given  c:    Aqd   becaufp   AB   has  to 

each  of  the  magnitudes  CD,  CG  a  given  ratiot  the  ratio  of  CD 
to  CG  is  given  b ;  and  therefore  c  the  ratio  pf  CD  to  DG  is 
given  :    But  the  ratio  of  GD  to  DF   is  given,  wherefore  bihc 

d  cor.  f 'ratio  of  CD  to  DF  is  given,  and  cocifequently  d  the  ratio  of  OF 

***'•        to  FD  is  given,  but  the  ratio  of  CF  to  AE  is  given,  as  alio  the 

f  to.  dat. ratio  of  FD  to  EB ;  wherefore  «  the  ratio  of  AE  to  EB  is  given; 

f  7.  dat  as  s^lfq  the  ratio  of  AB  to  each  of  them  f :  The  ratio  thdxfo^ 
pf  every  ope  to  every  one  is  givep. 

**•  PRO  P,    XIII. 

^N.  JF  thefirft  of  three  proportional  ftraight  lines  has  a 
'  given  ratio  to  the  third,  the  firft  fhall  alfo  have  a 
given  ratio  to  the  fecond. 

liet  A,  B,  C  be  three  proportional  ftraight  lioes*  that  is,  si 
A  to  B,  io  i»  B  to  C  :  if  A  has  to  C  a  given  ratio,  A  fhall  alio 
have  to  B  a  given  ratio. 

Becauie  tjie  ratio  pf  A  to  C  is  given,  a  ratio  which  is  the 
f  t..  def.  fame  wi«h  it  may  be  found  a;  let  this  be  the  ratio  of  ihegi- 
^  !f  ^*    yen  ftraight  lines  D^  j£^  and  betv^eeo  D  and  £  find  a  b  meaij 

proDoniooal 


r 


DATA* 

proportional  F ;  therefore  the  reAangle  contained  by  D  and 

£  is  equal  to  the  fquare  of  F,  and  the  reft- 

aogle  D,  £  is  given  becaufe  its  (ides  D,  £  are 

given ;  wherefpre  the   fquare  of  F,  and   the 

flraight  line  F  is  given  :  And   hecaufe  as  A  is 

to  C,  fo  is  D  to  £ ;  but  as  A  to  C,  fo  is  c  the 

fquare  of  A  to  the  fquare  of  B ;  and  as  D  to 

E,  fo  is  €  the  fquaf e  of  D  lo  the  fquare  of  F ;      i 

therefore  the  fquare  d  of  A  is  to  the  fquare  of 

Bi  as  the  fquare  of  D  to  the  fquare  of  F :    -n 

As  therefore  «  the  l^raight    line    A    to  the       • 

Araight  line  B,  fo  is  the  ftrarghi  line  D  to  the 

Araight  line  F  :  Therefore  the  ratio  of  A  to  B 

is  given  a,    becaufe    the  ratio   of    the  given 

Anughi  lines  D,  F  which  is  the  iame  with  it 

has  been  found. 
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PROP.    XIV. 

jFa  magnitude  together  with  a  given  magnitude  has 
a  given  ratio  to  another  magnitude ;  the  excefs  of 
this  other  magnitude  above  a  given  magnitude  has  a 
given  ratio  to  the  firft  magnitude :  And  if  the  excefs  of 
a  magnitude  above  a  given  magnitude  has  a  given  ratio 
to  another  magnitude ;  this  other  magnitude  together 
with  a  given  magnitude  has  a  giveii  ratio  to  th^  tirft 
magnitude*  ^ 

Let  the  magnitude  AB  together  with  the  gUrtn  magnitpde 
BE,  that  is  A£y  have  a  given  ratio  to  the  magnitude  CD ;  the 
excefs  of  CD  abov«  a  given  magnitude  has  a  given  ratio  to 
AB* 

Becaufe  the  ratio  pf  A£  to  CP  is  given,  as  A£  to  CD,  fo 
make  B£  to  FD  ;  therefore  the  ratio  of  B£  to  FD  is  given,  an4 
BE  is  given ;  wherefpre  FD  is  given  ^J  a  •       fl 

And  becaufe  as  AE  to  CD,  fo  is  BE  -^^  •? 

to  FD,  the  remainder  AB  is  h  to  the 


SccK. 


£ 


D 


remainder  CF,  as  AE  to  CD  :  But  the  C 

wtio  of  AE  to  CD  is  given,  therefore 

the  ratio  of  AB  to  CF  is  given ;  that   is,  CF  the  excels  of  CD 

?bove  the  given  magnitude  FEj  has  a  given  ra^io  tQ  AB. 

Nei^t,  Let  the  excefs  of  the  magnitude  AB  above  the  given 
^{goitude  BE,  that  isi  lee  AE  have  a  given  ratio  to  the  mag- 

A  a  4  nitude 


Sk  %'  die 
b  19.5. 
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pimde  CD ;  CD  together  with  a  given  magoitude  has  a  gi^tm 
ratio  to  AB. 

Becaufe  the  ratio  of  AE  to  CD  is  pivcn,  as  AE  to  CD,  (b 
mafcc  BE  to  FD  |  thiercforc  the  ratio  of  ^  JJ        p 

l^E  to  FD   •>   given,  and  BE  is  giver  '  ■  * 

f  ».  dM.  wherefore  fD  is  given  a  :  And  becauiV 

as  AE  to  CD,  to  is  B^  to  FD,  AB  i  C  D     F     * 

e  u.  5.  toCF.  a.$c  Ab  to  Ci>  :  But  the  ratu  *"""-■' — "^^ 

of  AE  to  CP  is  given,  iheieforc  the  ratio   ot   /iB  10  CF  if  gi- 
ven ;  that  is,  C^  >vh!ch  is  tqiul  to  CD  together  with  th^  gi^^ 
.  magnitude  DF  has  a  given  ratio  to  AB. 

■ 

».  PROP.    XV. 

fpcN.    TFa  magnitude  together  with  that  to  which  another 
magnitude  has  a  given  ratio,  be  given  ;  the  fum  of 
this  other,  and  that  to  which  the  firft  magnitude  has 
a  given  ratio  is  given. 

Let  AB,  CD  be  t^o  magnitudes  of  which  AB  together  with 
BE  to  ^vhich  CD  has  a  g>ven  ratio,  is  given  ;  CD  is  given  logc? 
ther  with  that  magnitude  to  which  AB  has  a  given  rario. 

Becaufe  the  ratio  of  CD  to  BE  is  given,  as  BE  to  CD,  fo 
make  AE  fo  FD ;  therefore  the  ratio  of  AE  to  FD  is  given, 
f  %.  dat.  and  AJl  is  given,  wherefore  a  FD   k  H        "R 

is  given  :   And  becaufe  as  Bh   to  ^^r  ,  ,  i zr 

}f  Cor.  Iff. CD,  fo  is  AE  to  FD:  AB  isb  to  — ,  rt     r% 

1.         FC,  as  BE  to  CD  :  And  the  ratio  Jp y     ^ 

of  BE  to  CD   is  given,  wherefore 
/  the  ratio  of  AB  to  FG  is*given:  And  FD  is  given,  that  h^  CO 

together  with  Fp  to  which  AB  has  a  given  ratio  is  giyep« 

io.  PROP.    XVI. 

?f^^-  TF  the  excefs  of  a  m'^'gnitude  above  a  given  magni* 
•  tnde,  has  a  given  ratio  to  another  magnitude ;  the 
excefs  of  both  together  above  a  given  magnitude 
fhall  have  to  that  other  a  given  ratio  :  And  if  the  ex* 
ceiV  of  two  magnitudes  together  above  a  given  mag- 
nitnde,  has  to  one  of  them  a  given  ratio ;  either  the 
excefs  of  the  other  above  a.given  magnitude  has  to  that 
pnea  given  ratio;  or  the  other  is  given  together  with 
fhe  magriitu^e  to   which  that   one  has  a  given  ra- 


;« 
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Let  the  esKcefs  of  the  magnitude  A£  above  a  giTen  magni* 
tude,  have  a  given  ratio  to  the  magnitude  BC ;  the  excefs  of 
AC»  both  of  them  togeih^r>  above  the  given  magnitude,  has  a 
jgiven  tatio  to  BC.  * 

Let  AD  be  the  given  magnitude^  the  eiicefs  of  AB  above 
ivhicb,   viz.  DB  has  a  given  ratio 
toBC:  And  becaufe  DB  hasagi-A  D      B  C 

vcn  ratio  to  BC,  the  raiio  of  DC  tn  i [ 

CB  is  given  '•  and  AD  is  given ;  therefore  DC,  the  excels  of  a  7.  dae. 
hQ  above  the  given  magnitude  AD,  has  a  given  ratio  to  BC. 

Next,  let  the  excefs  of  two  magnitudes  AB>  BC  together, 
ibove  a  given   magnitude,  have  to  a  lH     R      1R  C^ 

ooe  of  them   BC  a  given  ratio  ;  ei-  y *t       XU\^ 

therthe  eo^cefs  of  the  other  of  them 

AB  above  the  given  magnitude  (hall  have  to  BC  a  given  ra- 
tio ;  or  AB  is  given,  together  with  the  magnitude  to  which 
BC  has  a  given  ratio. 

Let  AD  be  the  given  magnitude,  and  firft  let  it  be  le6 
than  AB ;  and  becaufe  DC   the  excefs  of  AC  above  AD  has 
a  given  ratio  to  BC>  PB  has  l>  a  given  ratio  to  BC ;  that  is,  DB,  b  Cof.  4* 
the  excefs  of  AB  above  the  given  magi^itude  AD|  has  a  given    dat. 
ratio  to  BC. 

But  let  the  given   magnitude  be  greater  than  AB,  and  make 
A£  equal  to  it ;  and  becaufe  £C,  the  excefs  of  AC  above  A£, 
has  to  BC  a  given  ratio,  BC  has  p  a  given  ratio  to  B£  #  and  be*c  4.  di% 
caufe  AE  is  given,  AB  together  with  BE  to  which  BQ  has  a 
given  ratio^  is  given. 

PROP,    XVIL  „. 

IF  the  eycefs  of  a  magnittide  above  a  given  magnitude    see  N* 

has  a  given  ratio  to  another  magnitude ;  the  excefs 
of  the  fame  firft  magnitude  above  a  given  magnitude, 
Ihall  have  a  given  ratio  to  both  the  magnitudes  toge- 
ther; And  if  the  excefs  of  either  of  two  magni- 
tudes above  a  given  magnitude  has  a  given  ratio  to 
both  magnitudes  together ;  the  excefs  of  the  fame  a- 
bove  a  given  magnitude  fhall  have  a  given  ratio  to 
the  other.  *. 

Let  the  excefs  of  the  magnitude  AB  above  a  given  magni-  .^ 

tude  have  a  given  ratio  to  the  magnitude  BC ;  the  excels  of  AB        * 
alcove  a  giyep  magnitude  has  s^  given  ratio  to  AC^ 
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Let* AD  be  ihe  given  magnirude;  and  becanfe  DB,  the  cz«. 
cefs  of  AB  above  AD;  has  a  given  ratio  to  BC ;  the  ratio  of' 
«  7*  dat  DC  to  DB  is  given  •  :  Make  the  ratio  of  AD  to  D£  the  faoM  I 
with  this  ratio;  therefore  the  ratio  jk  T?     T1  D         f* 

of  AD  to  DE  is  given :  And   AD  ^  (       f    "  i 

b  *.  dat.  is  given,  wherefore  ^  DE,  and  th€  remainder  AE  arc  given  :  And 
c  1*  5-  bccaufc  as  DC  to  DB,  fo  is  AD  to  DE,  AC  b  c  to  EB,  as  DC 
to  DB ;  and  the  ratio  of  DC  to  DB  is  given ;  wherefore  the  : 
ratio  of  AC  to  EB  is  given  :  And  becanfe  the  ratio  of  EB  to  AC 
is  given,  and  that  AE  is  given,  therefore  EB  the  excels  of  AB 
abe^ve  the  givxn  magnitude  AE,  has  a  given  ratio  to  AC. 

Next,  let  ihe  excefs  of  AB  above  a  given  magnitude  have  t 
given  ratio  to  AB  and  BC  together,  that  is,  to  AC;  the  exaft 
of  AB  above  a  given  magnitude  has  a  given  ratio  to  3C. 

Let  AE  be  the  given  magnitude ;  and  becaufe  EB  the  exccTi 
of  •AB  above  AE  has  to  AC  a  givep  ratio,  as   AC  to  EB,  fo 
make  AD  to  DE  ;  therefore  the  ratio  of  AD  to  DE  is  given, 
i  tf.dat.  as   aHb  d  the  ratio  of  AD  to  AE:  And  AE   is  jgiven,  where-  j 

fore  b  AD  is  given  :    And   beeaup;»  as  the  whole  AC»  to  the 

c  tp,  S'  ^bole  EB,    fo  is  AD  to  DE ;    the  remainder  DC  is  e  to  the  i 

remainder  DB,  as  AC  to  EB ;  and  the  ratio  of  AC  to  EB  is  I 

€  Cor.  d.    given;  wherefore  the  ratio  of  DC  to  DB  is  given,  as  alfo  ^dic.  I 

<*a^       ratio  of  DB  to  BC  :  And  AD  is  given,  therefore  DB,  the  ex*  j 

cefs  of  AB  above  a  given  magnitude  AD»  has  a  given  ratio  t^  ' 

'  BC. 


t4' 


PROP,  xvirr. 


TF  to  each  of  two  magnitudes,  which  have  a  given 
ratio  to  one  another,  a  given  magnitude  be  added ; 
the  whole  fhall  either  have  a  given  ratio  to  one  an- 
other, or  the  excefs  of  one  of  them  above  a  given  mag- 
nitude fliall  have  a  given  ratio  to  the  other. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  ooe 

another,  and  to  AB  let  the  given  magnitude  BE  be  added»  and 

the  given  magnitude  DF  to  CD  :  The  wholes  AE,  CF  either 

have  a  given  ratio  to  one  another,  or  the  excefs  of  one  of  (be« 

-    ,  above  a  given  magnitude  has  a  given  ratio  to  the  other  a, 

f  ?•   *  .*     Bccaulc  BE,  DF  are  each  of  them  given,  their  ratio  is  given 
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fuxl  if  this  ratio  be  the  fame  with  K       "D  *ri 

the  ratio  of  AB  to  CD,  the  ratio  of  i ±^ 

AE  to  CF,  which  is  the  fame  ^  wirh  /^    -r%  x?  b  rx. ;. 

the  given  ratio  of  AB  to  CD,  fliall  ^    ^ 
be  given. 

But  if  the  ratio  of  BE  to  DF,  be  not  the  fame  with  the  ratio 
of  AB  to  CU ;  either  it  is  greaier  than  the  ratio  of  AB  to 
CD,  or,  by  invcrfion,  the  ratio  of  DF  to  BE  is  greater  ihaa 
the  ratio  of  CD  <o  AB :  Firft,  let    /w      T\  (^         C* 

the  ratio  of  BE  to  DF  be  greater    .        k  i  = 

than  the  ratio  of  AB  to  CD ;  and  a»  --         .-^  t,-, 

AB  te  CD,  fo  make  BG  to  DF ;  CD  1^ 

theiefore  the  ratio  of  BG  to  DF  is 

given ;  and  DF  is  givfcn,  therefore  ^  BG  is  given  :  And  becaufe    c.  %.  dzu 

BE  has  a  greater  raiio  to  DF  than  (AB  to  CD,  that  is,  than) 

BG  to  DFy  BE  is  greater  ^  than  BG  :  And  becaufc  as  AB  to    d  lo.  s, 

CD,  fo  is  OG  to  DF ;  therefore  AG  is »» to  CF,  as  AB  to  CD  : 

But  the  ratio  of  AB  to  CD  is  given,  wherefore  the  ratio  of  AG 

to  CF  is  given  ;  and  becauie^E,  BG  are  each  of  them  given, 

GE  is  given  :  Therefore  AG,  the  excefs  of  AE  above  a  given 

magnitude  GE,  has  a  given  ratio  to  CF.     ^he  other  cafe  is  de* 

pionftrated  in  the  fame  manner* 


PROP.    XIX, 

JF  from  pich  of  two  magnitudes,  which  have  a  gi- 
ven ratio  to  one  another,  a  given  magnitude  be  ta- 
ken; the  remainders  ihall  either  have  a  given  ratio  to 
one  another,  or  the  excpfs  of  one  of  them  above  a  gi- 
ven magnitude,  fliall  have  a  given  ratio  to  the  other. 

Let  the  magnitudes  AB,  CD  have  a  given  ratio  to  one  ai^- 
othcr,  and  from  AB  let  the  given  magnitude  AE  be  taken, 
atjd  from  CD,  the  given  magnitude  CF  :  The  remainders  £B, 
yp  Oiall  either  have  a  given  ratio  to  one  another,  or  the  ei^- 
ccfs  of  one  of  them  above  a  gi-A  T*  1R 

v«i  magnitude  fliall  have  a  given    ■    ■■■  ■.        * 
ratio  to  the  other.  r^        v  TV 

Bccaufe  AE,  CF  are  each  ^fW        I?  J> 

them  given,  their  ratio  is  given  ■ ; 

{(pd  if  thjs  nx\o  be  the  fame  with  the  ratio  of  A^  to  CD,  the 

fatiQ 


»i' 


a.  i«  «h^ 
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ratio  of  the  remainder  EB  to  the  remainder  FD9  whieh  is  the 
b  19. 5.     fame  **  wirh  the  given  ratio  of  AB  to  CD.  fliall  be  given. 

Bur  if  (he  ratio  of  AB  (o  CD  be  not  the  fame  with  the  ratio 
of  AE  10  CF,  cither  it  is  greater  than  the  ratio  of  AE  to  CF, 
or,  by  Invcrfion,  the  ratio  of  CD  to  AB  is  greater  than  the 
ratio  oi  CF  to  aE  :  Firft,  let  the  ratio  of  AB  to  CD  be  greater 
than  the  ratio  of  AE  to  CF,  and  as  AB  to  CD,  To  make  AG 
to  CF  ,  therefore  the  ratio  of  AG  A  1?  f  Tt 

to  CF  is  given,  and  CF  is  given,  .     ■!    "T*  V^ P 

e;».dat.    wherefore*  AG   is  given:    And^  —       ^ 

bccaufe  the  ratio  of  AB  10  CDA^  ^        ^ 

that  is,  the  ratto  of  AG  to  CF, 
4. 10. 5.  is  greater  than  the  ratio  of  AE  to  CF  ;  AG  is  greater  d  than 
AE:  And  AG,  AE,  are  Given,  therefore  the  remainder  EG 
is  given ;  and  as  A B  to  CD  fo  is  AG  to  CF,  and  fo  is  ^  the  re- 
mainder GB  to  the  remainder  FD  ;  and  the  ratio  of  A B  10  CD 
is  given  :  Wherefore  the  ratio  of  GB  to  FD  is  given  ;  there- 
fote  GB,  the  excefs  of  EB  above  a  given  mtignitude  EG,  has  a 
given  ratio  to  FD.  In  the  fame  manner  the  other  ca(c  is  dc- 
mooftrated. 

fc  PROP.    XX. 

IF  to  one  of  two  magnitudes  which  have  a  given  ra- 
tio to  one  another,  a  given  magnitude  be  added, 
and  from  the  other  a  given  magnitude  be  taken ;  the 
excefs  of  the  fum  above  a  given  magnitude  fliall  have  a 
given  ratio  to  the  remainder. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 
another,  and  to  AB  let  the  given  magnitude  £A  be  added^  and 
from  (.D  let  the  given  magnitude  CF  be  taken  ;  the  exceis  of 
the  fum  £B  above  a  given  magnitude  has  a  given  ratio  to  the 
remainder  FD. 

Becaufe  the  ratio  of  AB  to  CD  is  given,  make  at  AB  to 
CD,  fo  AG  to  CF :  Therefore  the  ratio  of  AG  to  CF  is  giveo, 
\\  ft.  dat.     and  CF  is  given,  wherefore  *  AG  T?         /k  f^       "R 

is  given  ;  and  EA  is  given,  there-  *= ^ \  "P 

fore  the  whole  EG  is  given :  And  ^  "Ct  Tl 

bccaufe  as  AB  to  f.D,  fo  is  AG  ^  J  ^ 

fc  «P-5*    to  CF,  and  fo  is  b  the  remainder 

GB  to  the  remainder  FD ;  the  ratio  of  GB  to  FD  is  given. 
And  EG  b  given,  therefore  GB,  the  excefs  of  the  fum  EB  it 

bOTC 


r 
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^kove  the  gWea  magnitude  EG,  has  a  given  ratio  to  the  remain* 

PROP.    XXI.  ^ 

|F  two  magnitudes  have  a  given  ratio  to  one  another,  see  ib 

if  a  given  magnitude  be  added  to  one  of  them,  and 
the  other  be  taken  from  a  given  magnitude ;  the  fum, 
together  with  the  magnitude  to  which  the  remainder 
has  a  given  ratio^  is  given :  And  the  remainder  is  given 
together  with  the  magnitude  to  which  the  fum  has  a 
given  ratio. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  onfc 
another;  and  to  AB  let  the  given  magnitude  BE  be  added* 
and  let  CD  be  taken  from  the  given  magnitude  FD  -.  The  fum 
AE  is  given  together  with  the  magnitude  to  which  the  remain- 
der FC  has  a  given  ratio* 

Becaofe  the  ratio  of  AB  to  CD  is  given,  make  as  AB  tO\ 
CD,  fo  GB  to  FD  :  Therefore  the  ratio  of  GB  to  FD  is  given, 
apd FD  is  given,   wherefore  GB r^       A^  "Q      pi 

is  given  a ;  and  BE  is  given,  the         ■   't  "-   ^       •  s.  &iC 

;  vholc  GE  is  therefore  given  i  And  -wy  g^  '  x% 

becaufc  as  AB  to  CD,   fo  is  GB  ^  y  " 

;  to  FD,  and  fo  is  b  G  A  to  FC ;  the  b.  19.  ^ 

ratio  of  GA  to  FC  is  given  :  And  AE  together  with  GA  is  gi- 
ven, becaufi:  GE.i^  given  ;  therefore  the  fum  AE  together  with 
CA,  to  which  the  remainder  FC  has  a  given  ratio,  is  given. 
The  fecood  part  is  manifcft  trom  prop.  1 5. 

PROP.  xxn.  D. 

JF  two  magnitudes  have  ^  given  ratio  to  one  another,  see  »- 

if  from  one  of  them  a,  given  magnitude  be  taken, 
tad  the  other  be  taken  from  a  given  magnitude;  each 
of  the  remaimlers  is  given  together  with  the  n^^gnitude 
to  which  the  other  remainder  has  a  given  ratio. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  ontf 
laothtri  and  from  AB  k(  the  given  magnitude  A£  be  uken^ 

audi- 
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snd  let  CD  be  tak^n  from  the  given  magnitude  CF ;  the  i^ 
mainder  £B  is  given  together  with  the  magoimde  to  which  thv 
other  remainder  DF  has  a  given  ratia 

Becaufe  the  ratio  of  A B  to  CD  is  given,  make  as  AB  tfl^ 
CD,  fo  AG  to  CF  :  The  ratio  of  AG  to  CF  is  therefore  gi?aii 
t  4.dat.   ^^^  CF  is  given,  wherefore  t  AG    a  R  B  G 

is  given ;    and  A£  is  giyen>  and  \      \    '   ■■ 

therefore  the  remainder  £G  is  gi«  ^ 

vcn  :  Aiid  becaufe  as  AB  to  CD,  ^         -      ^  

fc*  «f .  5-  {o  is  AG  to  CF  :  And  fo  is  b  the 

remainder  BG  to  the  remainder  DF;  the  ratio  of  BG  to  DFif 
given  :  And  EB  together  with  BG  is  given,  becaufe  EG  is  gi« 
ven  :  Therefore  the  remainder  £B  together  with  BG  to  which 
DF  the  other  remainder  has  a  given  ratio  is  given.  The  fccoQ(( 
part  is  plain  from  this  and  prop.  15, 

a«.  PRO  P.     XXIII. 

Ste  N.   xY^  from  twd  given  magnitudes  there  be  taken  mag- 
nitudes which  have  a  given   ratio  to  one  another, 
the  remainders  ihall  either  have  a  given  ratio  to  one 
another,  or  the  excefs  of  one  of  them  above  a  given 
magnitude  Ihall  have  a  given  ratio  to  the  other. 

Let  AB,  CD  be  two  given  magnitudes,  and  from  them  leC 

^        the  magnitudes  A£,  CF,  which  have  a  given  ratio  to  one  aoo^ 

thcr,  be  taken  ;  the  remainders  EB.  TD  either  have  a  given  rafid 

to  one  another^  or  the  excefs  of  one  of  them  above  a  given  mag* 

nitude  has  a  given  ratio  to  the  other* 

Becaufe  AB,  CD  are  each  of  A  EH 

them  given,  the  ratio  of  AB   to  f^  ■    ■      » 

CD  is  given  :    And  if  this  ratid  ^  n        -r^  I 

be  the  fame  with  the  ratio  of  AE  ^  11         JJ  ^ 

to  CF,    then  the  rethainder  EB 
a  t^  !•    has  2  the  fame  given  ratio  to  the  remainder  FD. 

But  if  the  ratio  of  AB  to  CD  be  not  the  fame  with  the  fir 
x\o  of  AE  to  CF,  it  is  either  greater  than  it,  or,  by  inverfio&» 
the  ratio  of  CD  to  AB  is  greater  than  the  ratio  of  CF  to  AE& 
Firft,  let  rhe  ratio  of  AB  to  CD  be  greater  than  the  ratio  of 
AE  to  CF ;  and  as  AE  to  CF,  fo  make  AG  to  CD ;  thett- 
fore  the  ratio  of  AG  to  CD  is  given,  becaufe  the  ratio  of 
%  a-  dat  AE  io  CF  is  given  j    and  CD  is  given,   wherefore  b  AG  i» 

givcai 


DATA. 

I^Ten  ;  and  becaufe  the  ratio  of  AB  to  CD  is  greater  than  the 
muio  of  (AE  to  CF,  that  it,  than  a                     T!*  f«  "R 

,dK  ratio  of)  AG  to  CD  ;  AB  is  On ^  -    " 
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i^acer  c  thaD  AG  :    And  AB,  #^ 

AG  arc  given  ;  therefore  the  re-  ^ 

maioder  BG  Is  given  :  And  be- 

caufe  as   A£  co  CF,  fo  is  AG  to  CD,  and  To  is  a  £G  to  FD ;  a  i^.  5. 

the  ratio  of  EG  to  FD  is  given  :  And  GB  is  given  ;  therefore 

£6y  the  excefs  of  £B  above  a  given  magnitude  GB,  has  a  gt- 

ten  ratio  to  FD.     The  oiher  caie  is  fhewa  in  the  lame  way* 


PROP.    XXIV. 


'y 


I JF  there  be  three  magnitudes,  the  firft  of  which  has  sec  n. 

a  given  ratio  to  the  fecond,  and  the  excefs  of  the 
I  fecond  above  a  given  magnitude  has  a  given  ratio  to 
the  third  ;  the  excels  of  the  firft  above  a  given  magni- 
tude ihall  alfo  have  a  given  ratio  to  the  third. 

Let  AB^  CD,  E,  be  the  three  magnitudes  of  which  AB  has 
I  a  given  ratio  to  CD ;  and  the  excefs  of  CD  above  a  given  mag* 
;  ^tude  has  a  given  ratio  to  E :  The  excefs  of  AB  above  a  given 
Bugnitqde  has  a  given  ratio  to  E. 

Let  CF  be  the  given  magnitude,  the  excels  of  CD  above 
i  which,  viz.  FD  has  a  given  ratio  to  E  :  And  becaufe  the  ratio 
;cf  AB  to  CD  b  given,  as  AB  to  CD.  fo  make  a 
I  AG  to  CF ;  therefore  the  ratio  of  AG  to  CF*^^ 
i  is  given  ;  and  CF  is  given,  wherefore  a  AG  is 
given  :  And  becaufe  as  AB  to  CD,  fo  is  AG  ^^ 
to  CF,  and  fo  is  b  GB  toTD :  the  ratio  of  GB  W 
to  FD  is  given.     And  the  ratio  of  FD  to  E  is 
^iven,    wherefore  ^  the  ratio  of  GB   to  /£  is 
^ven,  and  AG  is  given ;  therefore  GB  the  ex- 
cels of  AB  above  a  given  magnitude  AG  has  ^ 
a  given  ratio  to  E.  |^ 

CoR.  I.  And  if  the  firft  has  a  given  ratio  to  the  fecond^ 
and  the  excefs  of  the  firft  above  a  given  magnitude  has  a  given 
ratio  to  the  third  ;  the  excefs  of  the  fecond  above  a  given  mag- 
nitude £hall  have  a  given  ratio  to  the  third.  For,  if  the  fecond 
Ec  called  the  firft,  and  the  firft  the  (ccondj  this  corollary  will 
Be  the  fame  with  the  propofitton. 

Cot. 


c 

F4- 


D   E 


a  9.  4tu 
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Cor.  2.  Alfo  if  the  firft  has  a  given  ratio  to  the  fecood,  aiilj 
the  excefs  of  the  third  above  a  given  magnitude  has  alfo  a  given 
ratio  to  the  fecond^  the  fame  excefs  fhali  have  a  given  ratio  v 
the  firft ;  a»  is  evident  from  the  9th  dat. 


u.  PRO  P.    XXV. 

TF  there  be  three  magnitudes,  the  excefs  of  the  firil 
whereof  above  a  given  magnitude  has  a  given  rado 
to  the  fecond ;  and  the  excefs  of  the  third  above  a  gi- 
ven magnitude  has  a  given  ratio  to  the  fame  fecond : 
Tiie  firft  fliall  either  have  a  giveq  ratio  to  the  third,  or 
the  excefs  of  one  of  them  above  a  given  magnitude 
ihall  have  a  given  ratio  to  the  other. 

Let  AB,  C,  D£  be  three  magtiirudcs,  and  let  the  cxceSa  «if 
each  of  the  two  AB  DE  above  given  magnitudes  havr  given 
ratios  to  C ;  AB,  D£  either  have  a  given  ratio  co  one  another* 
or  the  excefs  of  one  of  them  above  a  given  magnitude  hat  a 
given  ratio  to  the  other* 

Let  FB  the  excefs  of  AB  above  *the  given  magnitude  A^ 
have  a  given  ratio  to  C;  and  let  G£  the  ex    a 
cefs  of  D£  above  the  given  magnitude  DO 
have  a  ^iven  ratio  to  C }    and  becaufe  FB,  G£]p« 
have  each  of  them  a  given  ratio  to  C>  they 

a.  f .  d*t.  have  a  given  ratio  a  to  one  another.  But  to  FB, 
G£  the  given  magnitudes  AF,  DG  are  add 

i.  18^  dat»  cd  .  therefore  ^  the  whole  magnitudes  AB,  D£ 

have  either  a  given  ratio  to  one  another,  o*  n 
the  excefs  of  one  of  them  above  a  given  mag- 
nitude has  a  given  ratio  to  the  other. 


D 
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^^  PROP.  XXVL 

TF  there  be  three  magnitudes,  the  excefles  of  oat 

of  which  above  given  magnitudes  have  given  ra- 
tios to  the  other  two  magnitudes  j  thefe  two  Ihalld- 
ther  have  a  given  ratio  to  one  another,  or  the  exc^ 
of  one  of  them  above  a  given  magnitude  fhall  have  a  gt^ 
Yen  ratio  to  the  other. 
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.  Let  AB,  CD,  EF  be  three  magnitudes,  and  let  GD  the  ex* 
ce&ofoneof  thetn  CD  above  the  given  magnitude  CG  have 
a  given  ratio  to  AB;  and  alio  let  KD  the  exec fs  of  the  fame 
CD  above  the  given  magnitude  CK  have  a  given  ratio  <  to  £F, 
either  AB  has  a  given  ratio  to  EF,  or  the  excefs  of  one  of  them 
above  a  given  magnitude  has  a  given  ratio  to  the  other. 

Becaufe  GD  has  a  given  ratio  to  AB.  as  GD  to  AB,  fo 
make  CG  to  HA ;  therefore  the  ratio  of  CG  lo  H  A  is  given ; 
and  CG  is  given,  wherefore  a  HA   is  given:  And   bccaufe   as  ^a-clat, 
GD  to  AB,  fo  is  CG  to  HA,  and  fo  is  bCD  to  HB;  the  ra-  b  us. 
tic  of  CD  to  HB  is  given  :    Alfo  becaufe  KD  has  a ,  given  ratio 
to  EF,  as  KD  to  EF,  fo  mak<;  CK  to  tE  ;  H 
therefore  the  ratio  of  CK  to  LE  is  given  ;  and 
CKis  given,   wherefore  LE*  is  given:  And 
becaufe  as  KD  to  EF,  fo  is  CK   to  LE.  and  A 
fo  b  is  CD  to  LF ;  the  ratio  of  CD  to  LF  is 
given  :  But  the   ratio  of  CD  to  HB  is  given, 
wherefore  c  the  ratio  of  HB  to  LF  is  given  : 
and  from  HB,  LF  the  given  otiagnitudes  HA,  -o 
LE  being  taken,   the  remainders  AB,  EF  ihall  ^ 
either  have  a  given  ratio  to  one  another,  or  the  excefs  of  one  of 
them  above  a  given  ihagnitude  has  a  given  ratio  to  the  other  ^.  ^  ip-dati 


c  9.  dat*' 


•*  Another  demonftration. 

Let  AB,  C,  DE  be  three  magnitudes,  and  let  the  excefTes 
of  one  of  rhcm  C  above  given  magnitudes  have  given  ratios  to 
ABandDE;  either  AB,  DE  have  a  given  ratio  to  one  an- 
other, or  the  excefs  of  one  of  them  above  a  given  magnitude 
has  a  given  ratio  to  the  other. 

Becaufe  the  excefs  of  C  above  a  given  magnitude  has  a  gi- 
ven ratio  to  AB;  therefore  a  AB  together  with  a   given   mag-  a  i4.4atj 
nitude  has  a  given    ratio  to  C :  Let  this   given  V  ^ 

magnitude  be  AF,  wherefore    FB  has  a  given  ^ 

ratio  to  C  :  Alfo,  becaufe  the  excefs  of  C  a^^ovf  A" '        1    D"  • 
a  given  magnitude  has  a  given  ratio  to  DE; 
therefore  a  DE  together  wiih  a  given   magni- 
tude has  a   given    ratio  to  C :  Lct^  this  given  ^       #^  1    Ti 
m:ignitude  be  DG,  wherefore  GE  has  a  given  O      V/  *    E 
ratio  to  C  :  And  FB  has  a  given  rario  to  C,  thcrcrore  ^  the  ratio  b  9.  dat. 
of  FB  to  GE  is  given  :  And  from  IB   GE  the  given  magnitudes 
AF,  DG   being   taken,  the  remainders  AB.  DE    eiOier   have  a 
g'ven  r.i'io  to  one  another,  or  the  excefs  of  one  of  ihem  above 
a  given  magnitude  has  a  given  ratio  to  the  other  ^"  ^  '^*  ^*^ 

B  b  PROP. 
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i».  PROP,    xxvir. 

TF  there  be  three  magnitudes  :  the  excefs  of  the  firft 
^  of  which  above  a  given  magnitude  has  a  given  ra- 
tio to  the  fecond ;  aiid  tlie  excefs  of  the  fecond  above 
a  given  magnitude  has  alfo  a  given  ratio  to  the  third: 
Tlie  excefs  of  the  fir(t  above  a  given  magnitude  Ihall 
have  a  given  ratio  to  the  third. 

Let  AB»  CD,  E  I>e  three  magnitodes,  the  excefs  of  the  firft 
of  which  AB  above  the  given  magnitude  AG,  viz«  GB,  has  a 
given  ratio  to  CD;  and  FD  the  excefs  of  CD  above  the  given 
magnitude  CF,  has  a  given  ratio  to  E  :  The  excefs  of  AB  above 
a  given  magnitude  has  a  given  ratio  to  £• 

Bccaufe  the  latio  of  GB  to  CD  is  given,  as  GB  to  CD,  A 
make  GH  to  CF  ;  therefore  the  ratio  of  GH^    ^ 

A».  dau  td  CF  is  given;  arid  CF^is  given,  wherefore  a 
,  GH  is   given;  and   AG   is  given,  wherefore G' 

the  whole  AH  is  given  :   And  becaufe  as  GB  C 

b  19'  5.  to  CD,  fo  is    GH  to  CF,  and  fo  is  b  the  rc-H' '   T?i 
mainder  HB   to  the  remainder  FD ;  the  ratio 
of  HB  to  FD  is  given :  And  the  ratio  of  FD 

c  9  <***•  fo  E  is  given,  wherefore  c  the   ratio  of  Hfi  ^^  H '    D     T 
E  is  given  :   And  AH  is  given  ;  therefore  HB 
the  excefs  of  AB  above  a  given  magnitude  AH  has  a  given  ra« 
tio  to  £•  V 

••  Othcrwife* 

Let  AB,  C,  D  be  three  magnitudes,  the  excefs  EB  of  the 
firft  of  which  AB  above  the  given  magnitude  AE  has  a  givci 
rat'O  to  C,  and  the  excefs  of  C  above  a  given 
magnitude  has  a  given  ratio  to  D :  The  excefs  tL 
of  AB  above  a  given  magnhude  has  a  given  ra- 
tio to  D. 

Becaufe  EBhas  a  given  ratio  to  C,  and  the 
excels  of  C  above  a  given  magnitude  has  a  gi- 
d'14.  dat.  vcn  ratio  to  D ;  therefore  «*  the  excefs  of  EB 
above  a  given  nisgnitude  has  a  given  ratio  to 
D  :  Let  this  given  magnitude  be  EF ;  therefore 
FB  the  excels  of  EB  above  EF  has  a  given  ra- 
tio to  D  :*  And  AF  is  giveOi  b^cAufc  A£^  EF 
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are  given :  Therefore  FB  the  excefs  of  AB  sibove  a  gitea  ma^ 
nicude  AF  has  a  given  ratio  to  D." 

PROP.    XXVIII.  M- 

TFtwo  lines  given  in  pofition  cut  orte  anothef,  the    sceN. 

point  or  points  in  which  th6y  cut  one  another  are 
given. 

Let  two  lines  AB»  CD  given  in  policion  cut  one  another  in 
the  point  £ ;  the  point  £  is  gi- 
ven.  C/ 

Becaufe^  the   lines  AB,  CD 
are  given  in  pofition,  they  have     J^  Ny*  ■  J^       ^     ^^^ 

always  the  fame  fituation  a,  and 
therefore  the  pointy  or  points 
in  which  they  cut  one  another 
have  always'  the  fame  fituation : 
And  bccaufe  the  lines  AB,  CD  Jti^  ^ 
can  hie  found  a,    the  point,    or  / 

points, .  in  which  they  cut  one  O  H 

another,    are  likewife  found  ;         -    . 
and  therefore  are  given  in  po/ition  ^ 

PROP.    XXIX.  »«i 

* 
I 

tF  the  extremities  of  a  ftraight  litre  be  given  in  pofi- 
tion J  the  ftraight  line  is  given  in  pofition  and  mag- 
nitude. 

• 

Becaufe  the  extremities  of  the  ftraight  line  are  given,  they 
can  be  found  ^  :  let  thcfe  be  the  points    A,  B,   between  which  a  4.  dei^ 

a  ftraight  line  AB  can    be  drawn  b;   ^  .^^    b  t.  Po(|fl« 

this  has  an   invariable   pofition,    be-  "  ii      ***• 

caufe  between  two  given  points   there 

can  be  drawn  but  one  ftraight  line  s  And  when  the  ftraight  line 

AB  IS  drawn,  its   magnitude  is  at  the  far»e  time  exKibited,  or 

given  :  Therefore  the  ftraight  line  AB  is  given  in  pofition  and 

magnitude* 

Bba  PROP. 
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»r-  PROP.    XXX. 

tF  one  of  the  extremities  of  a  ftraight  line  given  ill 
pofition  and  magnitude  be  given  j  the  other  extre- 
mity Ihall  alfo  be  given. 

Let  the  point  A  be  given,  to  wit,  one  of  the  extremities  of 

a  ilraight  line  given  in  magnitude,  and  which  lies  in  the  ftraight 

'    line  AC  given  in  poiition ;  the  other  extremity  is  alfo  given. 

Bccaufc  the  ftraight  line  is  given  in    magnitude,  one  eqaal 

t  t.  dcf.  to  it  can  be  found  a  ;  let  this  be  the  ftraight  line  D  :  From  the 

greater  ftraight    line  AC  cut  off  AB  ^  Tt        O 


equal  to    the  lefler  D :  Therefore  the 
other  extremity  B  of  the  ftraight  line 
AB  is  found  :  And  the  point  B  has  a!-  Ij 
wfiys  the  fame  iitnacion;   becaufe  any 


rtM*. 


Other  point  in  AC,  upon  the  fame  fide  of  A,  cuts  off  bctwcca 
it  and  the  point  A  a  greater  or  lefs  ftraight  line  than  AB,  that  is, 
b  4.  dcf.  ihan  D:  Therefore  the  point  B  is  given  ^  :  And  it  is  plain  an- 
other fuch  point  can  be  found  in  AC  produced  upon  the  other 
iide  of  ihe  point  A. 

»«•  PROP.    XXXI. 

TF  a  ftraight  line  be  drawn  through  a  given  point  pa- 
rallel to  a  ftraight  line  given  in  poiition ;  tliac  ftraight 
*     line  is  given  in  poiition. 

Let  A  be  a  given  point,  and  BC  a  ftraight  line  given  in  pofi- 
tion ;  the  ftraight  line  drawn  through  A  parallel  to  BC  is  givea 
in  pofttion. 

Through  A  draw  a  the  ftraight  line  nr^  h^         xf 

DAE   parallel    to  BC  ;    the   ftraight  **L 5= =* 

line  DAE   has  always  the  fame  polF*--  ^ 

tion»  becaufe    no  other  ftraight  line  B  V 

can  be  drawn  through  A  parallel  to 

BC  ;  Therefore  the  ftraight  line  DAE  which  has  been  found  is 
b  4-  ^«f'  civen  l»  in  poiition. 

PROP. 
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PROP.  xxxn.  »». 

JF  a  ftraight  line  be  drawn  to  a  given  point  in  a 
ftraight  ;line  given  in  pofition,  and  makes  a  given 
angle  with  it}  that  ftraight  line  is  given  in  pofition. 

Let  AB  be  a  ftraight  line  given  in  pofition,  aad  C  a  givea 
poin  in  it,  the  ftraight  line  drawn 
to  C  which  nriake$  a  given'  angle 
with  CB,  is  given  in  pod c ion. 

Becaufe  the  angle  is  given,  one  i  /  ^ 

equal  to  it  can  be  found  *;  let  this  \^  /A/^  *  *'  ^^ 

be  the  angle  at  D,  at  the  given  \I^ 

point  C  in  the  given  ftraight  line  A»  C         .       B    i,  ^    , 

AB  make  h  the  angle  EcS  equal 

to  the  angle  at  D  ;  Therefore  the 

ftraight  line  EC  has   always   the 

fame  fi^uation,  becaufe  any  other 

ftraight   line    FC    drawn   to   the 

point  C  makes  with  CB  a  greater  or  le£  angle  than  the  angle 

£CB  or  the  angle  at  D  :  Therefore  the  ftraight  line  EC,  which 

has  been  found,  is  given  in  pofition. 

It  is  to  be  obferved,  that  there  are  two  ftraight  lines  EC, 
GC  upon  one  fide  of  AB  that  make  equal  angles  with  it,  and 
which  make  equal  angles  with  it  when  produced  to  the  oiher 
fide. 

PROP.     XXXIIL  3n 

TF  a  ftraight  line  be  drawn  from  a  given  point,  to 
a  ftraight  line  given  in  pofition,  and  makes  a  gi- 
ven angle  with  it ;  that  ftraight  line  is  given  in  po- 
fition. 

From  the  given  point  A,  let  the  ftfaight  line  AD  be  drawn 
to  the  ftraight  line  BC  given  in  pofition,  and  niake  with  it  a 
given  angle  ADC ;  AD  is  given  in  po*  -r*  a  «;« 

iiiion.  ^  f^  \^ 

Thro'  the  point  A,  draw  ^  the  ftraight  ^\ 

H  Ibe  EAF  parallel  to  BC;  and   becaufe  \ 

thro'  the  given  point  A  the  ftraight  line  ^       '  ^  ^ -^ 

EAF  is  drawn  parallel  to  BC  uhich  is  *^  A)        C 

given  in  pofition,  EAF   is  therefore  given  in  pofition  ^:  And  b  3i.d«u 
becaufe  the  ftraight.  line  AD  meets  the  parallels  BC;  £F,  the 

B^  b  ^  ^£i}« 
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I 

c  *fi'  It     angle  EAD  is  cqaal  c  to  the  angle  ADC  ;  and  ADC  is  given, 

♦  wherefore  alfo  the  angle  EAD  is  given :    Therefore,  becade  the 

ilraight  line  DA  is  drawn  to  the  given  point  A  in  the  ftraight 

line  £F  given  in  pofitipn,  and  makes  with  it  a  given  angle  EAD, 

4  3  ft.  dat,  AJP  is  given  ^  in  pofition.  : 

» 

3    ^  PROP.     XXXIV. 

fipc  N-    jp  ft.Qni  a  given  point  to  a  ftraight  line  given  in  pofi- 
tion*, a  ftraight  line  be  drawn  which  is  given  in  mag- 
,    nitude  ;  the  fame  is  alfo  given  in  pofition. 

Let  A  be  a  given  point,  and  BC  a  ftraight  line  given  in  pofi- 
tion, a  Oraight  line  given  in  magnitude  drawn  from  the  polol 
.  A  to  BC  is  given  in  pofition. 

Bccaufe  the  flraight  line  is  given  in  magnitude!  one  eqoalto 

1^  I.  det    it  can  be  found  h  ;  let  this  be  the  flraight  line  D  :  From  the 
point  A  draw  AE  perpendicular  to  BC ;  and 
^ecaufe  AE  is  the  fhortcfl  of  all  the  ftraight  A 

lines  which  can  be  drawn  from  the  point  A 

to  BC,  the  flraight  line   D,  to  which  one 

equal  is  to  b?  drawn  from  the  point  A  to  n  1?       f^ 

BC,  cannot  be  Icfs  than  AE.     If  therefore  ^  ^ 

D  be  equal  to  AE,  AE  is  the  flraight  line 
given  in  magnitude  drawn  from  the  given  point  A  toBC :  And 

k  33*  dat*  it  is  evident  that  AE  is  given  in  pofition  b,  becaufe  it  is  drawn 
from  the  givc'n  point  A  to  BC  which  is  given  in  pofition,  and 
makes  with  BC  the  given  an^le  AEC. 

But  if  tha  flraight  line  D  b^  not  equal  to  AE,  itmuftbe 
greater  thanf  it :  Produce  AE,  and  make  AF  equal  to  D  ;  and 
from  the  centre  A,  at  the  diflance  AF,  defcribe  the  circle  GFH, 
and  join  AG,  AH  ;  Becaufe  the  circle  GFH  is  given  in  pofi 

c  tf.  def.    lion  s  and  the  ftraight  line  BC  is  alfo  given  in  pofition ;   there 

d  a8.  dat,  fo»'e  ^heir  ipterfed^ion  G  is  given  4  ;  a 

and   the  point  A   is  given  ;   where-  y 

c-»9.  dat.  fore  AG  is  given  in  pofition  ?,  that  n     Ct-xJ^ 
is,  the  flraight  line  AG  given   in 
magnitude   (for  it  is  equal  to  D] 
and  drawn  from  the  given  point  A  J) 

ip  I  he  flraight  line  BC  given  in  pofition,  is  alfo  given,  in  pofi- 
tion :  And  in  like  manner  AH  is  given  in  pofition :  Therefore 
ip  this  cafe  t{iere  ^re  two  ftraight  line^  AQ,  AH  of  the  fame 
/  given 


L 
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f^vta  magDitode  which  can  be  drawa.  from  a  giTCQ  point  A  to 
9  ftraight  line  BC  given  in  portion. 

PROP.    XXXV.  3». 

TF  a  ftraight  Ime  be  drawn  between  two  parallel 
ftraight  lines  given  in  pofition,  and  makes  given 
angles  with  them  j  the  ftraight  line  is  given  in  mag- 
nitude. 

Let  the  ftraight  line  EF  be  drawn  between  the  parallels'  AB, 
CD  which  are  given  in  pofition,  and  make  the  given  angles 
BEF,  EFD  :  EF  is  given  in  roagpitude.    ,      ' 

In  CO  take  the  given  point  G,  and  through  G  dr.iw  >  GHa  31.  i. 
parallel  to  EF  :  And  becaufe  CD  meets  the  parallels  GH,   EF, 
the  angle  EFD   is  equal  l>  to  the  angle  b  »9.  i. 

HGD  :    And  EFD  is  a  given   angle  ;  A  E  H     B. 

wherefore  the  angle  HGD  is  given  :  And         '  ~  " 
becaufe  HG  is  drawn  to  the  given  point 

G  in  the  ftraight  line  CD  given  in  pofi- 

tion,  and  makes  a  given  angle  HGD  ;  jni         n     ^        y^ 

the    ftraight  line  HG  is  given  in  pofi-  V      %J^       U 

tion  c  .  And  AB  is  given  in  pofition  ;    therefore  the  point  H  i$c  j*.  dit. 

given  d  ;   and  the  point  G  is  alfd  given,  wherefore  GH  is  given  d  »8.  dat. 

in  magnitude  c  :  And  EF  is  equal  to  it  j  therefore  EF  is  given  c  ap-  dau 

in  magnitude. 

PROP.    XXXVI.  3^. 

TF  a  ftraight  line  given  in  magnitude  be  drawn  be-^  sccN^ 

tween  two  parallel  ftraight  lines  given  in  pofition ;. 
it  fliall  make  given  angles  with  the  parallels. 

Let  the  ftraight  line  EF  given  in  magnitude  be  drawn  be- 
tween the  parallel  ftraight  lines  AB,   CD  ^  --   -—  — ^ 
vhich  arc  given  in  po$.tion ;  the  angles  ^         IL   rl   l^ 
AEF,  EFC  (hall  be  given. 

]3ecaufe  EFIs  given  in  magnitude,  a 
ftraight  line  equal  to  it  can  be  found  *  ;  I      \  »  «.  dc£ 

let  this  be  G  :    In  AB  take  a  given  point  q  F    K   D 

H»  and  from  it  draw  ^  HK  pcrpendicu-      ^    b  u. 

hx  to  CD  f  Theccforc  the  ftraight  line  G,      *-* 

B  b  4  thai 
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rhat  18,  EFrcannot  he  lefs  than  HK :  And  if  G  be  equal  to  HK| 
£F  alfo  is  eqnal  to  it ;  wherefore  £F  is  at  right  angles  to  CD  f 
for  if  it  be  nor,  £F  would  be  greater  than  HK,  which  is  abfurd: 
Therefore  the  angle  EFD  is  a  right,  and  cooicquently  a  giveo, 
angle. 

But  if  the  flraight  line  G  be  not  ^qnal  to  HK»  it  muft  be 
greater  than  it :  Produce  HK,  and  take  HL»  equal  to  G ;  and 
from  the  centre  H.  at  the  diflance  HL,  defcribe  the  circle^ 

c  6.  dcf.  MLN.  and  join  HM,  HN :  And  becaufe  the  circle  c  MLN. 
and  the  fti  aigbt  line  CD  are  given  in  pofiuon,  the  points  M» 

d  »8.  dat,  N  are  d  given  ;  and  the  point    a  ^j-,  tt         -e 

H   is  given ;    wherefore  tl\e  A      ,      E H         P 

ftraight   lines  HM,  HN  are 

c  »p.  dat,  given  in  pofition  c  ;    And  CD 

is  given  in  pofition  ;  therefore  _ 

the  angles  HMN,  HNM  arc  fj      xf^ ^\fTr" 

f  A.  dpf.    given   in   pofition  f :  Of  'the  ^-^  l  X  |^ 

ftraight  lines  HM,   HN,    let  G 

HN  be  that  which  is  not  parallel  to  EF,  for  EF  cannot  be  paral- 
lel lo  both  of  them ;  and  draw  EO  parallel  to  HN  :   EO  ihcrc- 

2  34.  X.  fore  is  equal  g  to  HN, ,  that  is,  to  G  ;  and  EF  is  equal  to  G» 
wherefore  EO  is  equal  to  EF,  and  the  angle  EFO  to  the  angle 

h  ap.  1.  EOF,  that  is  h,  to  the  given  angle  HNM,  and  becaufe  the  angle 
HNM  which  is  equal  to  the  angle  EFO  or  EFD  has  been  found, 
therefore  the  angle  EFD,  that  is,   the  angle  AEF,  is  given  in 

k  I.  dcf.    magnitude  k ;  and  cohfequentiy  the  angle  EFC. 

^-  PROP.    XXXVII, 

JF  a  ftraight  line  given  in  magnitude^  be  drawn  from 
a  point  to  a  ftraight  line  given  in  pofition,  in  a  gi- 
ven angle  ;  the  ftraight  line  drawn  through  that  point 
parallel  to  the  ftraight  line  §iven  in  pofition,  is  given 
in  pofition. 

Let  the  (Iralght  line  AD  given  in  magnitude  be  drawn  from 
the  point  A  to  ihe  ftraight  line  BC  given  in 
pofition,    in    the    given   angle    ADC;    ihcE        A.   H  T* 
ftraight  line  EAF  drawn  through  A  parallel 
to  BC  is  given  in  pofition. 

In  BC  take  a  given  point  G,  and  draw  GH 
parallel  to  AD  :    And  becaufe  HG  is  drawn  n      T%    G    C 
to  a  given  point  G  in  the  ftraight  line  BC  gi-  "    "    ^ 

ten 
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vn  m  pofitioD,  in  a  given  angle  HGC,  for  ir  is  equal  >  to  the  a  if.  i. 
[  pvco  angle  ADC  ;    HG  is  given  in  pofition  b ;  bnt  it  is  given  b  3»*  ^^ 
iaUb  in  magnitude,  becaufe  it  is  equal  to  c  AD  which  n  given  inc  34*  i* 
magnitude  ;  therefore  becaufe  G  one  of  the  extremities  of  the 
ftraight  line  GH  given  in  pofition  and  magnitude  is  given,  the 
other  extremity  H  is  given  ^ ;  and  the  ftraight  line  £aF,  which  d  30.  dau 
'  is  drawn  through  the  given  point  H  parallel  to  BC  given  in  po- 
:  fitioo,  is  therefore  given  « in  pofition.  e  31.  dat« 


PROP.    XXXVIII. 

TF  a  ftraight  line  be  drawn  from  a  given  point  to  two 
parallel  ftraight  lines  given  ih  pofiticHi  ;  the  ratio  of 
the  fegments  between  the  given  point  and  the  parallels 
Ihall  be  given. 

Let  the  ftraight  line  £FG  be  drawn  from  the  given  point  £ 
to  the  parallels  A6>  CD ;  the  ratio  of  £F  to  EG  is  given. 

From  the  point  £  draw  £HK  perpendicular  to  CD  ;  and 
beaufe  from  a  given  point  £  the  ftraight  line  £K  is  drawn  to 
CD  which  is  given  in  pofition,   in  a  given  angle  £KC' ;  £K  is 

A     F  H 

A     F/  IH       B 


3«> 


C  K  G   n 

C  G     K         D 

given  in  pofition  «  ;  and  AB,  CD  are  given  in  pofition  ;  there*  a  3$.  diti 
fore  b  ihc  points  H,  K  arc  given  :  And  the  point  E  is  given  ;  b  xt.  dat* 
wherefore  <=  £H,  £K  are  given  in  magnitude,  and  the  ratio  d  of  c  ^9.  dai» 
them  is  therefore  given.  But  as  £H  to  EK,  fo  is  £Fto  EG.  bc-^  '•  ^«- 
caure  AB,  CO  are  parallels  ;  therefore  the  ratio  of  £F  to  EG  is 
given. 

PROP,     XXXIX.  35. 3*. 

JF  the  ratio  of  the  fegments  of  a  ftraight  line  between    scc  n. 

a  given  point  in  it  and  two  parallel  llruight  lines,  be 
given  ;  if  one  of  the  parallels  be  given  in  pofition,  the 
Qther  is  alfo  given  in  polition. 

Frotu 
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From  the  given  point  A,  let  the  ftraiglit  line  AED  be 
to  the  two  parallel  ftraight  lines  FG,  BC,  and  let  the  ratio 
the  fegments  AE,  AD  be  given  ;  if  one  of  the  parallels  BCbe 
given  in  poiition,  the  other  FG  is  alfo  given  in  pofition. 

From  the  point  A,  draw  AH  perpendicular  to  BC»  and  letj 
it  meet  FG  jn  K  >:  and  becauie  AH  is  drawn  from  the  given^ 
point  A  to  the  ftraight  line  BC  given  in  pofition,  and  makes  i| 


PE  K 


K  G 


B     D      H    C 

* 

a  33.  dat.  given  angle  AHD  ;  AH  is  given  a  in 
poiition ;  and  BC  is  likewife  given  in 
pofition,  therefore  the  point  H  is  gi-  D 

b  18.  dat.  ven  b ; .  The  point  A  is  alfo  given  ;    *" 

s  >9.  dat.  wherefore  AH  is  given  in  magnitude  S 
and,  becaufe  FG,   BC  are   parallels, 

as  AE  to  AD,  fo  is  AK  to  AH  ;  and    — ^ 

the  ratio  of  AE  to   AD  is  given,  F       E   .        KL      0 
wherefore  the  ratio  of  AK  to  AH  is  given  ;    but  AH  is  given 

d  %•  dat.  in  magnitude,  therefore  ^  AK  is  given  in  magnitude  ;   and  it  ii 

c  30.  dat.  alfo  given  in  pofition,  and  the  point  A  is  givea ;  wherefore  c 
the  point  K  is  given.  And  becaufe  the  Araight  line  FG  is^drawn 
through  the  given  point  K  parallel  to  BC  which  is  given  in  p(K 

1 31.  d^t.  fition,  therefore  ^  FG  is  given  in  pofition. 


37.  38. 
$eeN. 


PROP.     XL. 

TF  the  ratio  of  the  fegments  of  a  ftraight  line  into 
which  it  is  cut  by  three  parallel  ftraight  lines,  be  gi- 
ven ;  if  two  of  the  parallels  are  given  in  pofition,  the 
third  alfo  is  given  in  pofition. 

Let  AB,  CD,  HK  be  three  parallel  ftraight  Hnes,  of  which 
AB«  CD  are  given  in  pg  fit  ion  i    and  let  the  raiio  of  the  6g- 


DATA. 


39 


ments  GE,   GP  into  which  the  ftraight  line  GEF  is  cut  by  the 
three  parallels,  be  given  ;  the  third  parallel  HK  is  given  in  pofi- 

lion.    • 

In  AB  take  a  giveh  point  L.  'and  drawLM  perpendicular 
to  CD,  meeting  HK  in  N  ;    becaufe  LM  is  drawn  from  the  gi- 
ven point  L  to  CD  which   is  given  in  pofiiion  and  makes  a  gi- 
ven angle  LMD  ;  LM  is  given  in  pofition  a  ;    and  CD  is  given  a  33.  dau 
m  pofition,  wherefore  the  point  M  is  given  l> ;  and  the  point  Lb  aS.  dat. 
is  given,  LM  is  therefore  given  in  magnitude  c  ;    and  becaufe  c  19.  dit. 
the  raiio  of  GE  to  OF  is  given,  and  as  GK  to  GF,  fo  is  NL  to 

H     G  N_K  A     E      LB 

T 


dat. 


NM  ;  the  ration  of  NL  to NM  is  given;    and  therefore d  the     rC3or, 
ratio  of  ML  to  LN  is  given  ;  but  LM  is  given  in  magnitude,^  j^'T 
wherefore  «  LN  is  given  in  magnitude  ;  and  it  is  alfo  given  in^  j^  jat* 
pofition^  and  the  point  L  is  given  ;    wherefore  f  the  point  N  isf  30.  dat. 
given  ;  and  becaufe  the  ftraight  line  HK  is  drawn  through  the 
given  point  N  parallel  to  CD  which  is  given  in  pofition,  there- 
fore HK  is  given  in  pofition  g,  g  31.  dau 


PROP.    XLL 

TF  a  ftraight  line  meets  three  parallel  ftraight  lines 
which  ^re  given  in  pofition  j  the  fegments  into  which 
they  cut  it  have  a  givpn  ratio. 

Let  the  parallel  ftraight  lines  AB,  CD,  EF  given  in  pofition 
be  cut  by  the  ftraight  line  GHK  ;    the  ratio  of  GH  to  HK  is 

given. 

In  AB  take  a  given  point  L,  and  . 
draw  LM  perpendicular  to  CD,  meet-  *Sm 
jng  EF  in  N ;  therefore  a  LM  is  given 
in  pofition  ;  and  CD,  EF  are  given  C^ 
in-  pofition,   wherefore  the  points  M, 
Nare  given  :  And  the  point  L  is  given  ; 
therefore b the  ftraight  lines  LM,  MN  j-P-^  1^, 

ar«  ciyen  ii^  ina|nitvide ;  and  the  ratio  1^    IS.         JM 


G 
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a  33,  dit. 
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f*  I.  dat.  of  LM  to  MN  is  therefore  given  « :  Bot  as  LM  to  MN,  So  n 
GH  to  HE ;  wherefore  the  ratio  of  GH  to  HK  is  given. 


teN. 


^  8. 


I. 


S''  PROP.    XLH. 

TF  each  of  the  fides  of  a  triangle  be  given  in  magm* 
tude ;  the  triangle  is  given  in  fpecies. 

Let  each  of  the  fides  of  the  triangle  ABC  be  given  in  ina{ 
'     nitude  ;  the  triangle  ABC  is  given  in  fpecies. 
%  9A.  I.        Make  a  triangle  a  DEF  the  fides  of  which  are  eqnal, 

to  each,  to  the  given  firaight  lines  AB,  BC»  CA  ;  which  caal 
be  done,  bccaufe  any  two  of  them  muft  be  greater  thkn  tboi 
third ;  and  let  DE  be  e- 

qual  to  AB,  EF  to  BC,  A.  -     D 

and  FD  to  CA  ;  and  be* 
caufe  the  two  fides  ED, 
DF  are  equal  to  the  two 
BA,  AC,  each  to  each, 
,  and  the  bafe  £F  equal  to  Q 
the  bafe  BC ;  the. angle 

EDF  is  equal  h  to  the  angle  BAC;  therefore,  bccaufe  the  9Xkfjm> 
EDF,  which  is  equal  to  the  angle  BAC,  has  been  found, 
c  I.  del  angle  BAC  is  given  c,  in  like  manner  the  angles  at  B,  C  are[ 
given.     And  becaufe  the  fides  AB,  BC,  CA  are  given,  tbeii 
d.  I.  dat.  ratios  to  one  another  are  given  ^,  therefore  the  triangle 
'      *s  given  e  m  fpecies. 

♦••  PROP.    XLin. 

tF  each  of  the  angles  of  a  triangle  be  given  in  magnt'*M 
tude ;  the  triangle  is  given  in  fpecies.  ' 

Let  each  of  the  angles  of  the  triangle  ABC  be  given  in  n»£« 
nitude  ;  the  triangle  ABC  is  given  in  fpecier. 

Take  a  (Iraight  line  D  E  given  in 
pofition  and  magnitude,  and  at  the 
m  »|.  X.  points  D,  £  make  ^  the  angle  EDF 
equal  to  the  angle  BAC,  and  the 
angle  DEF  equal  to  ABC ;  there- 
fore the  other  angles  EFD,  BCA  B  C  E  F 
arc  equal ;  and  each  of  the  angles  at  the  poinu  A|  B»  C,  is  gi* 
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%en,  wherefore  each  of  thofe  at  the  points  D,  E,  F  is  given  : 
[And  ^  becaufe  the  ftraight  line  FD  is  drawn  to  the  given  point 
bl)  in  D£  which  is  given  in  pofition,  making  the  giveti  angle  _ 

[XDF  ;  therefore  DF  is  given  in  pofiiion  b.     In  like  manner  EF    ***  ^'^ 
•.  alfo  is  given  in  poiition ;  wherefore  the  point  F  is  given  :  And 
'  the  points  D,  E  are  given  ;  therefore  e^ch  of  the  ftraight  lines 

!>£,  £F,  FD  is  given  c  in  magnitude ;  wherefore  the  triangle  c  19.  dat. 

DKF  is  given  in  ipeciesd;  and  it  is  iimilar  « to  the  uiaogle^  4^' ^^^'^ 

ABC ;  which  therefore  is  given  in  fpecies.  ^  S^'  ^^ 

PROP.  xLiv.  ;«• 

TF  one  of  die  angles  of  a  triangle  be  given,  and  if  the  , 

fides  about  it  have  a  given  ratio  to  one  another  ;  the 
triangle  is  given  in  fpecies. 

Let  the  triangle  ABC  have  one  of  its  angles  BAC  given,  and 
let  the  fides  BA,  AC  about  it  have  a  given  ratio  to  one  another ; 
the  triangle  ABC  is  given  in  fpecies. 

Take  a  ftraight  line  D£  given  in  pofition  and  magnitode^ 
mod  at  the  point  D  in  the  given  ftraight  line  DE,  make  the 
angle  EDF  equal  to  the  given  angle  BAC;  wherefore  the 
angle  EDF  is  givbn ;  and  becaufe  the  ftraight  line  FD  is  drawn 
to  the  given  point  D  in  ED  which  is  given  in  pofition,  making 
the  given  angle  EDF ;  therefore  FD  A 

1$  given  in  poiition  a.     And  becaufe  ^|  ^  ^^ 

the  ratio  of  BA   to  AC  is  given,  *^ 

make  •the  ratio  of  ED  to  DF  the 
fame  with  it,  and  join  EF ;  and  be- 
caufe the  ratio  of  ED  to  DF  is  gi-   B  C      B       F 
ven,  and  £D  is  given,  therefore  bDF  is  given  in  magnitude  ;b  %,  di& 
and  if  is  given  alfo  in  pofition,  and  the  point  D  is  given,  where- 
fore the  point  F  is  given  c ;    and  the  points  D,  JE  are  given,  c  jo.  dat. 
wherefore  DE,  EF,  FD  are  given  d  in  magnitude ;    and  the  *  ^9-  dar. 
triangle  DEF  is  therefore  given  «  tn  fpecies;  and  becaufe  ihcp  4*.  dit. 
triangles  ABC,'  DEF  have  one  angle  BAC  equal  to  one  angle 
EDF,  and  the  fides  about  thefe  angles  proportionals ;  the  tri- 
angles are  ^  fimilar;  but  the  triangle  DEF  is  given  in  fpecies,  £  ^.  4^ 
and  therefore  alfo  the  triangle  ABC. 
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PROP.    XLV. 


See  N.    jF  the  fides  of  a  triangle  have  to  one  another  given  n» 
tios ;  the  triangle  is  given  in  fpecies. 

Lcc  the  fides  of  the  triangle  ABC  have  given  ratios  to  one  Uh 

other,  the  triangle  ABC  is  given  in  fpecies. 

Take  a  ftraigbt  line  D  given  in  magnicude  ;  and  becaufe  the 

ratio  of  AB  to  BC  is  given,  make  the  ratio  of  D  to  E  tbc 
a  %.  dat.  fame  with  it ;  and  D  is  given,  therefore  at  £  is  given.     And  be* 

'caufe  the  ratio  of  BC  to  CA  is  given,  to  this  make  the  ratio 

of  £  to  F  the  fame ;  and  h  is  given,  and  therefore  ^  F ;  and 

becaufe  as  AB  to  BC,  fo  is  D  to  £ ;  by  compofition  AB  and 

BC  together'  are  to  BC,  as  D  . 

and  £  to  £ ;  but  as  BC  to  CA,  A, 

fo  is  £  to  F ;  therefore,  ex  ac- 
k  »»•  s.  quail  b»  as  AB  and  BC  arc   to 

CA,    fo  are  D  and  £  to  F,  and  n 

AB  and  BC  are  greater  c  than 

CA;    therefore   D  and  £   are 

greater  d  than  F.     In   the  fame 

manner  any  two  of  the  three  D, 

£,  F  are  greater  than  the  third. 

Make  c  the  triangle  GHK  whofe 


C  %9,    I. 


d  Al  5. 


D  EF 
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fides  are  equal  to  D,  £,  F,  fo  that  GH  be  equal  to  D,  HK  to 
£,  and  KG  to  F ;  and  becaufe  D,  £,  F  are,  each  ot  them, 
given,  therefore  GH,  HK,  KG  are  each  of  them  given  in  mag- 

f  4s.  dat.  niiude ;  therefore  the  triangle  GHK  is  given  ^  ia  fpecies :  But 
as  AB  to  BC,  fo  is  (D  to  £,  that  is)  GH  to  HK ;  and  as  £C  lo 
CA,  fo  is  (£  to  F,  that  is)  HK  to  KG;  therefore,  ex  :)cquaii» 

J  5.  tf,  as  AB  to  AC,  fo  is  GH  to  GK.  Wherefore  g  the  triangle  ABC 
is  equiangular  and  fimilar  to  the  triangle  GHK;  and  the  tri- 
angle GHK  is  given  in  fpecies ;  therefore  alio  the  triangle  AiC 
is  given  in  fpecies. 

CoR.  If  a  triangle  is  required  to*bc  made  the  Ccics  of  hL-cIi 
/hall  have  the  fame  ratios  which  thicr  given  fli<iight  lines  0. 
£,  F  have  to  one  another;  it  is  neccfiary  that^evciy  two  J 
them  be  greater  than  the  third. 
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PROP,    XLVI.       '  4j. 

tF  the  fides  of  a  right  angled  triangle  about  one  of  the  • 
acute  angles  have  a  given  ratio  to  one  another  j  the 
triangle  is  given  in  fpecies. 

Let  the  fides  AB,  BC  about  the  acute  angle  ABC  of  the  tri- 
angle ABC,  which  has  a  right  angle  at  A,  have  a  given  ratio  to 
6oe  another ;  the  triangle  ABC  is  given  in  fpecies. 

Take  a  ftraight  line  DE  given  in  pofition  and  magnitude  ; 
and  becaufe  the  ratio  of  AB  to  BC  is  given,  make  as  AB  to 
BC,  ib  D£  to  £F ;  and  becaufe  DE  has  a  given  ratio  to  £F, 
and  DE  Is  given,  therefore  ^  £P  is  given;  and  becaufe  as  ABa  %.  dzu 
lo  BC,  fo  is  DE  to  EF  ;  and  AB  is  lefs  b  than  BC.  therefore  b-  ]9- 1. 
DE  is  lefs  c  than  EF.  From  the  point  D  draw  DG  alright  angles^'  ^  *• 
to  DE,  and  from  the  centre  £ 
at  the  diftance  EF  defcribe  a 
circle  which  (hall  meet  £)G  in 
two  points;  let  G  be  cither  of 
them,  and  join  tG;   there- 
fore the  circumference  of  the 
circle  is  given  d  in   pofition  ;     '        *^  '  ^^   d  6.  del 

and  the  ftraight  line  DG  is   given  c  in   pofition,  becaufe  it  is*  3*-  ***** 
'drawn  to  the  given  point  D  in  D£  given  in  pofition,  in  a  given  ^ 
aogle ;  therefore  ^  the  point  G  is  given ;  and  the  points  D,  E  f  i9.  dat. 
arc  given,  wherefore  DE,  EG,  GD  are  given  g  in  margnitude,  g  *'  ^"' 
and  the  triangle  DEG  in  fpecies  h.     And  becaufe  the  triangles    ** 
ABC.  DEG  have  the  angle   BAC  equal  to  the  angle  EDG, 
and  the  fides  about  the  angles  ABC,  DEG  proportionals,  and         ^ 
each  of  the  other  angles  BCA,  EGD  lefs  than  a  right  angle  ; 
the  triangle  ABC  is  equiangular  >  and   fimilar  to  the  triangle  »  7.  ^• 
DEG ;  But  DEG  is  given  in   fpecies ;    therefore  the   triangle 
ABC  is  given  in  fpecies :  And  in  the  fame  manner,  the  triafngle 
made  by  drawing  a  ftraight  line  from  £  to  the  other  point  io 
which  the  chcle  meets  DG  is  given  in  fpecies* 


PROP. 
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I 

^  PROP.    XLVfl. 

^eN.    TF  a  triangle  has  one  of  its  angles  which  is  not  a  right 
angle  given,  and  if  the  fides  about  another  angle  have 
a  given  ratio  to  one  another  ;  the  triangle  is  given  in 
•fpecies. 

Let  the  triangle  ABC  have  one  of  its  angles  ABC  a  givea 
but  not  a  right  angle,  and  let  the  fides  BA,  AC  about  another 
angle  BaC  have  a  given  ratio  to  one  another ;  the  triao^ 
ABC  is  given  in  fpecies. 

Firft,  Let  the  given  ratio  be  the  ratio  of  e- 
quality^  that  is,  let  the  fides  BA,  AC^  and 
confequently  the  angles  ABC,  ACB,  be  equal ; 
and   be(;aui'e  the  angle   ABC   is   given,    the 

ft  3».  I.     angle  ACB,   and  alio  the  remaining  »  angle 
BAC  is  given  ;  therefore  the  triangle  ABC  is 

b  43*  dat.  given  ^  ia  fpecies :  And  it  is  evident  that  in  this  B 
^  cafe  the  given  angle  ABC  muft  be  acute. 

Next,  Let  the  given  ratio  be  the  ratio  of  a  lefs  to  a  £reater« 

that  is,  let  the  fide  AB  adjacent  to  the   given  angle  be  le& 

»  than  the  fide  AC  :  Take  a  ftraight  line  D£  given  in  pofitioa 

and  magnitude,  and  make  the  angle  D£F  equal  to  the  given 

c  3».  dat.  angle  ABC ;  therefore  EF  is  given  ^  in  pofition  ;  and  becauie 
the  ratib  of  BA  to  AC  is  given, 
as  BA  to  AC,  fo  make  £D  to  . 
DG ;  and  becaufe  the  ratio  of 
£D  to  DG  is  given,  and  £D  is 
given,  the  firaight  line  DG  'is  gi- 
ven d;  and  BA  is  lefs  than  AC, 

4  »«  dit.    therefore  £D  is  lefs  c  than  DG. 

«  A.  ^.  From  the  centre  D,  at  the  diftance 
DG  defcribe  the  circle  GF  meet- 
ing £F  in  F,  and  join  DF ;  and 

f  6.  def.  becaufe  the  circle  is  given  f  in  po- 
fition, as  alfo  the  (Iraight  line  EF, 

g  iB.  dac.  the  point  F  is  given  g  ;   and  the  ^ 
points  D,  E  are  given*  wherefore  u 

h  ip.  dat.  the  ftraight  lines  DE,   EF,   FD 

IcVa.  I?*  ^^^  8*^^^  ^   '°    magnitude,     and  the  triangle    DEF   in  fpc- 

1  I.  7.  I.  cies  i,  and  becaufe  BA  is   lefs  than  AC,  the  angle   ACB  ii 

lefs  k  than  the  angle  ABC,    and  therefore  ACB  is  lefs  ^  tlaa 

2  a 
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t  right  attgle.  In  the  fame  maaner,  becaafe  ED  it  leis  thaii 
DG  or  DF,  tt&e  angle  DF£  is  leis  than  a  right  angle :  And  be- 
caafe the  triangles  ABC,  DEF*  have  the  angle  ABC  equal  to 
the  angle  DEF,  and  the  fides  about  the  anglds  BAC,  EDF 
proportjonalsj  and  each  of  the  other  angles  aCB,  DFE  leis 
than  a  right  angle ;  the  triangles  ABC»  DEF  are  m  fimilar,  and  m.  t*  tf^ 
DEF  is  given  in  fpecies,  wherefore  the  triangle  ABC  is  alfo  gi« 
ven  in  fpecies. 

Thirdly,  Let  the  given  ratio  be  the  ratio  of  a  greater  to  a 
left,  that  is,  let  the  fide  AB  adjacent  to  the  giveti  angle  be 
greater  than  AC  ;  and,  as  in^  the  laft 
cafe,  take  a  itraight  line  DE  given  in 
pofition  and  magnitude,  and  make  the 
angle  DEF  equal  to  the  given  angle 
Afik^ ;  therefore  £F  is  given  c  in  pofi- 
tion :  AUb  draw  DG  perpendicular  to 
£F  ;  therefore  if  the.  ratio  of  B  A  to 
AC  be  the  fame  with  the  ratio  of  £D 
to  th^  perpendicolar  DG^  the  triangles 
ABC,  DEG  are  fimilar  di,  becaufe  the 
angles  ABC,  DEG  are  equal,  and  DGE 
B  a  right  angle  : '  Therefore  the  angle  j^ 
ACB  is  a  right  angle,  and  the  triangle 
.  ABC  b  given  b  in  fpecies*  h 

But  if,  in  this  Uft  cafe,  thd  giveii  ratio  of  B  A  to  AC  be 
not  the  fame  with  the  ratio  of  £D  lo  DG,  that  is,  with  the 
ratio  of  I^A  to  the  perpendicular  AM  drawn  from  A  to  BG  ; 
the   ratio  of  BA  to  AC  muft  be  lefs  o  than  the  ratio  of  BAo 
to  AM,  becaufe  AC  is  greater  than  AM.    Make  as  B A  to  AC 
fo  £D  to  DH  $  therefore  the  ratio  of 
£D  to  DH  is  lefs  than  the  ratio  of  (BA. 
to  AM,  that  Is,  than  the  ratio  of)  ED 
to  DG ;  and  confequently,  DH  is  great- 
er p  than  DG  ;  and  becaufe  BA  is  great-  Q 
cr  than  AC,   ED  is  greater  c  than  DH.. 
From  the  centre  D    at  the  difiance  DH, 
defcribe  the  circle  KHF  which  necefiari- 
\j  meets   the   ftraight  line  £F  id  two 
poinis,  becaufe  Dli  is  greater  than  DG^ 
and  lefs  than  DE.     Let  the  circle  meet 
£P  in  she  points  F,  K  which  are  given, 

A«  was  (hewn  in  the  preceding  cafe  ;  and,  DF,  DK  being  join- 
ed, the  triaoglespEF,  DEK  are  given  in  fpcclcs,  as  was  there 

C  c  .     .   ihss^4 
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flicwn.  From  the  centre  A,  at  ihe  diilance  AC,  dcfcribc  a  df* 
cle  meering  BC  again  in  L :  And  if  the  angle  ACB  be  left  thin 

•  a  right  angle,  ALB  muft  be  greater  than  a  right  aAgle  :  And 
on  the  contrary.  In  the  fame  manner,  if  the  aligleDFE  be  Ids 
than  a  right  angle,  DKE  muft  be  greater  than  one;  aodon 
the   contrai-f .     Let  c.ich   of  the  angles  . 

'  ACB,  DFE  be  cither  Icfs  or  gfcatcr  than  j^ 

a  right  angle  ;  and  becaufe   in  the  tri- 

'angles  ABC,  DEP  the  angles  ABC, 
DEF  arc  equal,  and  the  fides  BA,  AC,  g 
and  ED.  Db'  about  two  of  the  other 
angles  proportionals,  the  triatigle  ABC 
tt.  7.  5.  is  fimifar.^n  u)  the  triangle  DEF.  In  the 
fame  manner,  the  triangle  ABL  is  fimi- 

la^to  DEK.     Arid  the  triangles,  DEF,     ^^^ 

DEK  are  given  in  fpecies  ;  ihcrcforc'al-  ]^      KT^^Tj^^^T^ 
fo  the  triangles  ABC,  ABL  are  gitren  in  H 

fpecies.  And  from  this  it  is  cTident,  that,  in  this  third  cafe, 
there  arp  always  two  triangles  of  a  different  fpecies,  towhidl 
the  things  mentioned  as  given  in  the  propoiitioa  can  agree. 

•5.  PROP.    XLVIIL 

TF  a  triangle  hus  one  angle  given,  and  if  both  the  Gdcs 
together  about  that  angle  have  a  given  ratio  to  the ; 
remaining  lide ;  the  triangle  is  given  in  fpecies. 

Let  the  triangle  ABC  have  the  angle  BAG   given,  and  kt  the 

fides  BA,  AC  together  about  that  angle  have  a  given  ratio  10 

BC  ;  the  triangle  ABC  is  given  iti  fpecies. 
a  9.  T.  Bifed  a  the  angle  BAC  by  the  (Iraight  tine  AD  ;  tberefoic 

b  9.  6.      the  angle  BAD   is  given.     And  becaufe  as  BA  to  AC,  fo  is^ 

BD  to  DC,  by  permutation,  as  A  B  to  BD, 

fo  is  AC  to  CO  ;  and  as  B  A  and  AC  to* 
c  ift.  5.     gether  to  BC,  fo  is  ^  AB  to  BD.     But  the 

ratio  of  BA  and  AC  together  to  BC  is 

given,  wherefore  the  ratio  of  AB  to  BD 

is  given,  and  the  angle  BAD  is  given  ; 
d  47.  dat.  therefore  <*  the  triangle  ABD  is  given  in 

fpecies,  and  the  angle  ABD  is  therefore  given  i    the  angle  BAC 
e  43.  dat.  is  alto  given,  wherefore  the  triangle  ABC  is  given  in  fpecies  <. 
A  triangle  which  (hall  have  the  things  that  are  mentiooei 

in  the  proportion  to  be  given,  caa  be  found  in  the  f ollovio| 

IBiOfK&  I 
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ntatiner.  Lee  El^G  be  the  given  angle,  and  let  the  ratio  of  H 
to  K  be  the  given  ratio  vhichr  the  (wo  fides  about  the  angle 
EFG  moft  have  to  the  third  fide  of  the  triangle  ;  therefore 

.becaufe  two  fides  of  a  triangle  are  greater  than  the  third  fide, 
the  ratio  pf  H  to  K  muft  be  the  ratio  of  a  greater  to  a  lefs. 
Bifcft*  the  angle  EFO  by  the  ftraight  line  FL.  and  hj  the  a  9-  n 
47th  propofition  find  a  triangle  of  which  EFL  is  one  of  the 
angles^  and  in  which  the  ratio  of  the  fides  about  the  ^ngle  op- 
pofite  to  FL  is  the  fitme  with  the  ratio  of  H  to  K :  To  do 
which,  take  FE  given  in  pofitioo  and  magnitudct  and  draw  EL 
perpendicular  to  FL :  Then  if  the  ratio  of  H  to  K  be  the  fame 
with  the  ratio  of  FE  to  EL,  produce  EL,  and  let  it  meet  FG 
in  P ;  the  triangle  FEP  is  that  which  was  to  be  found :  For  ic 
has  the  given  angle  EFG  :  and 

'  becaufe  this  angle  is  bifedled  by 
FL,  the  fides  EF,  FP  together 

arc  to  EP,  as  ixFE  to  EL,  that  /  VP"^  b  3.  «^ 

is,  as  H  to  K. 

But  if  the  ratio  of  H  to  K 
be  iK>t  the  fame  with  the  ratio 
of  FE  to  EL,  it  jnuft  be  lefs  than 

it,  as  was  (hewn  in  prop.  47.  and  in  this  cafe  there  are  two  tri- 
angles, each  of  which  has  the  given  angle  EFL,  and  the  ratio  of 
the  $dcs  about  the  angle  oppofire  to  FL  the  fame  with  the  ratio 
of  HtoK.  -By^)fH)p,  47.  find  thcfc  triangles  EFM,  EFNcach 
of  which  has  the  angle  liFL  for  one  of  its  angles,  and  the  ratio 
of  the  fide  FE  to  EM  or  EM  the  fame  with  the  ratio  of  H  to  K ; 
and4et-^&  aogle  EMF  be  greater,  and  ENF  lefs  ihan  a  right 
angle.  And  becaufe  ^H  is  greater  than  K,  EF  is  greater  than 
EN,  and  therefore  the  angle  EFN,  that  is,  the  angle  NFG,  is 
lefs  f  than  the  angle  ENF.     To  each  of  thefc  add  the  angles  £  ,,  ^ 

•  NEF,  EFN  ;  therefore  the  angles  NEF,  EFG  are  lefs  than  the  '  ^ 
angles  NEF,  EFN,  FNE,  that  is,  than  two  right  angles  ;  there- 
fore the  flraight  lines  EN,  FG  muft  meet  together  when  produ* 
ced  ;  let  them  meet  in  O,  and  produce  EM  .to  G.  Each  of 
the  triangles,  EFG,  EFO  has  the  things  mentioned  to  be  given 
in  the  propofition  :  For  each  of  them  has  the  given  angle  EFG; 
and  becaufe  this  angle  is  bifcAed  by  the  ftraight  line  FMN,  the 
fides  EF,  FG  together  have  ro  EG  the  third  fide  the  ratio  of 

.  FE  to  EM,  that  is,  df  H  to  K.    In  like  manner,  the  Hdes  EF, 
FO  together  have  to  EO  the  ratio  which  H  has  to  K. 


C  c  ;?  PROP. 
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4<.y  PROP.     XLIX. 

TF  a  triangle  has  one  angle  given,  and  if  the  fides  i* 
bout  another  angle,  bofh  together,  have  a  given  ra- 
tio to  the  third  fide  ;  the  triangle  is  given  in  fpecies. 

Let  the  triangle  ABC  have  one  angle  ABC  given,  and  let  tbe 
two  fides  BA,  AC  about  another  angle  BAC  have  a  given  ratb 
to  Be  ;  rhe  triangle  ABC  is  given  in  fpecies. 

Suppofe  the  angle  BAC  to  be  bife^tcd  hf  the  ftraight  Soe 
AD  ;  BA  and  AC  together  are  to  BC,  as  AB  to  BD,  as  vat 
fhewn  in  the  preceding  proportion.  But  the  ratio  of  BA  and 
AC  together  to  BC  is  given,  therefore  alfo  the  ratio  of  AB  to 

a  44*  dat.  BD  is  given.      And  the  angle  ABD  b  given,  wherefore  t  rbe 
trfangle  ABO  is  given  in  fpecies  ;    and  confcquently  the  angle 
BA  D,  and  its  double  the  angle  BAC 
are  given  ;  and  the  angle  ABC   is  gi- 
ven.    Therefore  the  triangle  ABC  is 

b  43.  dat.  given  in  fpecies  b. 

A  triangle  which  fhall  have  the 
•  things  mentioned  in  the  propofitibn  to 
be  given,  may  be  thus  found.  Let 
EFG  be  the  given  angte,  and  the  ra-  n 
tio  of  H  to  K  the  given  *  ~  " 
by  prop.  44*  find  th< 

which  has  the  angle  EFGr  —«_— 

its  angles,  and  the  ratio  of  the  fides  np  \^        0 

EF,  VL  about  this  angle  the  fame  wiih  *^ 
the  rano  of  H  to  K  ;  and  make  the  angle  LEM  equal  10  Ae 
angle  F£L.  And  becaufe  the  ratio  of  H  to  K  is  the  i«tio  vhidi 
tyro  fides  of  a  triangle  have  to  the  third,  H  muft  be  greater  ibaa 
K  ;  and  bccaufci  EF  is  to  FL,  as  H  to  K,  therefore  EF  is  gretitf 
than  FL,  and  the  angle  FEL,  that  Is,  LEM,  is  therefore  Icfs  th4l 
the  angle  £LF.  Wherefore  the  angles  LFE,  FEM  arc  Icfs  thai, 
tvfo  right  an^.les,  as  was  {hewn  in  the  foregoing  propoiition»  aal 
the  ilraight  lines  FL,  EM  muft  meet  if  prodoced  ;  let  thefl 
meet  in  G»  EFG  is  the  triangle  which  was  to  be  found  ;  fit 
£FG  is  one  of  its  angles,  and  becaufe  the  angle  FEG  is^blicddl. 
by  EL,  the  two  fides  FE,  £G  together  have  to  the  third  Sk 
FG  the  ratio  of  £F  to  FL9  that  is,  the  given  ratio  of  H  to  C* 

FROP. 


f.ven  ratio  ;  and     jj^_.-/7\M 
le  mangle  EFL,     ^     ^X^        /     \ 
EFG  for  one  of       ^^  I       \ 
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tF  from  the  vertex  of  a  triangle  given  in  fpecies,  a 
*  Araigbt  line  he  ^drawn  to  th^  bafe  in  a  given  angle  ; 
it  fhall  have  a  given  ratio  to  tiie  bafe. 

Krom  the  vertex  A  of  the  triangle  ABC  which  is  given  in 
Ipecies,  let  AD  be  drawn  to  the  bafe  BC  in  a  given  aogte  ADB; 
die  ratio,  of  AD  cq  BC  is  given.   ' 

Bec^ufe  the  triangle  AttQ  19  given  in  A, 

4>cci9,  the  angle  AdD  isi  given»  and  the 
a^lc  ADB  is  given  ;  therefore  the  triangle 
ABD  is  given  •»  in  fpecies ;  wherefore  the 
laiio  of  AD  to  AB  is  given.  And  tlie  ratio 
of  AB  to  BC  is  give;i ;  and  therefore  h  the  ^ 
ration  of  AD  to  UC  is  giveii^  ^ 
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CTIL^NEAL  figures  given  in.  {pe.cie«,  are  divided 
into  triangles  which  are- given  in  fpecies. 

• 

Let   the   rcdiline^  figare   ABCDE  be  given  in  Ipecies  ;. 
ABCDE  may  be  divided  into  triangles  given  in  ipcctes* 

Join  BE,  BD  ;  and  becaufc  ABCDE  is  given  in  (pecies,  the 
a^le  BAE  is  givqn  \  and  the  ratio  of  A  •»  s*  ^ef.. 

BA   to   BE  is  given  a ;  wherefore  the  ^^ 

triangle  BAE  is  given  in  fpecies  b,  and  v^   \  b  4^  dat. 

Ac  angle  A£{Lis therefore  given  v  3ut    Ti^({     ^  ^17 

the   whole  angle  AED  is  given,   and    ^  vnJ  /^ 

diercforc  the  remaining  angle  BED   is        f\«^^V^,/t> 
l^ven,  an4  th^  ratio  of  AE  to  EB  is        ^  ^'L# 

^en,  as  aU<^  the  rapo  of  AS  to  ED  ;    therefore  the  i-atio  of 

to  ED>  is  given  ^    And  the  angle  BED  is  given,  wherefore  c  9*  ^K 
fbe   triangle  BED  is  given  h  in  ipecies.     In  the  fame  manner, 
Ac  triangle  BDC  is  given  in  fpecies :   Therefore  reAilineal  fi- 
nres  which  are  given  in  (pedes  arc  divided  ipto  triangles  given, 
igi  fpecies.. 


Qc  ^  ,  PRap< 
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4t:  PROP.  liil.' 

tF  two  triangles  given  in  f^cies  be  defcribedtipon  die' 
fame  (Iraight  line ;  they  ihall  have  a  given  ratio  to 
one  another^ 

I^t  the  triangles  ABC»-  ABD  given  in  fpeeiet  be  defcribed  of- 
on  the  fame  ftraight  line  AB ;  the  ratio  of  the  triaogle  ABC  to 
the  triangle  ABJ)  b  given. 

Thro'  the  point  C,  draw  CE  parallel  to  AB,  and  let  it  meet 
PA  produced  in  %,  and  join  B£.  Becaufe  the  triangle  ABC 
is  given  in  fpecies,  the  angle  BACt  that  is,  the  angle  ACE,  if 
^ven ;  and  l>^aufe  the  triangle  AfiD  is  given  in  fpecies,  the 
angle!  DAB,  thV  u,  vji  p 

the  angle  AEG,  i«  gi-  *^i-- ., -T  J^  M 

vcn^    'rtierefore  the 
triangle  ACE  is  given 
in  fpecics ;  wherefore 
the  ratio  of  EA  to  AC 
a  3  def  '^  given  »,  and  the  ra- 
'  tiOof  CAto  AB  is 
given,  as  alfo  the  ra« 
b  f .  dit.  tio  of  BA  to  AD ;  therefore  the  ratio  of  l»  EA  to  AD  it  pveo« 
937.  I.    ai^d  the  triangle  ACB  is  equal  ^  to   the  triangle  A£B«  and  as 
i  I.  6.  (he  triangle  AEB,  or  ACB,  is  to  the  triangle  ADB^  fo  b  ^  ite 
ftraight  line  EA  to  AD.    But  the  ratio  of  EA  to  AD  is  ff^^ 
iberefore  the  ratio  of  the  triangle  ACB  to  the  triangle  AUB  il 
given, 

PROBLEM. 

To  £nd  the  ratio  of  two  triangles  ABC,  ABD  given  in  fpe- 
cles,  and  which'  are  defcribed  upon  the  fame  ftraight  line  AB. 

Taice  a  ftraighif  Hne  FO  given  in  pofition  and  magnitudet 

and  becaufe  the  angles  of  the  triangles  ABC,  ABD  are  gtveOi 

at  the  points  F,  G  of  the  ftraight  line   FG,  make  the  angles 

p  43. 1.  GFH,  GFK  e  equal  to  the  angles  BAC,  BAD ;  and  the  angib 

FGH,  FG|^  equal  to  the  angles  ABC,  ABD,  each  ta  eadu 

Therefore  the  triangles  ABC,  ABD  are  equiangular  to  the  tri* 

angles  FGH,  FGK^,  each  to  each.    Thro'  the  p<Mnt  H,  draw  HL 

parallel  to  FG  meeting  KF  produced  in  L.     And  becaufe  the 

angles  BAC,  BAD  are  equal  to  the  angles  GFH,  GFK,  csd 

to  each ;  therefore  the  angles  ACE,  AEG  are  equal  to  FHI% 

FLHf  each  to  each,  and  the  triangle  AEC  equiangular  to  die 

irij^ngle  Fl-«.    Thcr^fw  »?  ?A  to  AQ  fo  i»  IF  to  FIf  J  »i 
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as^CAtaAB«  fg  Uf  tp  FG ;  and  as  BA  to  AD,  fo  is  QV 
u>  FK ;  wherefore,  ex  Muali,  as  EA  fo  AD,  fo  is  LF  to 
FK..  But,  as  was  fivewii,  the  triangle  AE^C  Is  to  the  triaiigle 
ABD,  as  the  ftraight  line  £A  i9  AD,  that  is,  as  LF  to  FK. 
The  ratio  therefore  of  LF  to  FK  has  been  found,  which  is  the 
iamc  with  the  ratio  of  the  triangle  ABC  to  the  triangle  ABD. 

PROP^    LUL  o. 

JF  two  reftilineal  figures  given  in  fpepies  be  defcribed    ^  n^ 

upon  the  fanie  ftraight  line  J  theylhall  have  a  given 
ratio  to  one  another. 

Let  any  two  rcftilineal  figures  A.BCDE,  ABPG  which  arc 
giv^n  in  fpecies,  be  defcribed  upon  the  fame  llraight  line  AB ; 
the  ratio  of  then)  to  one  another  is  given. 

Join.  ACf  AD,  AF;  each  of  the  triangles  AED,  ADC, 
AsCB,  AGF,  ABF  is  given  a  in  fpecies.  And  becaufe  the  tri-asi.  dat.. 
angles  ADE,  ADQ  given  in  fpecies 
afe  defcril^d  upon  the  fame  (Iraight 
liqc  AD,  the  ratio  of  EAD  to 
QAC  is  given  a^;ancl,'b7coinpoiition, 
t^c  ratio  of  JEACD  to  DAC  "is 

Jivcn  €•    And  the  ratio  of  DAC  to 
.AK  is  given  b^  becaufe  they  axe 
deicribcd  upon    the  fame  ftraight     _  _ 

£ne  AC;    therefore    the  raiiq    gf  ir    t     ^jh^^t 

EACD  to  ACB  is  given  ^;  and,   by   XI         t   T     li      O 
compofition,   the  ratio  of  ASCD£. 

tp  ABC  is  given.  In  the  fame  manner,  the  ratio  of  ABFG  tq 
ABJ  is  given.  Bujt  the  ratio  of  the  triangle  ABC  to  the  triangle 
ABF  is  given ;  wherefore  *>,  becaufe  the  ratio  of  ABCDE  to  ABC 
is  given,  as  a]fo  the  ratio  of  ABC  to  ABF,  and  the  ratio  of  ABF 
to  ABFG ;  the  ratio  of  the  rcftilineal  ABCDE  to  the  rcftilineal 
ABFG  is  given  <l^. 

'  P  R  a  B  t  E  M, 

7o  find  the  ratio  of  two  rcftilineal  figures  given  in  fpecicsjt 
and  defcribe^  upbi>  tty  fame  ftraight  line. 

L^^^^BCIJE,  J\WG  be  two  rcftilineal  figures  given  ia 
fpecies,  knd  defcriBed  upon  the  fame  ftraight  line  AB,  and 
join  "AC,  AIX  AF.""Take  a  ftraight  line  HK  given  'in  pofitiort 
and  magrijt^udei  and  by  (he  52d  dat.  find  the  ratio  of  the  tri« 
W^AJM  {o  the  mangle  A DC|  and  make  the  ratio  of  HK: 


d  P-  <l»t«. 
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to  KL  the  ikme  with  it.  Find  ailfo  the  ntio  of  the  crian^c 
ACD'to  the  triangle  ACB.  /^nd  make  the  ratio  of  KL  to 
LM  the  fame.  Alfo,  fiod  the  ratio  of  the  triangle  ABC  to  the 
triangle  ABF,  an4  make  the  ratio  of  LM  to  MN  the  fame 
And  Uftly,  find  the  ratio  of  the  triangle  AFB  to  the  triaD|[|b 
AFG»  and  make  the  ratio  of  MN 

,  fo  NO  the  fame.  Then  the  r^tiQ  of 
ABCDE  to  Al^FG  \i  the  fame  with 
the  ratio  of  HM  to  MO. 

Becaufc  the  triangle  EAD  ia  to 
fhe  triangle  DAQ  as  the  flratght 
line  H£S^  to  KL ;  and  as  the  triangle 
I)AC  to  CAB,  fp.  is  the  ftraight 
line  KL  to  LM ;  therefore,  by  ufing 
compofition  as  often  as  the  number  ^T  -  "^  V  ^^ 
of  triangles  requires,  the  reAlIineal 
ABCD£  is  to  the  triangle  ABQ,  as  the  ftraight  line  HM  to  ML, 
tn  like  manner,  becaufe  the  triangle  GAF  is  tp  FAB,  as  ON  to 
NM,  ky  compofition,  the  refiilineal  ABFG  is  to  the  triangle  ABF. 
as  MO  to  MN  •,  and>  by  invcrfion,  as  ABF  to  ABFG,  fo«  NM 
to  MO.     Aad  the  triangle  ABC  is  to  ABF,  as  LM  to  MN. 

.  Wherefore,  becaufe  as  ABCDE  to  ABC.  fo  is  HM  to  ML ;  tod 
as  ABC  to  ABF,  fo  is  f.M  tp  MN ;  and  as  ABF  to  ABFG,  (b  it 
MN  to  MO ;  ex  xquali,  as  the  reftilineal  ABCPE  to  4BFG| 
fo  is  the  ftraisht  line  HM  to  MO« 


.40t  f  R  q  P.    LIV. 

TF  two  ftraight  lines  have  a  given  ratio  to  one  an^i 

other;  the  fimilar  redtilinegl  figures  defcribed  upoa 

theip  fimilar ly,  Ihall  haye  a  given  ratio  to  one  another. 

.  Let  the  ftraight  lines  AQ,  CD  haye  a  given  ratio  to  one 
another,  and  lee  the  fimilar  and  fimllarly  placed  reditineal  £• 
gures  £,  F  be  defcribed  Mpoq  them ;  the  ratio  of  £  to  F  is 
given. 

To  AB,  CD,  let  G  be  a  third    .        a  ^ 

proportional;    therefore   as   Al^  •Q  /\     ^      J\. 

CD,  fo  is  CD  to  Q.     And  the  ratio       /e\         ^\ 
^  of  AB  to  CD  is  given,  wherefore      '  ^       /  ^\ 

the  ratio  of  CP  to  Q  is  given ;   and    ^  BCD 

fonfequently  the  ratio  of  AB  to  G  is  *»  «f  w 

«  0.  dit.   f  Ifo  j^ivcn  a.     But  as  AB  to  G,  fo  is     ■  ■        ■        — lfc-»   •?-»- 
^  f  cpr.»o.^^^^  figure  £  to  the  figure  b  f.    ^herefo^e  the  ratio  of  £  io  ^  i| 

^'-  §* -^^^  « «  ^ 


DATA.  499 

PROBLEM. 

To  find  tfa$  ratio  of  two  fimilar  rectilineal  figuret,  E»  P  fl« 
wiUtly  defcribed  upon  ftratght  lines  AB,  CD  which  have  a 
given  ratio  to  one  another:  Let  G  be  a  third  proportional  to 
AB.  CD. 

Take  a  ftnught  line  H  given  in  magnitude ;  and  becafsfe  the 
ratio  of  AB  to  CD  is  given,  make  the  ratio  of  H  to  K  the 
bxac  with  it ;  and  becaufe  H  is  given,  K  is  given.  As  H  is 
to  K,  fo  make  K  to  L;  then  the  ratio  of  E  to  F  b  the  fame 
with  the  ratio  of  H  to  L ;  for  AB  is  to  CD,  as  H  to  K^  where- 
fore CD  is  to  G,  as  K  to  L  ;  and,  ex  sequali,  as  AB  to  G,  fo 
is  H  to  L :  But  the  figure  £  is  (o  b  the  figure  F,  as  AB  to  G,  b  »  cor. »«, 
ikac  IS,  as  H  to  L.  tf« 

PROP.    hV. 

TF  two  ftraight  lines  have  a  given  ratio  to  one  an- 
other; the^redilineal  figures  given  in  fpecies  defcri- 
bed upon  them,  ihall  have  to  one  another  a  given  ratio. 

Let  AB»  CD  be  two  ftraight  lines  which  have  a  given  ratio 
tm  one  another  ;  the  rectilineal  figures  E,  F  given  in  [fpecies  and 
defcribed  upon  thetn,  have  a  given  ratio  to  one  another. 

Upon  the  ftraight  line  AB,  defcribe  the  figure  AG  fimilar 
and  fimilarly  placed  to  the  figure  F  i  and  becaufe  F  is  given  ia 
ipecies,  AG  is  alfo  given  in  fpe- 
cies :  Therefore,  fincc  the  figures        /t?\  r«        Tl 
E,  AG  which  arc  given  in  fpe.  /^  '^  ^  ^  •-    ^       " 


su 


F 


ciesy  are  defcribed  upon  the  fame 

ftraight  line  AB,   the  ratio  of      I  \q 

%  to  AG  is  given  a,  and  becaufe  « .  v 1 &  r«  dtt. 

thi/e  ratio  of  AB  to  CD  is  given,  *^  '   *^^^      7"  «-'  "'  "*• 

gnd  upon  them  are  defirribed  ihe  fimilar  and  fimilarly  placed 
rcftilincal  figures  AG,  F,  the  ratio  of  AG  to  F  is  given  b. 
and  the  ratio  of  AG  to  E  is  given  ;  therefore  the  ratio  of  E  to    **  *^ 

F  is  given  «.  «  *.  ibt, 

PROBLEM. 

'  To  ^nd  the  ratio  of  two  reftilincal  figures  E,  F  given  in  fpe- 
cies, and  defcribed  upon  the  ftraight  lines  AB,  CD  which  have 
a  given  ratio  to  one  another. 

Take  a  ftraight  line  H  given  in  magnitude;  and  becaufe 
tl^e  rectilineal  figures  E.  AG  given  in  fpecies  are  defcribed  up- 
on the  fame  ftraight  line  AB,  find  their  raiio  by  the  53d  dat. 
|ind  make  the  rneio  of  H  to  K  the  fame  ;  K  is  therefore 
given:  And  becaufe  ihe  fimilar  reflilinejil   6^urcs  AG,  F  ai^ 

- .  d^ftribc4 


4i«^  £    U    C    L    I    B'f 

defcribed  upon  iheftralgbt  Uqcs^AB^  QDjwluch  have  a  ghrea 
n(iOy  find  their,rsitiQ.by  the  S4thdat.  and  njakp  the  jaxioofj[  ^ 
to.  L  the  fame  :  The  figure  E  has  to  F  tl^e  lam^  ratio  whic^  H 
has  to  L  ;  For,  by  the  copftruftiop, . a^  £  istoAG,  fo  is  H  to 
K ;  and  as  AG  to  F»  fo  is  K  to  L ;  thereiforet  ex  aequalji  uX 
toF;  foisH  toL. 

^.  PR  OP.     LVI. 

JF  a  redilineal  figure  given  in  fpe^ies  be  defcribed  up* 
on  a  ftraight  line  given  in  magnitude;  tl^c;  figui^ 
is  given  in  magnitude. 

Let  the  rectilineal  figure  ABCDE  given  in  fpede9.badcraiW 
upon  the  ftraight  Ibe  AB  given  ih  magnitude;  the  figure 
ABGBS  is  given  in  magnitude« 

Upon  A&  let  the  fquare  A^  be  defcribed  ;  therefore  AF  ii 

given  iq  fpecies  apd  magnicude«  and  bfc^ie  the  re£kilinetl  £• 

guresABCOi;,  AF  given  in  fpecies  are 

defcribed  upon  the  fame  flraighl  line  AB, 

•  Si.  dat.  the  ratio  of  ABCDE,  to  AF  is  given  »  : 

But  the  fquare  AF  is  given  in  magnitude*  ^^ 
h  ».  cUt  therefore  *>  alfo  the  figure  ABCD£  is  gi-  Dl 
ven  in  a^agoitude. 

P  R  O  B, 

To  find  the  magnitude  of 'a  reAilineal 
figure  given  in  fpecies  deicribed  upon  a 
ftraight  line  given  in  magnitude. 

Take  the  ftraight  \m  QH  equal  to 
the  given  ftraight  line  AB,  and  by  the 


j|3d  dat.  ifind  the  ratio  which  the -fquare  #^ 
AF  upon  A!B  has  to  the  figure.ABCDE ;  ^ 


and  make  the  ratio  of  GH  to  HK  |the  fame ;  and  upon  GQ 
defcribe  the  fquare  GL,  and'comptete  the  parallelogram  LUKM; 
the  figure  ABCDE  is  equal  to  LHKM  :  Becaufe  AF  is  lo  ABCOj^ 
as  the  ftraight  line  GU  to  HK,  that  is,  as  the  figure  GL  to 
HM;  andAFis  equal  to  GL;  therefore  ABCDfi  is  equal  ta 

PROP.  laVn, 

TF  two  reftilineal  figures  are  given  in  fpecies,  and  if  at 
fide  of  one  of  them  has  a  given  i*atio  to  a  fide  of  tbe 
other ;  .the  ratios  of  the  remaining  fides  to  tlie  remaia* 
ing  (id^s  (hail  be  given^ 


DATA.  411 

Let  AC  OP '  ht'  twcf  re^Blineal  figures  -  givetr  iff  i{keietv  snd 
let  the  ratio  of  the  fide  AB  to  the  fitie  DE  be  giveir ;  the  ratios 
ofiheremainiiig  fid^s  tor  the  remaming  fides  arealfo  giTen. 

Becaufe  the  ratio*  of  AB  to  DE  is  given*  sr  aifo  ^^the  ratio^a  3.  4^ 
of  AB  to  BC,^  and  of  DE  to  £F ;  the  ratio  of  fiC  to  £F  is  gi- 
TCD^   in  the  fame  manner,  the  ra*  1%  b  10.  dat, 

tios  of  the  other  fides  to  the  other  . 
fides  ane  given;  ^ 

The  ratio* which  BC  has  toEF 
may  be  found  thus ;  take  a  ftraight  B*^  ■  '  '  ^C 
line  G  given  in  magnitude,  and 
becmfti  the  ratio  >  of  BG  to  BA  ir 
gmxi,  make  the  ratio  of  G  to 
H  (he  fame  ;  and  becaufe  the  ratio 
of  AB  to  DE  is  givcDj  makf  tbr 
ratio  of  H  to  K  the  fame ;  and 

nsake  the  ratio  of  K  to  L- the*  fame  with,  the  given  ratio  of  DE 
to  EF.    Sivsce  therefore  a»  BC  to  BA,  fo.is  G  to  Hi ;  and  as  BA 
to  DBy  fo'is  Hfto  K ;  and  as  DE.tQ  £E,  lbyis<K  to.L ;  ai  ssquar 
li,  BC  is  to  EF,  as  G  to  L  ;  therefore  the  ratio  of  G  to  Lhas. 
fiound^  wbith'Js  tfao^fame  with  the  ratio  of  BC  to  £F. 


TF  twofimilar  reftilineal  figures  have  a.  given  ratio  to   ^^  l^ 

one  another;  their  bomologons  fides  have  alio  a  gi-* 
yen  racto  to  one  another. 

Let  the  two  fimllar  cei^lineal  figures  A,  B  have  a  given  ra« 
tio  to  one  another ;  (heir  homologous  fides  llave  alfo  a  giveoi 
ratio. 

Let  the  fide  CC  be  homologous  to  EF,  and  to  CD,  EF  let 
the  ftrat^  Ime  G  be^  a  third  proporttonali.  As  therefore  ^  CD  a  ».  Gb^ 
to  G,  fo  is  the  figisce  A  to  B ;  and         /v,.^  *••  ^   . 

the  ratio  of  A  to  B  is  given,  there*       /  ^**^ 
fore  the  ratio  of  CD  to  G  is  giTcn ;     /  A    I      ^^ 
asid  CD^,  EF,  G  are  proportionals  5  ^ — - — J     J^Ai,  ^TT  u 
wherefore  b  the  ratio  of  CD  to  EF  C             DE    F  G  ^ '^- *^ 
ssgivea. 

The  ratio  of  CD  to  EF  may  he         „         *-  -|-  ^  *iF 
fimnd*  thus ;  take  a  ftraight  line  H  **  i4         j> 

fiven  lA  magoitude ;  and  becaufe  the  tatio  of  the  figure  A  10 
\  is  given,  make  the  ratio  of  H  to  K  the  fame  with  it :  And^ 
itt.  the  lilh  dat,  dirc^  to  be  done,  find  a  mean  proportional  L 


4U 
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between  H  andK;  the  rttb  of  CD  to  EFisthe  fame  with  ibu 
of  H  to  L*  Let  G  be  a  third  proportional  to  CD,  £F ;  there- 
fore as  CD  to  G,  fo  is  (A  to  B,  and  To  is)  H  to  K;  and  as  CD 
to  £F,  fo  is  H  to  L,  as  is  fhewn  in  che.i3th  dat. 


14* 


iteR 


PROP.    U^ 


I 


F  two  rediltneal  figures  given  in  fpecies  have  a  giveo 
ratio  to  one  another;  their  fides  fhall  likewife  have 
given  ratios  to  one  another. 

Let  the  two^re^iUneal  fijgares  A>  B  given  in  fpecies,  have  ^ 
given  ratio  to  one  anothqr ;  their  iides  ihali  alfo  bive  ^ven  ra* 
ties  to  one  another. 

]f  the  figure  A  be  flmilar  to  B,   their  homologons  fidea 

ihall  have  a  given  ratio  to  one  another,   by  the  preceding 

propofition ;  and  becaufe  the  figures  are  given  in  fpedcs,  the 

a  3*  ^cf*   fides  of  each  of  them  have  given  ratios  a  to  one  another;  thercn 

V  »•  ^t.  £3^ ^  ^i^^i^  Q j^  ^f  QQg  q£  ^^^  has  b  to  each  fide  of  the  other  a 

given  ratio. 

But  if  the  figure  A  be  not  fimilar  to  B,  let  CD,  £F  be  any. 
two  of  their  fides ;  and  upon  "EJB  conceive  the  figure  EG  to  be 
defcribod  fioiilar  and  fimilarlj 
placed  to  the  figure  A»  fo  that 
CD,  £F  be  homologous  fides ;  _ 
therefore  £G  is  given  in  fpe*  f^ 
des ;  and  the  figure  B  is  given 
c  $$»  d4t  in  fpecies ;  wherefore  <^  the  ratio 
of  J^  to  1^0  is  given  ;  and  the 
ratio  of  A  to  B  is  given, 
therefore  ^  the  ratio  of  the  fi- 
gure A  to  £G  is  given ;  and 
A  is  fimilar  to  £G ;  therefore  4  the  ratio  of  the  fide  CD  to  ER 

4  jS.  dst.  ^  8^^^°  *  ^^^  confequently  h  the  ratios  of  ch^  remaining  fides 
to  the  remaining  fides  arc  given. 

The  ra^tio  of  CD  to  £F  may  be  found  thus  y  take  a  ftraig^ 
lipie  H  giyea  in  magnitude,  and  becauib  the  ratio  o£  the  figure 
A  to  B  is  given,  make  the  ratio  of  H  to  K  the  ftme  wkh  iL 
And  by  the  53d  dat.  find  the  ratio  of  the  figure  B  to  £6,  and 
make  the  ratio  of  K  to  L  the  famt :  Between  H  and  L 
find  a  mean  proportional  M ;  the  ratio  of  CD  to  £F  is  the 
fame  with  the  ratio  of  H  to  M ;  becauie  the  figure  A  is  to  By^ 
If  l{  tQ  K ;  aii4  as  B  to  £G,  fo  is  K  to  L ;  ex  stquali,  aswA 


H 

K 

M 


T^ 


DATA. 

to  EG,  fo  is  H  to  L  s  And  the  figures  A,  EG  are  fimilar,  and  M 
k  a  mean  proportional  between  H  andL;  therefore,  as  was 
flieim  in  the  preceding  propofition,  CD  is  to  £F  as  H  to  M. 

PROP.    IX 

TFaredlilineal  figure  be  given  ia  fpecies  and  magnitude^ 
the  fides  of  ic  fhall  be  given  in  magnitude. 

Let  the  reftilineal  figure  A  be  given  in  Ipccies  and  magni- 
tude ;  its  Bdcs  are  given  in  magnitude. 

Take  a  ftraight  line  BC  given  in  pofition  and  magnhude  ; 
ind  upon  BC  deferibe  *  the  figure  D  fimilar,  and  fimilarly 
pbiced,  to  the  figure  A, 
and  let  EF  be  the  fide  of 
the  figure  A  hoax>log( 
to  BC  the  fide 

th'ercfore*  the  figure 

given  in  fpecies.    And  be*  ^         ^ 
caofc    upon     the  .given     *" 


4t3 


SI 


a  la.  <; 


fide  of       ^^ 
Dlogou$gXX 

of  D;"|    A.   1 
ire  Dm     I • 


H 


hs6.dM0 


csa.dac. 

4  ft.  <Utr 

e  J.  4tf. 


ftraight  line- BC  the  fi- 
gure D  given  in  fpecies 
u  defcriM,  D  is  given  ^ 

in  magnitude*  and  ihe  figure  A  is  given  in  magnitude*  there- 
fore the  ratio  of  A  to  D  is  given  :  And  the  figure  A  is  fimilar 
to  D  ;  therefore  the  ratio  or  the  fide  £F  to  the  hooiologous  fide 
BC  is  given  c  •  and  BC  is  given,  wherefore  ^  EF  is  given  :  And 
the  ratio  of  EP  to  EG  is  given  ^,  therefore  EG  is  given.  And, 
m  the  fame  manner,  each  of  the  other  fides  of  the  figure  A  can 
be  ihewa  to  be  given. 

PROBLEM. 

To  defcribe  a  reffiliocal  figure  A  fimilar  to  a  gWen  figure  D, 
aiid  equal  to  another  given  figure  H.  it  is  prop.  25.  b.  6.  Elcm. 

Becaufe  each  of  the  figures  D  H  is  given,  their  ratio  is  gi- 
^en,  which  may  be  found  by  making  ^upon  the  given  ftraight  f  cor.  45. 
line  BC  the  parallelogram  BK  equal  to  D,  and  upon  its  fide  1. 
CK  making  ^  the  parallelogram  KL  equal  to  H  in  the  aivgle 
KCL  equal  to  the  angle  MBC ;  therefore  the  ratio  of  t>  to  H, 
that  is,  of  BK  to  KL»  is  the  fame  with  the  ratio  of  BC  to  CL  : 
And  becaule  the  figures  D,  A  are  fimilar,  and  that  the  ratio  of 
D  to  A,  or  H,  is  the  fame  with  the  ratio  of  BC  to  CL ;  bj 
the  58th  dat.  the  ratio  of  the  homologous  fides  BC,  £F  is  the 
fame  with  the  ratio  of  BC  to  the  mean  proportional  between 
£C  and  CI00    Find  £F  the  mean  proportional  -,  then  EF  is  the 

fide 


{X.  Cor. 

xo.  6. 
k  14.  s. 


jy. 


n: 
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fide-ofthe  figure  to  be  described,  honologourto-AC  d^fide 
of  D,  and  ihe  figure  itfelf  can  be  defcribed  by  tbe  i8th  prop, 
b.  6.  whichy  by  the  Goiiftru£kioD,  is  iknilar  to.D  ;  4Uid,bo:aQfe 
D  is  to  At  as  g  BC  toCL,  tbat  is  as  che  figure  13K  to  KL ;  and 
that  D  is  equal  to  BK,  therefore  A  l^  is  equal  toKL>  that  is,  10 
H. 

PROP.    LXI. 

IF  a  parallelogram  given  in  magnitude  has  one  of  its 
(ides  and  one  of  its  angles  given  in  magnitude  ;  the 
other  fide  alfo  is  given. 

Let  the  parallelogram  AB  DC  given  in  tn^gnitude,  haive  tke 
fide  AB  and  the  aogle  BAQ  given  in  magoitude  ;  the  other  fide 
AC  is  given. 

Take  a-ftraight  line  £F  given  in  poficion   and  tnagiutad^ ; 

and  beeaule  the  parallelogram  AD 

is  given  in  ihagntcude,  a  reftilineal 

figure  equal  to  it  can  be  found  a. 

And  a  parallelogram  equal  to  this 

b  Cou  4^»  figure  can  be  applied  b  to  the  given 

^*  ftraight  line  £F  in  an  angle  equal  to 

the  given  angle  BAC.    Let  this  be 

the   parallelogram    EFHG    having 

•the  angle  FEG  equal  to  the  angle     _ 

-  BAC.     And  becauTe  the  parallelo-  (j^ 

:  grams  AD,  £H  are  equal,  and  have 

the  ajngles  at  A  and  £  equal ;  the  fides  about  them  are  recipro* 

caliy  proportional  c  •  therefore  as  AB  to  £F,  fo  is  £G  to  AC ; 

and  AB,  £F,  £G  are  given,  therefore   alfo  AC  is  ghreai. 

Whence  the  way  of  finding  AC  is  manifeft. 


t  !•  dcf. 
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PROP.    LXIL 
TF  a  parallelogram  has  a  given  angle,  the  rectangle  con- 
tained  by  the  fides  about  that  angle  has  a  given  ratio 
to  the  parallelogram. 

Let  the  parallelogram  ABCD  have  the 

given  angle  ABC ;    the  reAangle  AB,  BC 

has  a  given  ratio  to  the  parallelogram  AC. 

From  the  point  A  draw  A£  peipendi* 

cular  to  BC  -,   becaufe  the  angle   ABC  is 

given,  as  alfo  the  angle  A£B ;  the  triangle 

a  43-  dat.  AB£  is  given  *>  in  fpecies  ;  therefore  the 

ratio  of  BA  to  A£  is  given.     But  a6  BA 

b  I.  4.      to  AE,  fo  is  b  the  rcftangle  AB,  BC  to  the 

redangle  A£,  BC ;  therefore  the  ratio  of 

thJ 


DATA. 


''4>S 


IKe  ttfbhgk  AB,  BC  to  AE,BC,  that  iss  to  tlie  pajmlleto- c  31-  >* 
<^iD  AC»  is  given. 

And  it  b  evident  how  the  ratio  of  the  reAtogle  *  to  the  pa* 
vaUelogram'^7  be  fband»  by  inaking  the  angle  FGH  equal 
to  the  given  ^ngle  ABC,  and  drawing,  firdm  aiay  point  F  in 
one  of  its  fides,  fK  perpendienlar  to  the  other  GH  ;  for  GF 
VioTK,  asUAko  AE,  that  is»  as  the  reOaogle  AB»  BC,  to 
tie^i  allelugi  atp^  AC. 

CoBL*  Aod  if  ^  triangle  ABC  has  a  given  angle  ABC,  the     44^ 
reAangle  AB,BC  contained  by  the  fides  about  that  angle, 
fliail  rave  a  giveii  ratio  to  the  triangle  ABC* 

C'&inptetrthen(Kl£alIclogram  ABCD ;  therefore,  by  this  pro- 

Csfiuon,  the  reftangle  AB,  BC  has  a  given  ratio  to  the  paral« 
bg^ram'AC;-and  AC  has  a  gWen  ratio  to  its  half  the  tri« 
angle  d  ABC ;  therefore  the  re&angle  AB,  BC  has  a  given  *  ra-  d.  14.  t. 
tio  to  the  trti^ngle  ABC  «-  ^  ^^ 

And  the  ratio  of  the  reAangle  to  the  triangle  is  ibtind  thus ; 
make  the  triangle  FGK  as  was  fliewn  in  the  propofition  ;  the 
ratio  of  GF  to  the  half  of  t)ie  perpendicular  FK  is  the  fame  with 
the  ratio  of  the  reAangle  AB,  BC  to  the  triangle  ABC.  Be- 
caufe,  as  was  fliewn,  GF  is  to  FK,  as  AB,  BC  to  the*  paratte* 
logram  AC ;  and  FK  is  to  its  half,  as  AC  is  to  its  half,  whreh 
is  the  triangle  ABC ;  therefore,  ex  xquali,  GF  is  to  the  half  of 
FK,  as  AB,  BC  reAangle  is  to  the  triangle  ABC. 

PROP.    LXIII.  s«. 

"IF  two  parallelograms  be  equiangular,  as  a  fide  of  the 
firft  to  a  fide  of  the  fecond,  fo  is  the  other  fide  of  the 
Second  t6  the  ftratght  line  to  which  the  other  Udeof  the 
fird  has  the  fame  ratio  which  the  firfl:  parallelogram  has 
to  the  fecond.  And  cbnfequently,  if  the  ratio  of  the 
firft  parallelogram  to  the  fecond  be  given,  the  ratio  of 
the  other  fide  of  the  firfl;  to  that  ftraight  line  is  given  ; 
and  if  the  ratio  of  the  other  fide  of  the  firft  to  that 
ftraight  line  be  given,  the  ratio  of  the  firft  parallelogram 
to  the  fecond  is^  given. 

Let  AC,  DF  be  two  equiangular  paraUelograms,  as  BC'  a 
fide  of  the  firft  is  to  £F  a  fide  of  the  fecond,  fo  is  DE  the  o* 
ther  fide  of  the  fecond  to  the  ftraight  fine  to  which  ABthe  o- 

ihcr 
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iher  fide  of  the  firft  has  the  Tame  ratio  which  AC  ha  iti  OF. 

Produce  the  ftraight  line  AB,  and  make  as^C  to  £F,  h 
D£  to'BG,  and  complete  the  parallelo- 
gram BGHC  ;  therefore,  becaufe  BG,  or 
GH,  »  to  EF,  as  D£  to  BG,  the  fides 
about  the  equal  angles  BGH,  DEF  are 
s.^  14*  6.  reciprocally  proportional ;  wherelore  a 
the  parallelogram  BH  is  equal  to  DF  ; 
and  aB  is  to  BG,  as  the  parallelogram 
AC  is  to  BH,  that  b,  to  OF ;  as  there- 
fore BC  is  to  £F,  fo  is  DE  to  BG  which 
is  the  ftraight  line  to  which  AB  has  the 
fame  ratio  that  AC  has  to  DF. 

And  if  the  ratio  of  the   parallelogram  AC  to  DF  be  gireo, 
.   then  the  ratio  of  the  ftraight  line  AB  to  BG  is  given  ;  uid  if 
the  ratio  of  AB  to  the  ftraight  line  BG  be  giveot  the  ratio  of 
the  parallelogram  AC  to  DF  is  given, 

74-13.  PRO  P.    LXIV. 

IF  two  parallelograms  have  unequal,  but  given  angles, 
and  if  as  a  fide  of  the  firft  to  a  fide  of  the  fecond,  fo 
the  other  fide  of  the  fecond  be  made  to  a  certain  ftraight 
line  ;  if  the  ratio  of  the  firft  parallelogram  to  the  fecond 
be  given,  the  ratio  of  the  other  fide  of  the  firft  to  that 
ftraight  line  fhall  be  given.  And  if  the  ratio  of  the  other 
fide  of  the  firft  to  that  ftraight  line  be  given,  the  ratio 
of  the  firft  parallelogram  to  the  fecond  ihall  be  given. 

Let  ABCD,  EFGH  be  two  parallelograms  whicb  have  the 
unequal,  but  given,  angles  ABC,  £FG  ;  and  as  BC  to  FG,  (o 
snake  £F  to  the  ftraight  line  M.  If  the  ratio  of  the  paralkio* 
gram  AC  to  EG  be  given,  .the  ratio  of  AB  to  M  is  g^ven. 

At  the  point  B  of  the  ftraight  line  BC  make  the  angle 
CBK  equal  to  the  angle  £FG,  and  complete  the  paralletograA 
KBCL.  And  becaufe  the  ratio  of  AC  to  EG  Is  given,  and  that 
«•  IS'  <•  AC  is  equal  ^  to  the  parallelogram  KC,  theiefore  the  ratio  of 
KC  to  EG  is  given ;  and  KC,  EG  are  equiangular ;  there* 
»•  •!•  «*«forc  as  BC  to  FG,  fo  is  b EF  to  the  ftraight  line  to  which  KB 
has  a  given  ratio*  viz.  the  fame  which  the  parallelograa 
KC  has  to  EG  :  But  as  BC  to  FG,  fo  is  £F  to  the  ftraiglu 
line  M ;  therefore  KB  has  a  given  ratio  to  M ;  and  the  ratio 

of 
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of  AB  to  BK  k  given^  becaufe  the  triangle  AB^  is  giveo  la  e  4].  dat. 
fpccies  ^  ;  therefore  the  ratio  of  AB  to  M  is  given  d.  d  9.  dac 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  pa- 
raUelogram  AC  to  EGr  is  given  ;  for  fince  the  ratio  of  KB  to 
BA  is  given^  as  alfo  the  ratio  of  AB  |^  ^ 
CO  M,  the  ratb  of  KB  to  M  is  given  d ;  *^  -^^^  » 
tod  becaufe  the  parallelograms  KC,  EG 

are  •equiangular,  as  BC   to  FG,  fo   is  ^ 

b  EF  to  the  ftraight  line  to  which  KB        '^  ^    h  63.  dar, 

has  the  fame  ratio  which  the  parallelo-        Et;::^^ vH 

gram  KC  has  to  EG  ;  but  as  BC  to  FG,  Y">>^    X^^ 

fo  is  £F  to  M  ;    therefore  KB  is  to  M»    M    pv  ■  ^^Q 
as  the  parallelogram  KC  is  to  EG  ;  and 
the  ratio  of  KB  to  M  is  sivcn,  therefore  the  ratio  of  the  paral- 
Iciopram  KC,  that  is»  of  AC  to  EG,  is  given. 

Co&.  And  i."  two  triangles  ABC,  EFG  have  two  equal  ^^1 
angles,  or  two  unequal^  but  given,  angles  ABC,  EFG,  and  if 
as  BC  a  fide  of  the  firft  to  FG  a  (ide  of  the  fecond,  fo  the  other 
fide  of  the  fecond  EF  be  made  to  a  ftraight  line  M  ;  if  the  ratio 
of  the  triangles  be  given,  the  ratio  of  the  other  fide  of  the  firft 
to  the  ftraight  line  M  is  gived. 

Complete  the  parallelograms,  ABCt),  EFGH  ;  and  becaufe, 
the  ratio  of  the  triangle  ABC  to  the  triangle  EFG  is  given,  the 
ratio  of  the  parallelogram  AC  to  EG  is  given  e^  becaufe  the  pa-^  15.  ^^ 
ralklograms  are  double  f  of  the  triangles  $  and  becaufe  BC  is  tOf  ^^^  j^ 
FG,  as  EF  to  M,  the  ratio  of  AB  to  M  is  given  by  the  63d  dat« 
if  the  angles  ABC,  EFG  are  equal ;  but  if  they  be  unequal, 
but  given  angles,  the  ratio  of  AB  to  M  is  given  by  tHis  propofi- 
tion. 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  pa^* 
ralleiogram  AC  to  EG  is  given  by  the  fame  propofitions  :  and 
therefore  the  ratio  of  the  triangle  ABC  to  EFG  is  given^ 

PRO  Pi    tS.V,  ^ 

« 

IF  two  equiangular  parallelograms  have  a  giyen  ratio 
to  one  another,  and  if  one  fide  has  to  one  fide  a  gi- 
ven ratio  ;   the  other  fide  ihall  alfo  have  to  the  other 
(ide  a  given  ratio. 

Let  the  two  equiangtlar  parallelograms  AB,  CD  have  a  gi-  * 

ven  ratio  to  one  another,  and  let  the  fide  EB  have  a  given  ratio 
to  the  iide  Ft)  ;  the  other  fide  AE  has  alfo  a  given  ratio  to  the 
other  fide  CF. 

D  d  Becaufe 
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Becaure  the  two  equiangular  parallelogramf  AB,  CD  haine  * 
giTen  ratio  to  cue  another  ;  at  £B  a  fide  of  the  firft  is  to  F0 
a  #j.  dat  a  fide  of  the  (ecoQd»  fo  is  t  FC  the  other  fide  of  the  fecood  to 
the  flraight  line  to  which  A£  the  other  fide  of  the  firft  has 
the  fame  given  ratio  which  the  firft  parallelogram  AB  has 
to  the  other  CD.  Let  this  ftraight  tine  be  EG  ;  therefore  the 
ratio  of  A£  to  EG  is  given  ;  « 

and  EB  is  to  FD,  as  FC  to     a  C/ 1 

EG,    therefore  the,  ratio  of        I  /         /  / 

FC  to  EG  b  given,  becaufe  t^L .  ,  ,./b  » L '1> 

the  ratio  of  EB  to  FD  is  gi-  ^  '^  *  *      ** 

ven ;  and  becaufe  the  ratio  of  Q' 
AE  to  EG,  as  alfo  the  ratio 
of  FC  to  EG  is  given ;  the         d  Yi]^ 
%  $.  dst.  ratio  of  AE  to  CF  is  given  b. 

The  ratio  of  AE  to  CF  may  be  found  thus  i  take  a  ftraigkc 
line  H  given  in  magnitude ;  and  becaufe  the  ratio  of  the  pa- 
rallelogram AB  to  CD  is  given,  make  the  ratio  of  H  to  K  the 
fame  with  it.  And  becaufe  the  ratio  of  FD  to  EB  is  givco,  make 
the  ratio  of  K  to  L  the  fame  :  The  ratio  of  A£  to  CF  is  the 
fame  with  the  ratio  of  H  to  L.  Make  as  EB  to  FD,  fo  FC  to 
EG,  therefore,  by  inverfion,  as  FD  to  EB,  fo  is  EG  to  FC  t 
and  as  AE  to  EG,  fo  is  «  (the  parallelogram  AB  to  CD,  and  fo 
is)  H  to  K;  but  as  EG  to  FC,  fo  is  (FD  to  EB,  and  fois)  K 
to  L  ;  therefore,  ex  a^oali,  as  AE  to  FC,  fo  is  H  to  L. 

4f.  PROP.    LXVI. 

TF  two  parallelograms  have  unequal,  but  given  angles^ 
,  and  a  given  ratio  to  one  another  ;  if  one  fide  has  to 
one  fide  a  given  ratio,  the  other  fide  has  alfo  a  given  ra^ 
tio  to  the  other  fide. 

Let  the  two  parallelograms  ABCD,  EFGH  which  have  the 
given  unequal  angles  ABC,  EFG.  have  a  given  ratio  to  one  an* 
other,  and  let  the  ratio  of  BC  to  FG  be  given  ;  the  ratio  idfoof 
AB  to  EF  is  given, 

At  the  point  B  of  the  ftraight  line  BC  make  the  angle  CBK 

equal  to  the  given  angle  EFG,  and  complete  the   paralldo- 

gtam  BKLC  $    and  becaufe  each  of  the  angles  B  AK,   AKB  ii 

a  43.  dat.  given,   the  triangle  ABK  is  given  *  in  fpccies  ;    therefore  the 

rauo  of  AB  to  BK  is  given  ;  and  bccauic,  bj  the  hjpoihdis, 

die 
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tbe  nuio  of  the  parallelogram  AG  to  EG  is  giVen,  artd  that  AC 

is  eqoal  b  to  BL ;   therefore  the  ratio  of  BL  to  EG  is  given  :  b  $; .  i. 

And  bccaufe  BL  is  equiangular  to  £6»  and  by  the  bypothefis, 

the  ratio  of  BC  to  FG  is  given  ;  therefore  ^  the  ratio  of  KB  toe  6$.  cUt. 

£F  is  giveo»  and  the  ratio  of  KB 

toBA  is  given  ;   the  ratio  there-  

fore  d  of  AB  to  1*1^  is  given.  \    I  \    I         ^  9.  dar. 

The  ratio  of  AB  to  £F  may  be 
found  thus ;  take  the  ftraighi  line 
MN  given  in  pofition  and  magni- 
tude ;  and  mike  the  angle  NMO 
equal  to  the  given  angle  BAK» 
and  the  angle  MNO  equal  to  the 
given  angle  £FG  or  AKB  :    And 

bccaufe  tbe  parallelogram  BL  is  equiangular  to  EG,  and  has  a 
given  ratio  to  it,  and  that  the  ratio  of  BC  to  FG  is  given  ;  find 
bf  the  69th  dat.  the  ratio  of  KB  to  EP ;  and  make  the  ratio  o^ 
Mo  to  OP  the  fame  with  it :  Then  the  ratio  of  AB  to  £F  is  the 
fame  mth  the  ratio  of  MO  to  OP  :  For  fince  the  triangle  ABK 
is  equiangnlar  10  MON,  as  AB  to  BK,  fo  is  MO  to  ON  ;  and 
as  KB  to  £F,  fo  is  NO  to  OP  ;  therefore^  ex  scquali,  as  AB  to 
EF,  fo  is  MO  to  OP. 

PROP.    LXVIt.  ^o. 

TF  the  fides  of"  two  equiangular  parallelogfams  havci   ^  H^ 

given  ratios  to  one  another  ;  the  parallelograms  ihall 
have  a  given  ratio  to  one  another. 

Let  ABCD,  £FGH  be  two  eoulangular  parallelograms,  and 
kt  the  ratio  of  AB  10  £P,  as  alio  the  ratio  of  BC  to  FG,  be  gi* 
▼en  ;  the  ratio  of  the  parallelogram  AC  to  EG  is  given* 

Take  a  ftraigfit  line  K  given  in  magnitude»  and  becaufe  thi 
ratio  of  AB  to  £F  is  givtsn,  T\    T?         IX 

make  tbe  ratio  of  K  to  L  the  A  .M    *^         ^ 

fame  with  it ;  therefore  L  is     \  \ 

of  BC  to  FG  IS  given,  make  v  ^ 
the  ratio  of  L  to  M  the  fame  :  J^ 
Therefore  M  is  given  a ;    and    *^ 

K  is  given,  wherefore  ^  the    M  *  "'  I,  j.  ^^ 

ratio  of  K  to  M  is  given  :  But  the  parallelogram  AC  is  to  the 
parallelogram  EG^  as  the  ftraight  line  K  to  the  Araight  line  M, 

Dd  a  as 
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as  is  demonftrated  in  the  2  jd  prop,  of  b.  6.  E!ein.  therefore  tli6 
ratio  of  AC  to  EG  is  given. 

From  this  it  is  plain  how  the  ratio  of  two  equiangular  paral'* 
lelograms  may  be  found  when  the  ratios  of  their  fides  are  given. 


yo. 


PROP,     LXVIII. 


ficc  N.    TF  the  fides  of  two  parallelograms  which  hare  unequal, 
but  given,  angles,  have  given  ratios  to  one  another ; 
the  parallelograms  fliall  have  a  given  ratio  to  one  ano- 
ther. 

Lee  two  paralVclograms  ABCD,  EFGH  which  have  the  given 
unequal  angles  ABC,  EFG  have  the  ratios  of  their  fides,  viz.  of 
AB  to  EFy  and  of  BC  to  FG,  given  ;  the  ratio  of  the  parallclo' 
gram  AC  to  EG  is  given. 

,  At  the  point  B  of  the  flraight  line  BC  make  the  angle  CBK 
equal  to  the  given  angle  EFG,  and  complete  the  paraiiclo- 
gram  KBCL  :    iVnd  becaufe  each  of  the  angles  BAK,  BKA  is 

1  43.  daL  given,  the  triangle  ABK  is  given  «  in  fpecies :  Therefore  the 
ratio  of  AB  to  BK  is  given  ;  and  the  ratio  of  AB  to  £F  is  gi- 

b  f.  dat.    ven,  wherefore  ^  the  ratio  of  BK  to  £F  is  given  :  And  the 
ratio  of  BC  to  FG  is  given  ;  w^      a  T     T1    T?    TT 

and  the  angle  KBC  is  equal  ^    ^^         U  U    II4    TX 
to  the  angle  EFG;  thcre- 

c  67.  dat.  fore  c  the  raciooF  the  paral- 
lelogram KC  to  £G  is  gi 


¥13. 
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d.  35. 1,    vcn  :    Bbr  KC  is  equal  ^  10  \1 

AC;  therefore  the  ratio  of  \r\    E 

AC  to  EG  is  given.  ^    ^ 

The  ratio  of  the  parallelogram  AC  to  EG  may  be  fownd 
thiis  ;  take  the  ftraight  line  MN  given  in  pofition  and  magni- 
tadcy  and  make  the  nngle  MNO  equal  to  the  given  angle  KAB, 
and  the  angle  NMO  equal  to  the  given  angle  AKB  or  FEH  : 
And  bccaufe  the  laiio  of  AB  to  EF  is  given,  make  the  ratio  of 
NO  to  P  the  fame  ;  alfo  make  the  ratio  of  V  to  Q^ihe  fame 
wiih  the  given  ratio  of  BC  to  FG,  the  parallelogram  AC  is  to 
EG,  as  MO  to  Q^ 

Becaule  the  angle  KAB  is  equal  to  the  angle  MNO,  and 
the  angle  AKB  equal  to  the  angle  NMO  ;  the  triangle  AKB  is 
equiangular  to  NMO  :  Therefore  as  KB  to  BA,  fo  is  MO  to 
ON ;  and  as  BA  to  EF,  fo  is  NO  to  P  ;  whcrcfbrr,  ex  ar 
quail,  as  KB  to  EF,  fo  is  MO  10  P  :    And  BC  is  la  FG,  as  F 

to 
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to  Qj  and  the  pantHeiograms  KC,  EG  arc  cquian jolar ;  there- 
f6tt»  as  was  ihcwn  in  prop  07.  the  parallelograoi  KC,  that  is, 
AC,  » to  EG,  as  MO  to  a  • 

Cor*  1.  If  two  triangles  ABC,  DEF  have  two  equal  angles,  71. 
or  two  uoeqaal,  but  given  angles  ABC,  DEF,  and  if  the  ra- 
tios of  the  fides  about  thefe  angles, 
viz.  the  ratios  of  AB  to  DE,  and 
of  BC  toEF  be  given  :  the  triangles 
ihall  have  a  given  ratio  to  one  ano- 
ther. 

Complete  the  parallelograms  BG, 
£H  ;  the  ratio  of  BG  to  Eli  is  given  « ;  and  therefore  the  t:  ^^  6yor4M; 
angles  which  are  the  halves  ^  of  iheoi  have  a  given  c  ratio  to  one    ^^t- 
another.  .  **  34-  i. 

CoR.  2.  If  the  bafcs  BC,  FF  of  two  triangles  ABC.  DEF  have"^     ,».' 
a  pven  ratio  to  one  another^  and  if  alfo  the  ftraight  lines  AG, 
DH  which  are  drawn  to  the  ba(es  from  the  oppofite  angles, 
cither  in  equal  angles,  or  unequal,  but  given,   angles  AGC, 
DBF  have  a  given  ratio  to  one  f^   ^  Xc    D 

another ;  the  triangles  fhall  have 
a  given  ratio  to  one  another* 

Draw  BK,  EL  parallelta  AG,    ____ 

DH,  and  complete  the  paralle-  B    G       C      E    H    F 

lograms  KG^  LF.    And  becaufe  the  angles  AGC,  DHF,  or 

their  equals,  the  angles  KBC,  LEF  are  either  equal,  or  unequal, 

hut  given  ;  and  that  the  ratio  of  AG  to  DH  ;  that  is,  of  KB  to 

LE,  4s  given,  as  alfo  the  ratio  of  BC  to  EF  ;  therefore  a  the  ra*^  ^^^  ^^ 

tio  of  the  parallelogram  KC  to  LF  is  given  $  wherefore  alfo  the    dac. 

ratio,  of  the  triangle  ABC  to  DEF  is  given  b< 
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PROP.    LXIX 

JF  a  parallelogram  which  has  a  given  angle  be  applied 
to  otiefkle  of  areftilincal  figure  given  in  fpecies  ;  if 
the  figure  have  a  given  ratio  to  the  parallelogram,  the 
parallelogram  is  given  in  fpecies. 

Let  ABCD  be  a  re£ti]ineal  figure  given  in  fpecies,  and  to  one 
fide  of  it  AB,  let  the  parallelogram  ABEF  having  the  given, 
aqglc  AB5  be  applied  ;  if  the  figure  ABCD  has  a  given  ratio  ta 
the  parallelogram  BF,  the  parallelogram  bF  is  piven  in  fpcc»cs. 

Through  the  point  A  draw  AG  parallel  to  BC,  and  through 
tbc  point  C  draw  CG  parallel  to  AB,  and  produce  QA,  CB  ta 

O  d  1  Oxa 
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•  3-  del:  the  points  H,  K;  bccaufc  the  angle  ABC  is  given  «,  and  die 
ratio  of  AB  to  BC  is  given,  the  figure  ABCD  being  given  in 
fpecies ;  therefore,  the  parallelogram  BG  is  given  »  in  fpedet. 
And  becaure  upon  the  fame  (Vraight  line  AB  the  two  reAiUocal 
figures  BD,  ^G  giveh  in  fpecies  are  defcrlbed,  the  ratio  of 
C9?*d«.'^5>  ^Q  BG  is  given  b;  and.  by  hypothefis,  the  ratio  of 
^3^.  X. '  BD  tp  the  paraUelq^ram  BF  is  given ;  wherefore  c  the  ratio  of 
P  f.  6.  BF,  that  is  d,  of  the  parallelogram  BH,  to  BG  is  given,  and 
therefore  e  the  ratio  of  the  ftraight  line  KB  to  BC  if  given  ; 
and  the  ratio  of  BC  to  BA  is  given,  wherefore  the  ratio  of 
E:B  to  B  A  is  given  c  :  And  becaufe  the  angle  ABC  is  given,  the 
adjacent  angle  ABK  u  given ;  and  the  angle  ABE  b  g^ea, 
therefore  the  remaining  angfe  KBE  is  given.  The  angle  EKB 
is  alfo  given,  becaufe  ic  is  equal  to  tbp  angle  ABK  s  therefore 
the  triangle  BKG  is  given  in  fpecies,  and  confeqaentif  the  ra- 
tio  of  EB  to  BK  is  given ;  and  the  ratio  of  KB  to  fiA  is  given. 
whereforecthe  ratio  of  EB 
to  B A  is  given ;  and  the 
angle  ABE  is  given,  there- 
fore  the  parallelogram 
BF  is  given  ^  in  fpecies. 

A  parallelogram  fimir 
lar  to  BF  may  be  found 
thus;  tal^eaftraightUne 
LM  given  in  poficion  and 
magnitude;  dnd  becaufe  the  angles  ABK*  ABE  are  given, 
make  the  angle  NLM  equal  to  ABK,  and  the  angle  NLO 
equal  to  ABE.  And  becaufe  the  ratio  of  BF  to  BD  is  given, 
make  the  ratio  of  LM  tp  f  the  fame  with  it;  and  becatile  the 
ratio  of  the  figure  BD  to  BG  is  given,  find  this  ratio  by  the 
53d  dar.  and  make  the  ratio  of  P  to  Qjl^e  fame.  Alfo,  becaufe 
the  ratio  of  CB  to  BA  is  given,  make  the  ratio  pf  Qjo  R  the 
fame ;  and  take  LN.  equal  to  R ;  through  the  point  M  draw  OM 
parallel  to  LN,  and  complete  the  parallelpgram  NLOS ;  then 
this  is  fimilar  co  the  parallelogram  BF* 

Becaufe  the  angle  A13K  is  equal  to  NLM,  and  the  angle 
ABE  to  NLO,  the  angle  KBE  is  equal  id  ML6  ;  and  the 
^nglcs  BI^E,  LMO  are  equal,  becaufe  the  angle  ABK  is  c* 
qual  to  NLM ;  therefore,  the  triangles  BKE,  LMO  are  equi* 
angular  to  one  another;  wherefore  as  BEtoBK,  fo  is  LO  to 
LM ;  and  becaufe  as  the  figure  BF  to  BD,  fo  is  the  ftraight 
]\uc  LM  to  P ;  and  as  BD  10  BG,  fo  is  P  to  Q^;  ex  aequal^ 
as  BF,  that  is  ^  BH,  to  BG,  fo  is  LM  to  Q  :  But  BH  is  to « 


DATA.  422 

B6,  n  KB  to  BC;  lu  therefore  KB  to  BC>  fo  is  LM  to  Ot 
and  becaufe  BE  it  to  BK,  as  LO  co  LM ;  and  as  BK  to  BC, 
fo  is  LM  to  Q^  and  as  BC  to  BA,  fo  Qjvas  made  to  R ;  there- 
fere,  ex  aequali,  as  BE  to  BA,  fo  is  LO  to  R,  that  is  to  LN  ; 
aod  the  angles  ABE,  NLO  are  equal ;  therefore  the  paralle- 
logram BF  is  fimilar  to  LS. 

PROP.    LXX,  €%.  iu 

JF  two  ftraight  lines  have  a  given  ratro  to  one  another,  He  k. 

and  upon  one  of  them  be  defcribeil  a  redtilineat  figure 
given  in  fpecies,  and  upon  tlie  other  a  parallelogram  ha- 
ving a  given  angle ;  if  the  figure  have  a  given  ratio  t-o 
thepar^lelogram,  the  parallelogram  is  given  in  fpecies* 

Let  the  two  ftraight  lines  AB,  CD  have  a  giTen  ratio  to 
one  another,  and  upon  AB  lee  the  figure  AEB  given  in  fpeciea 
Mfi  deforibed,  and  upon  CD  the  parallelogram  DF  having  the 
given  angle  FCD  ;  if  the  ratio  of  AEB  to  DF  be  given,  the  pa« 
rallelogram  DF  is  given  in  fpecies. 

Upon  the  ftraight  line  AB,  conceive  the  parallelogram  AG 
to  be  dcfcribed  Qmitsr,  and  limilarly  placed  to  FD ;  and  bccaufe 
the  ratio  of  AB  to  CD  is  given,  and  upon  them  arc  dcfcribed 
the  Gmilar  roAilineal  figures  AQ,  V^ 

FD  J  die  nuk)  of  AG  to  FD  is  gi-       ^^^^^^      F 
yen  a ;  and  the  ratio  of  FD  to  A^B  A\       '      \B    V   '  ~l     a  54«  ^ai 
is  given ;    thevefore  U  the  ratio  pf      \  \      \  ,       ^      ^  '•  ^** 

AEB  to  AG  is  given ;  and  the  angle      \..        ■   \Q  Q     }  J% 
ABG  is  given,  becaufe  it  is  equal  to    ^ 
the  abgle  FCD ;  becaufe  therefore        \__\m        I 
the  panillelomun  AG  which  has  «  "'  ^   (    |     ^ 

given  lin^e  ABG  is  applied  to  a  fide  H  K  Is 

AB  of  the  figure  AEB  given  io  fpe- 

cits,  and  the  ratio,  of  AEB  to  AG  is  given,  the  parallelograno 
AG  is  ^vep  <^  in.  fpeci^;  but  FD  is  fimilar  to  AG;  therefore  «  C9.,du^ 
FD  is.  given  in  fpecies. 

A  parallelmram  fimihr  toFD  tna^  be  found  thus;  take  a 
ftraight  line  H  given  in  magnitude ;  and  becaufe  the  rario  of 
the  figure  AEJB  to  FQ  is  given,  make  the  ratio  of  H  to  K  the 
iame  with  it :  Alfo,  becaule  the  ratio  of  the  ftraight  line  CD  to 
ABi  is  given,  find,  hy  the  54th  dat.  the  ratio  which  the  figure 
FD  dcfcribed  upon  CD  has  to  the  figure  AG  dcfcribed  upon 
AB  fimibr  to  FD ;  and  make  the  ratio  of  K  to  L  the  fame 
niti\  th]»  ritio ;  And  becaufe  the  ration  of  H  to  K,  and  of  K 

P  d  ^  ta 
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1i  9*  du.  to  L  are  g!veni  the  ratio  of  H  to  L  is  given  ^;  beeaule  tkct^ 
fore,  as  AEB  to  FD,  fo  is  H  to  K ;  aod  as  FO  to  AG,  fo  k 
K  to  L ;  ex  seqoali,  as  AEB  to  AG,  fo  is  H  to  L ;  there- 
fore the  ratio  of  AEB  to  AG  is  given  ;  and  the  figure  AEB 
is  given  in  fpecies,  ao4  to  its  fide  AB  the  paraiielogram  AG 
is  applied  in  (he  given  angle  ABG }  therefore  bj  the  iSptb  dac 
^  parallelogram  may  be  found  fimilar  to  AG  :  Let  this  be  die 
parallelogram  MN ;  MN  alio  is  fimilar  to  FD ;  for,  by  the  con* 
ilru£tion,  MN  Is  fimilar  to  AG»  and  AG  is  fimilar  to  FD ; 
therefore  the  parallelogram  f  D  is  fimilar  to  MN. 

|i.  PRO  P.   Lxxr, 

TF  the  extremes  of  three  proportional  ftraight  lines  have 
given  ratios  to  the  extremes  of  other  three  propor- 
tioual  ftraight  lines;  the  means  fiiall  alfo  have  a  given 
ratio  to  one  another :  And  if  one  extreme  has  a  given  nK 
tio  to  one  extreme,  and  the  mean  to  the  mean ;  likewiie 
the  other  extreme  Ihali  have  to  the  other  a  given  ratio. 

Let  A,  B,  C  1)e  three  proportional  ftraight  lines,  and  D,  E, 
F  three  other ;  and  let  the  ratios  of  A  to  E),  and  of  C  to  F  be 
given  ;  then  the  ratio  of  B  to  £  is  alfo  given. 

Beciaufe  the  ratio  of  A  to  D»  as  alfo  of  C  to  F  is  given,  the 

fi  6?.  dat.  ratio  of  the  rcftangle  A,  C  to  the  rcftaogle  D,  F  is  given  *  ; 

li.  17*  ^-   but  the  fquare  of  B  is  equal  b  to  the  reftangle  A,  C ;  and  the 

fquare  of  £  to  the  rcAangle  ^  D,  F ;  therefore  the  ratio  of  the 

r  58.  d^c.  Iquare  of  B  to  the  fquare  of  ]^  is  given  ;  wherefore  c  alfo  the 

ratio  of  the  ftraight  line  B  to  £  is  given. 

Next;  le|  the  ratio  of  A  to  D»  and  of  B  to  £  be  gi- 
ven;  then  the  ratio  of  C  to  F  is  alfo  given. 

Becaufe  ihe  ratio  Qf  B  to  £  is  given,  the  ratio  of  A'n  /} 
4  54.  dat.  the  fquare  of  B  to  the  fquare  of  £  is  given  ^ ;  theret  fx  -cv  n 
fore  b  the  ratio  of  the  redtangle  A,  C  to  the  rectangle    |   §     1 
D,  F  is  given  ;  and  the  ratio  of  the  fide  A  to  the  0de    ]   I 
f  ^S'  dat.  D  is  given  ;  therefore  the  ratio  of  the  other  fide  C  to        t 
the  other  F  is  given  c. 

CoR.  And  if  the  extretnes  of  four  proportionab  have  to  the 
extremes  of  four  other  proportionals  given  ratios,  and  one  of 
the  means  a  given  ratio  to  one  of  the  means  ;  the  other  mean 
(hall  have  a  given  ratio  to  the  other  mean,  as  may  be  fhewo  in 
the  fame  mani^er  as  in  the  foregoing  propofition* 

PROP. 
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PROP.    LXXn.  9u 

TF  four  ftrai^t  lines  be  iHtiportionals ;  as  the  firft  is  to 
the  (Iraigbt  line  to  which  the  fecond  has  a  given  ra* 
fio,  fo  is  the  third  to  a  ftraight  line  to  which  the 
fourth  has  a  given  ratio. 

Let  A9  B»  C,  D  be  fonr  proportiooal  flraight  lines,  viz.  as 
A  to  B,  fo  C  to  D ;  as  A  is  to  the  ftraight  hne  (o  vhich  B  has 
a  given  ratio,  fo  is  C  to  a  ftraight  line  to  which  D  has  a  given 
latio. 

Jjet  £  be  the  ftraight  line  to  which  B  has  a  given 
ratio,  and  as  B  to  £,  fo  make  D  to  F :  The  ratio  of 
B  to  £  is  given  S  ^^  therefore  the  ratio  of  D  to  F  ; 
and  becaide  as  A  to  B,  fo  »  C  to  D  ;  and  as  B  to  E. 
fo  D  to  F ;  therefore,  ex  sequali,  as  A  to  E»  fo  is  iV  A  B 
C  to  F ;  and  P  is  the  ftraight  line  to  which  B  has  a  C  D  f^ 
giveo  ratio,  and  F  that  to  which  D  has  a  given  ratio ; 
dierefore  as  A  is  to  the  ftraight  line'  to  which  B  has 
a  given  i^tio^  {o\^Q  toz  line  to  which  D  has  a  given 
ration 

PROP.     LXXIII.  «i 


1 


I' 


•  Hnfw 


TF  four  ftraight  lines  be  proportionals ;  as  the  f  r^l  is  to    s«  N, 

tbe  ftraight  line  to  which  the  fecond  has  a  given  ra- 
tio, fo  is  a  ftraight  line  to  which  the  third  has  a  given 
ratio  to  the  fourth. 

Let  the  ftraight  line  A  be  to  B,  as  C  to  D ;  as  A  to  the 
ftraight  line  to  which  B  has  a  given  ratio,  fo  is  a 
ftraight  line  to  which  C  has  a  given  ratio  to  D. 

Let  £  be  the  ftrajght  line  to  whi<:h  B  has  a  given 
ratiOy  and  as  B  to  £,  fo  make  F  to  C  ;  bccaufe  the 
ratio  of  B  to  £  is  given,  the  ratio  of  C  to  F  is  gi-  ^^  «m  « 
ven  :  And  becaufe  A  is  to  B,  as  C  to  D ;  and  as  B  *^  »  «♦ 
to  £»  fo  F  to  C ;  therefore,  ex  xquali  in  proponione  F  G  J) 
perturbata  ^  A  is  to  K,  as  F  to  D  ;  that  is,  A  is  to  Jl  |     |     |     a  aj,  5; 
to  which  B  has  a  given  ratio,  9s  F^  to  which  C  has 
a  given  ratio,  is  to  D. 


?RG?, 
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^^  PRO  P.    LXXIV. 

TF  a  triangle  has  a  given  obtufe  angle  ;  the  excefs  of 
^  the  fquare  of  the  fide  which  fubtends  the  obnife 
angle,  above  the  fquares  of  the  fides  which  contain  it| 
ihall  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  havr  a  gIvieQ  obtufe  angle  ABC ;  and 
produce  the  jilraight  line  CB*  and  from  the  pomt  A  dnm 
AD  perpendicular  to  BC :  The  excdi  of  the  fquare  of  AC  a* 

a  i«.  %,    hove  the  fquares  of  AB,  BC.  that  is  a,  the  double  of  the  reft* 

angle  contained  bv  DB,  BC,  hat  a  given  ratio  to  the  triaaris  j 

ABC.  I 

Becaufe  the  angle  ABC  is  given,  the  angle  ABD  b  alio  gi^ ; 

v^n  :  and   the  angle  ADB   is  given ;  wherefore  the  iriaag^  I 

b  4l.  dac.  ABD  is  given  b  in  fpecies ;  and  therefore  the  ratio  of  AI>  to 

^  '-  ^-      DB  is  given  :  And  as  AD  to  PB,    fo  is  c  the  reflangle  AD^ 
Be  to  the  reAangle  DB,  BC ;  whereforethe  ratio  of  the  raftangpoj 
AD,  BC  to  the  rc£hng]e  DB,  BC  is  given,  as  alio  the  ratio  of 
the  redangle  DB,  BC  to  the  redangle  AD, 
BC :  But  the  ratio  of  the  rc£langle  AD, 
BC  to  the  triangle  ABC  is  given,  becailie 

4  4i»t.     it  is  double  <l  of  the  triangle;  therefore 
the  ratio  of  twice  the  reftangle  DB,  BC 

e  >.  dac    tQ  ijjc  triangle  ABC  is  given  « ;  and  twice      -^     •^         0% 
the  rcAangle  DB,   BC  is  the  excefs  a  of     D     ft        C 
the  fquare  of  AC  above  the  fqnaresof  AB,  BC  ;  therefore  lUr 
excels  has  a  given  ratio  to  the  triangle  ABC. 

And  the  ratio  of  this  excefs  to  the  triangle  ABC  may  bs 
found  thus ;  take  a  ftraight  line  £F  given  in  poiition  and 
nitude ;  and  becaufe  the  angle  ABC  is  given,  at  the  poiac  f 
of  the  ftraight  line  EF,  make  the  angle  EFG  equal  10  the 
ABC;  produce  GF,  and  draw  £H  perpendicular  to  FQ; 
the  ratio  of  the  excefs  of  the  fquare  of  AC  above  the  fq\ 
of  AB,  BC  to  the  triangle  ABC  is  the  fame  with  the  ratio  dl 
quadruple  the  ftraight  line  HE  to  HE. 

Becaufe  the  angle  ABD  is  equal  to  the  single  EFB*  mi 
the  angle  ADB  to  £HF,  ea^h  being  a  right   angle  ;    the^ 

{  4.  €.      angle  ADB  is  equiangular  to  ]^HF  ;  therefore  ^  as  BD.  to  X>^ 

I  Cor.4.5.fo  FH  to  HE;  and  as  quadruple  of  BD  to  DAt  fo  is  £  tgrn^ 
druple  of  FH  to  HE  :  But  as  twice  BD  is  to  DA,  fo  is  c 
the  rcAangie  DB,  BC  to  the  re^angle  AD,  EC ;  and  as  DA 

}^  q  s,.     to  th^  half  pf  it,  {qU^  the  rc^ban^le  AD,  BC  to  its  half  ibe 
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triaiigk  ABC|  therefore,  ezaequalf,  ai  twice  BD  is  to  the  half 
iof  DA,  that  if,  as  quadruple  of  BD  is  to  DA,  that  is,  as  qua- 
^aple  of  FH  to  HE,  fo  it  twice  the  reOangle  DB,  BC  to  the 
Mangle  ABC. 

PROP.    LXXV,  a. 

'JF  a  triangle  has  a  given  acute  angle  j  the  fpace  by 
which  the  fquare  of  the  fide  fubtending  the  acute 
logte  is  lefs  than  the  fquares  of  the  fides  which  contain 
it,  ihall  have  a  given  ratio  to  the  triangle. 

Lee  the  triangle  ABC  have  a  given  acute  angle  ABC,  and 
dmw  AD  perpendicular  to  BC ;  the  fpace  by  which  the  fquare 
of  AC  if  left  thao  the  fquares  of  AB.  BC,  that  is  a,  the  double^  >l*  •• 
|)f  the  reAaorie  contained  by  CB,  BD,  has  a  given  rauo  to  the 
triangle  ABC. 

Bmtulc  the  angles  ABD,  ADB  are  each  of  them  given, 
tfie  triangle  ABD  it  given  in  fpecies ;  and  therefore  the  ratio 
^  BD  to  DA  is  given  :  And  as  BD  to  DA,  A 

.|b  if  the  reAangle  CB,  BD  to  the  reaangle  ^ 

GB^  AD ;  therefore  the  ratio 
angles  b  ^ven,  as  alfo  the  ratio 
y«aaogle  CB,  BD  to  the  reftangl 

bo^  tbereAangleCB,  ADhatagivet 

fo  i(i  half  the  triangle  ABC ;  therefore  b  the      B  J)  C  ^  ^'  "^^ 

rtcio  of  twice  the  reAangle  CB,  BD  to  the  triangle  ABC  is  gi- 
ven; and  twice  the  rcfbngle  CB,  BD  is  a  the  fpace  by  which 
the  fquare  of  AC  is  left  than  the  fquares  of  AB,  BC ;  ihei  e- 
ibre  the  ratio  of  this  fpace  to  the  triangle  ABC  is  given:  And 
the  ratio  may  be  found  as  in  the  preceding  propofition. 

LEMMA. 

F  from  the  vertex  A  of  an  ifofceles  triangle  ABC,  any  (Iralght 

line  AD  be  drawn  tothebafeBC;  the  fquare  of  the  (iJe 

AB  is  equal  to  the  rcdlaogle  BD,  DC  of  the  fegments  of  ihe  bafe 

.together  with  the  fquare  of  AD ;  but  if  AD  be  drawn   to  the 

:  bafe  produced,  the  tquare  of  AD  is  xqual  to  the  rectangle  BD» 

DC  together  with  the  fquare  of  AB.  - 

Cas.  1.  Bifc£t  the  bafe  BC  in  E.  and  ^ 

Join  A£  which  will  be  perpendicular  a  to  (iT 

BC;  wherefore  the  fquare  of  AB  is  equal  /m\  ^  4-  y-  «"• 

S  to  the  fquares  of  AE,  EB  ;  biit  the  fquare  x/l  \    \ 

.of  EB  is  equal  c  to  the  rcaai>glc  BD,  DC     y/l       \     «  5.  f. 
together  with  the  fquare  of  DE ;  there-    ^*    '  ' — '  ■    ^ 
fore  the  fquare  of  A{}  b  equal  to  the  J)  B  D  E      C 

fquac« 


id  as  BD  to  DA,  a 

)  to  the  reftangle  y4 

tio  of  thefe  reft-  y^  |\ 

'atio  of  twice  the  ^r        I  \ 

ftanglcCB,AD;  X  1  \ 

has  a  siven  ratio  r    I     V 


I 
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*  ♦y-  »•  fqoaret  of  AE,  ED,  that  m,  to  b  the  fqnare  of  AD,  ^^^^. 
with  the  redangle  BD,  DC ;  the  other  cafe  is  ihewn  io  the  bm 
VfBj  by  6. 2.  £iem. 


^h 


PROP.    LXXVI. 


TF  a  triangle  have  a  given  angle,  the  excefs  of  the  i^uant. 
of  the  ftraight  line  which  is  equal  to  the  two  (iddl  I 
that  contain  the  given  angle,  above  the  fquare  of  the  i 
third  fide,  fhall  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  the  given  angle  BAC,  the   cxoft 
of  the  fquare  of  the  ftraight  line  which  is  equal  to  BA»  AC  to- 
gether above  the  fquare  of  BC,  (hall  haVe  a  ^vea  ratio  to  tke . 
triangle  ABC. 

Produce  BA,  and  take  AD  equal  to  AC,  join  DC  and 
produce  it  to  £,  and  through  the  point  B  draw  B£  paraOd  to 
AC ;  join  AH,  and  draw  AF  perpendicular  to  DC ;  and  be^ 
caufe  AD  is  equal  to  AC,  BD.  is  equal  to  B£;  and  EC  i| 
drawp  from  the  vcrte:;^  B  of  the  ifofceies  triangle  DBE»  there- 
fore, by  the  Lemma,  the  A^uare  of  B0,  that  is,  of  BA  tmi 
AC  together*  is  equal  to  the  rectangle  DC»  C£  together  with 
the  fquare  of  BC ;  and  therefore,  the  fquare  of  BA^  AC  to- 
gether, that  isj  of  BD,  is  greater  than 
the  iquare  of  BC  by  the  reAangle  DC, 
CE ;  and  this  redangle  has  a  given 
ratio  to  the  triangle  ABC  :  Becaufe 
the  angle  BAC  is  given,  the  adjacent 
fuigle  CAD  is  given  ;  and  each  of  the 
angles  ADC,  DCA  is  given,  for  each 
•  |.&3»»i.^^  them  is  the  half  a  of  the  given  angle 

BAC  ;  ihercfpre  the  triangle  ADC  is  "^K. 

V  43*  dat.  given  ^  in   fpecies;  and  AF  is  drawn 

irom  its  vertex  to  the  bafe  in  a  given  angle;  wherefore  the  rtria 

c  so,  dat.  of  AF  to  the  bafc  CD  is  given  <;  and  as  CD  to  AF,  fo  is  d  tk 

^  '•  ^'       rcaangle  DC,  CE  to  the  rcftanglc  Af,  CE ;  and  the  ratio  c£ 

c  41. 1.     '**c  rcftangle  AF»  CE  to  its  halt  c  the  triangle  ACE  is  giveo; 

therefore   the  ratio  of  the  rectangle  DC,  C£  to  the  triangle 

f  37*  X-      AC£,  that  is  f,  to  the  triangle  ABC,  is  given  g;  and  the  rcAang|c 

g  p.  d«.    DC    CE  is  the  excefs  of  the  fqbare  of  B  A,  AC  together  above 

the  fquare  of  BC ;  therefore  the  ratio  of  this  excefs  to  the  ti ' 

angle  ABC  is  given. 

The  ratio  which  the  reAangle  DC,  CE  has  to  the  triangk 
A$C  is  fpund  thus ;  T^ke  the  ilraight  line  Q}}  given  ia  pofr 
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ton  and  mtgnitude,  and  at  the  point  G  in  GH  make  the  aogia 
BGK  equal  to  the  given  angle  CAD,  and  take  GK  equal  to 
^ti,  join  KH,  and  draw  GL  perpendicular  to  it:  Then  the 
ratio  of  UK.  to  the  half  of  GL  is  the  fame  with  the  ratio  of 
the  redangle  DC^  CE  to  the  triangle  ABC :  Becaufe  the  angles 
fiGKy  DAC  at  ^the  vertices  of  the  ifofceles  triangles  GHK» 
ADC  are  equal  to  one  another,  thefe  triangles  are  fimilar ;  and 
lecaufe  GL,  AF  are  perpendicular  to  the  bafes  HK,  DC  as  ^ 
BK  to  GL,  To  is  h  (DC  to  AF,  and  To  is)  the  re£bngle  DC,  h  ] 
CE  to  the  reftangle  AF,  CE ;  but  as  GL  to  its  half,  fo  is  the  C 
rtftaogle  AF,  CE  to  its  half,  which  is  the  triangle  ACE,  or 
the  triangle  ABC  ;  therefore,  ex  aequali,  HK  is  to  the  half  of 
Ac  ftraight  line  GL,  as  the  reflangle  DC,  CE  is  to  the  triangle 
aBC« 

Colt.  And  if  a  triangle  have  a  given  angle,  the  fpace  by 
which  the  Mquare  of  the  ftraight  line  which  is  the  difference' 
of  the  fides  which  contain  the  given  angle  is  Ids  than  the 
fettsR  of  the  third  fide,  (hall  have  a  given  ratio  to  the.  triangle. 
lliis  is  demonftrated  the  fame  waf  as  the  preceding  propofi- 
don,  by  help  of  the  fecond  cafe  of  the  Lotiima. 

PROP.    LXX^II.  L 

IF  the  perpendicular  drawn  from  a  given  angle  of  a   see  n. 

triangle  to  the  oppofice  fide,  or  bafe,  has  a  given  ra- 
tio to  the  bafe;  the  triangle  is  given  in  fpecies. 

Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let 
the  perpendicular  AD  drawn  to  the  bafe  BC,  have  a  given  ra- 
tio to  it ;  the  triangle  ABC  is  given  in  (pecies. 

If   ABC  be  an  ifofceles  triangle,  it  is  evident  >  that  if  anyas&s^'i* 
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•ne  of  its  angles  be  given,  the  reft  are  alfo  given  ;  and  there* 
fore  the  triangle  is  given  in  fpecies,  without  the  conftderatioa 
of  the  ratio  of  the  perpendicular  to  the  bafe,  which  in  this  cafe 
is  given  by  prop.  50* 

But  when  ABC  is  not  an  ifofceles  triangle,  take  any  ftraight 
line  £F  given  in  pofition  and  magnitude,  and  upon  ic  defcribe 

the 
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the  fegment  of  a  circle  EGF  cont^ntog  an  angle  eqnattoihi^ 
given  angle  BAG  ;  draw  GH  bifeAing  £F  at  riglbt  angit^  aai 
join  EG,  GF :  Then,  (ince  the  angle  EGF  is  equal  to  cBe  ma)f^ 
BAG,  and  that  EGF  is  an  ifofceles  triangle*  and  ABG  u  aa% 
the  angle  ;F£G  is  not  equal  to  the  angle  CBA  :  Draw  EL  mt^ 
king  the  angle  FEL  equal  to  the  angle  CBA  $  join  FJL,  and' ' 
draw  LM  perpendicular  to  EF ;  then,  becaufe  the  triangles  EU, 
Bag  are  equiangular,  as  alfo  are  the  triangles  MLE,  DAB^ 
as  ML  to  LE,  fo  is  DA  to  AB ;  and  as  LE  to  EF,  fo  is  AB  ro  BC| 
wherefore,  ex  xquali.  as  LM  to  £F,  fo  b  AD  to  BC ;  and  be- 
caufe  the  ratio  of  AD  to  BC  is  given,  therefore  the  ratio  of  IM 

b  %*  dai.  to  EF  is  given ;  and  EF  is  given,  wherefore  ^  LM  alio  is  gives. 
Complete  the  parallelogram  LMFK ;  and  becaufe  LM  is  gives^ 
FIC  is  given  in   magnitude;    it  is  alfo  given  in   pofitioa,  sod 

c  30.  daL  the  point  F  is  given,  and  confequentlj  c  the  point  K ;  and  be* 
cau(e  through  K  the  ftraight  line  KL  is  drawn  parallel  to  EF 

4  31.  dat.  which  is  given  in  polition,  therefore  ^  KL  is  given  in  pofidon; 
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and  the  circumference  ELF  is  given  in  pofiuon ;  therefore  the 

e  2t.  dat.  point  L  is  given  <.     And  becaufe  the  points  L,  £,  F  are  given, 

i  a^.  dat.  the  ftraight  lines  LE,  EF,  FL  are  given  ^^  in  magoiiude  ;  thoe- 

g  4at  dat.  fore  the  triangle  L£F  is  given  in  fpecies  g ;  and  the  trtang|ie 

ABC  is  fimilar  to  LEF,  wherefore  alfo  ABC  is  given  in  fpecick 

Becaufe  LM  is  lefs  than  GH,  the  ratio  of  LM  to  EF.  that 

is,  the  given  ratio  of  AD  to  BC,  muft  be  Ids  than  the  ratio  of 

Gil  to  EF,  which  the   ftraight  line,  in  a  fegment  of  a  circk 

containing  an  angle  equal  to  the  given  angle,  that  bifcAs  the 

bafe  of  the  fegment  at  right  angles,  has  unto  the  ba(e. 

CoR.  I.  If  two  triangles,  ABC,  LEF  have  one  angle  BAC 
equal  to  one  angle  ELF,  and  if  the  perpendieulap  AD  t^  to  ibc 
bafe  BC,  as  the  perpendicular  LM  to  the  bale  EF ;  the  triangia 
ABC,  LEF  are  iiniilar. 

Defcribe  the  circle  EGF  about  the  triangle  ELF,  and  drav 
LN  parallel  to  EF,  join  EN,  NF,  and  draw  NO  perpendica- 
br  to  EF ;  becaufe  the  angles  ENF«  ELF  Hre  eqaai,  and  thai 

the 
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die  an^  EPN  is  equal  to  the  alternate  an^  FNL»  that  it,  to 
angle  F£L  in  the  faAie  legment ;  therefore  the  triangle 
?  is  Bmiiar  to  LEF ;  and  in  the  fegment  EGF  there  can 
no  other  triangle  upon  the  bafe  EF,  which  has  the  ratio  of 
lis  perpendicular  to  that  baie  the  (ame  with  the  ratio  of  LM 
)mt  NO  to£F»  becauie  the  perpendicular  muft  be  greater  or 
left  than  LM  or  NO ;  hot,  as  has  been  (hewn  in  the  preceding 
||deau>nftntioo»  a  triai^le  fimilar  to  ABC  can  be  defcribed  in 
^HlftC  fegment  EGF  npon  the  bafe  £F|  and  the  ratio  of  its  perpen- 
^^icolar  to  the  baie  is  the  famCt  as  was  there  (hewn,  with  the  ra> 
[do  of  AO  to  BCt  that  is»  of  LM  to  EF ;  therefore  that  triangle 
^snuft  be  either  LEF.  or  NEF,  which  therefore  are  fimilar  to  the 
;  triangle  ABC. 

;  Con.  2.  If  a  triangle  ABC  has  a  given  angle  BAC  and  if^^c 
Ikraiflht  Ibe  AR  drawn  from  the  pveo  angle  to  tbe  oppofite 
I  fide  BC»  in  a  given  angle  ARC,  has  a  given  ratio  to  BC  ;  tbe 
I  triangle  ABC  is  given  in  fpeciei* 

Draw  AD  perpendicular  to  QC  ;  therefore  the  triangle  ARD 
is  given  in  fpecies  ;  wherefore  the  satio  of  AD  to  AR  is  given  ; 
and  the  ratio  of  AR  to  BC  is  given»  and  confcqucntlj  ^  the  ra-^  §.  dat. 
tio  of  AD  to  BC  is  given ;    and  the  triangle  ABC  is  therefore 
given  in  fpecies  i.  177*  ^^* 

CoR.  3.  If  two  triangles  ABC.  LEF  have  one  angle  BAG 
ec|oal  to  one  angle  ELF»  and  if  ftraight  lines 'drawn  from  thcie 
angles  to  the  bafes,  making  with  them  given  and  equal  angles. 
have  the  fame  ratio  to  the  baies.  each  to  each  $  then  the  tri- 
angles are  fimilar ;  for  having  drawn  perpendiculars  to  the  bafes 
firom  the  equal  angles,  as  one  perpendicular  is  to  its  bafe,  fo  is 
the  other  to  its  bafe  k ;  wherefore,  by  Cor.  i.  the  triangles  are.  r^.  4. 
fimilar.  I**-  i» 

A  triangle  fimilar  to  ABC  may  be  found  thus ;  having  de- 
fcribed the  fisgment  EGF  and  drawn  the  ftraight  line  GH  as 
was  directed  in  the  propoficion.  find  FK  which  has  to  £F  the 
g^ven  ratio  of  AD  to  Bu  ;  and  place  FK  at  right  angles  to  EF 
from  the  point  F ;  then  becaufe.  as  has  been  (hewn,  the  ratio 
o(  AD  to  BC,  tha^  is»  of  FK  to  EF,  muft  be  krs  than  the  ra- 
tio o(  GH  to  EF ;  therefore  FK  is  lefs  than  GH*;  and  confe«- 
qoently  the  parallel  to  EF  drawn  through  the  point  K,  muft  meet 
the  circumference  of  the  fegment  in  two  points :  Let  L  be  ei- 
ther of  them^  and  join  £L»  LF,  and  draw  LM  perpendicular  to 
£F ;  then,  becaufe  the  angle  BAG  is  equal  to  the  angle  ELF* 
and  that  AD  Is  to  BC,  as  KF,  that  is,  LM  to  EF,  the  triangle 
ABC  is  fimilar  to  the  triaoglc  LEF,  by  Cor.  i. 

PROP. 
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PROP.    Lxxvm. 


TF  a  triangle  have  one  angle  given,  and  if  tbe  ratio  (d 
the  reiftangle  of  the  fides  which  contain  the  given 
angle  to  the  fquare  of  the  third  fide  be  given ;  the  tri* 
angle  is  given  in  fpecies. 

Let  the  triangle  ABC  have  the  given  angle  BAC»  and  lee  Ae 
ratio  of  the  reAaogle  BA.  AC  to  the  fquare  of  BC  be  givcB ; 
the  triangle  ABC  is  given  in  fpecies. 

From  the  point  A,  draw  AD  perpendicular  to  BC  ;  the  re&* 
a  41.  I.  angle  AD,  BC  has  a  given  ratio  to  its  half  &  the  triangte  ABC  t 
and  becattfe  the  angle  BAC  is  gtven»  the  ratio  of  tbe  triangle 
b  Cor.  6%.  ABC  to  the  reAangIc  BA»  AC  is  given  b  •  aod«  bf  the  hypo- 
<i«t.  thefis,  Che  ratio  of  the  reAangle  B  A,  AC  10  the  fiijoare  of  BCii 
c  ^  dat.  given  ;  .therefore  c  the  ratio  of  the  rectangle  AD»  fiC  to  tht 
d  I.  6.  ^uare  of  BC»  that  is,  d  the  ratio  of  the  ftraight  line  AD  to  BC, 
e  97.  dat.  it  given ;  wherefore  the  triangle  ABC  is  given  in  fpecies  e. 

A  triangle  fimilar  to  ABC  may  be  found  thus;  take  a 
ftraight  line  £F  given  in  pofitton  ind  inagniiude,  and  make 
the  angle  F£G  equal  to  the  given  angle  BAC,  and  draw  FH 
perpendicular  to  EG,  and  BK  perpetKiicular  10  AC  ;  therefeic 
the  triangles  ABK>  EFM 
are  fimilar,  and  the  re£t* 
angle  AD, »  BC,  or  the 
reSangle  BK,  AC,  which 
is  equal  to  it,  it  to  the 
re£boglc  B  A,  AC,  as  the  ^ 
ftraight  line  BK  to  BA,  ]d  |^  i^ 
thatis,i8FHtoFE.  Let  **  *^    *-^ 

the  given  ratio  of  the  re£Vang1e  BA,   AC  to  tbe  fquare  of  BC 
be  the  fame  with  the  ratio  of  the  ftraight  line  EF  to  FL;  thcit- 
fore,  ex  «quali,   the  ratio  of  the  rectangle  AD,  BC  to  tk 
fquare  of  BC,  that  is,  the  ratio  of  the  ftraight  line  AD  to  BC 
h  the  fame  with  the  ratio  of  HF  to  FL  ;  and  becaufe  AD  ii 
not  greater  than  the  ftraight  line  MN   in  the  fegment  of  tk 
circle  defcribed  about  the  triangle    ABC,    which  btfeds  BC 
at  right  angles  ;  the  ratio  of    AD  to  BC,   that  is,    of  HI 
to  FL,  muft  not  be  greater  than  the  ratio  of  MN  to  BC: 
Let  It  be  (b,  and,  by  the  77th  dat.  find  a  triangle  OP(^, 
which  hat    one    of  its    angles   POQ^ equal    to    the   gJitt" 
angle    BAC,    and    the    ratio    of   the     perpendicular   OK 
drawn  £rom  that  angle  to  tbe  ba(e  FQ^the  fame  with  tk 
ratio  of  HF   CO  FL ;    then  the  triangle  ABC   is  ftmilar 
1  0 
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bPQj  Becaufe,  as  has  been  ffaewn,  the  i^tio  of  AD  to  BC 
is  the  fame  with  the  ratio  of  (HF  to  T^L,  that  is,  bj  the  con- 
firu£tion,  wuh  the  ratio  of)  OR  to  PQ^;  and  the  angle  BAC 
iseqmlto  the  angle  FOQ_;  therefore  the  triaogle  ABC  i$ 
fimiiar  ^  to  the  triaiigle  POO  ,  f  ,.  cor. 

Otherwifc,  77.  X>«. 

Let  the  tHangle  ABC  have  the  given  angle  BAC,  and  let 
the  ratio  of  the  rcftangic  BA,  AC  to  the  fquare  of  BC  be 
given  ;  the  triangle  ABC  is  given  in  fpecies. 

Becaufe  the  angle  BAC  is  given,  the  excefs  of  the  fquare 
of  both  the  fides  BA,  AC  together  above  .the  fquare  of  the 
third  fide  BC  has  a  given  2  ratio  to  the  triangle  ABC.  Let  the ^^  jg^  ^^^ 
figure  D  he  equal  to  this  excefs ;  therefore  the  ratio  of  D  to 
the  triangle  ABC  is  given  ;  and  the  ratio  of  the  triangle  ABC 
to  the  rcAangle  BA,  AC  is  given  h,    becaufe  BAC  is  a  given  b  Cor.  tfi, 

angle ;  and  the  rcftangle  BA,  AC  has  A  I J     ****• 

a  given  ratio  to  the  fquare  of  BC  ;  yv 

wherefore  «  the  ratio  of  D   to  the         y^   \  D      <.  ,0.  dat, 

fquare  of  BC  is  given  ;  and,  by  com-      -^  \      I j 

pofition  (),   the  ratio  of  the  fpace  D  ]^  C  d  7.  dzu 

together  with  the  fquare  of  BC  to  the  iquare  of  BG  is  given  ; 
but  D  together  with  the  fquare  of  BC  is  equal  to  the  fquare 
of  both  BA  and  AC  together ;  therefore  the  ratio  of  the 
fquare  of  BA,  AG  together  to  the  fquare  of  BC  is  given  ;  anc!^ 
the  ratio  of  BA,  AC  together  to  BC  b  therefore  given  c  ;  and^  59-  dit, 
the  angle  BAC  is  given,  wheriefore  ^  the  triangle  ABC  is  given  ^  48*  du« 
Id  fpecies. 

The  coxnpofition  of  this,  which  depends  upon  thole  of  the 
76th  and  48th  propofitions,  is  more  complex  than  the  prece« 
ding  compofition^  which  depends  upon  that  of  prop.  7^.  which 
n  cafy. 

PROP.    LXXIX  K- 

TF  a  triangle  have  a  given  angle,  and  if  the  ftraight  line    sccH* 

drawn  from  that  angle  to  the  bafe,  making  ^  given 
angle  with  it,  divides  the  bafe  into  fegments  which  have 
a  given  ratio  to  one  another  j  the  triangle  is  given  in 
ipecies. 

Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let 
the  ftraight  line  AD  drawn  to  the  bafe  BC  making  the  given 
angle  ADB,  divide  BC  into  the  fegmcntsBD,  DC  which  have 
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a  given  ratio  to  one  another ;  the  triangle  ABC  is  given  in  fftecitfc 

a  5-  4*         Dcicribe  a  the  circle  BAC  about  the  triangley  and  f^om  in 
centre  £,  draw  £A,  £B,  i^C,  ED ;    becaufe  the  angle  BAG  b 

b  xo,  3.    given,  the  angle  BEC  at  the  centre,  which  is  the  douUe  b  of  it, 
is  given.     And  the  ratio  of  BE  to  £C  is  given,  bccanfe  they 

6  44.  dit.  2rQ  equal  to  one  another ;    therefore  c  the  triangle  BEC  is 
given  in   fpecies,    and   the    ratio  of  EB  to  BC   given  ;    alfo 

«l  7*  dat.  the  ratio  of  CB  to  BD  is  given  d,  becaufe  the  ratio  of  BD  to 

«  f .  dat.   j)Q  jj  given  ;  therefore  the  ratio  of  EB  to  BD  is  given  ei  and 

the  angle  £BC  is  given,  wherefore  the  triangle  EBD  is  given  c 

in  rpecies,  and  the  ratio  of  EB,  that  is,  of  E  A  to  ED,  is  there* 

"■        fore  given ;  and  the  angle  EDA  b  given,  becaufe  each  of  the 

angles  BDE,  BDA  is  given;  therefore  the   triangle  AEDii 

1 47.  dat.  given  f  in  fpecies,  and  the  angle  AED 
given ;  alio  the  angle  DEC  is  given,  be- 
caufe each  of  the  angles  BED,  BEC  is 
given ;  therefore  the  angle  AEC  is  given, 
and  the  ratio  of  EA  to  EC,  which  are 
equal,  is  given ;  and  the  triangle  AEC  is  w^ 
therefore  given,  ^  in  fpecies,  and  the  angle 
ECA  given;  and  ihe  angle  EGB  is  given, 
wherefore  the  angle  ACB  is  given,  and  the  angle  BAC  is  aU# 

g  43.  dat.  given  ;  therefore  £  the  triangle  ABC  is  given  in  fpecies. 

A  triangle  iimilar  to  ABC  may  be  found,  by  taking  a  ftraigbt 
line  given  in  pofition  and  magnitude,  and  dividing  it  in  the 
given  ratio  which  the  fegtnents  BD>  DG  are  required  to  have 
to  one  another ;  then,  if  upon  that  ftraight  line  h  fegment  of  a. 
circle  be  defcribed  containing  an  angle  equal  to  the  given  angk 
BAC,  and  a  ftraight  line  be  drawn  from  the  point  of  diviiion  ia 
an  angle  equal  to  the  given  angle  ADB,  and  from  the  poioi 
.  where  it  meets  the  circumference,  ftraight  lines  be  drawn  to 
the  extremity  of  the  firft  line,  thefe  together  with  the  firft  line 
fliall  contain  a  thiangle  iimilar  to  ABC,  as  may  eaiily  be  (hewn. 
The  demonftration  may  be  alfo  made  in  the  manner  of  that 
of  the  77th  prop,  and  that  of  the  77th  may  be  made  ia  ik 
manner  of  this. 

L.  PROP,    LXXX. 

tF  the  (ides  about  an  angle  of  a  triangle  have  a  givea 
ratio  to  one  another,  and  if  the  perpendicular  draws 
from  that  angle  to  the  b^fe  has  ai  given  ratio  to  the 
bafe;  the  triangle  is  given* in  fpecies^ 
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,  Let  the  fides  BA,  AC,  about  the  angle  BAC  of  the'triangle 
ABC  have  a  given  ratio  to  one  another,  and   let  the  perpen- 
dicular AD  have  a  given  ratio  to  the  bafe  BC ;   the  triangle   - 
ABC  is  given  in  fpecies; 

Firft,  let  the  fides  AB,  AC  be  equal  to  one  anbther,  there* 
fore   the  perpendicular  AD  bifeAs  ^  the  bafe  J^  a  itf.  i. 

BC;  and  the  rario  Of  A 15  to  EC,  aUd  there-  y|C 

fo'e  to  its  half  DB,    is  given;  and  the   angle   .1/    1    \. 
ADB  is  given  ;  wherefore  the  triangle  •  ABD.       /      i      x     •  43.  dat. 
and  confequently  the  triangle  ABC,  is  given  b  Jj-       J^     C  1>  44*  ^^^ 
in  fpecies. 

But  let  the  fides  be  unequal,  and  BA  be.  greater  than  AC  ; 
and  make  the  angle  CAE  equal  to  the  angle  ABC  ;  becaufe 
the  angle  AEB  is  common  to  the  triangles  A£B;  C£A,  thej 
arc  fimilar ;  therefore  as  AB  to  BE,  fo  is  CA  to  AE»  and,  by 
permutation,  as  BA  to  AC,  fo  is  BE  to  £A,  and  fo  is  £A 
to  EC;  and  the  ratio  of  BA  to  AC  is  given,  therefore  the 
ratio  of  BE  to  EA,  and  the  ratio  ofEA  to  EC,  as  a)fo  the 
ratio  of  BE  to  EC,  is  given  c;  wherefore  the  ratio  of  £B  toc 
BC  is  given  d  •  and  the  ratio  of  AD  to  BC 
is  given  by  the  hypothefis,  therefore  c  the 
ratio  of  AD  to  BE  is  given  ;  and  the  ratio 
of  BE  to  E  A  was  Ihewn  to  be  given  ;  where- 
fore the  ratio  of  AD  to  A£  is  given»  and  n  'pn  V  T\ 
ADE  is  a  i-ight  angle,  therefore  the  triangle 

AI>E  is  given  e  in  fpecies,  aiid  the  angle  AEB  given  ;  the  ra-e40.dat* 
tio  of  B£  to  £A  b  likewife  given,  therefore  b  the  triangle  ABE 
is  given  in  fpecies,  and  confequently  the  angle  EAB,  as  alfo 
the  angle  ABE,  that  is,  the  angle  CAE  is  given  ;>  therefore  the 
angle  BAC  is  given,  and  the  angle  ABC  being  alfo  given,  the 
triangle  ABC  is  given  ^  ih  fpecies.  £43.  d^i 

How  to  find  a  triangle  which  (hall  have  the  things 
which  are  mentioned  to  be  given  in  the  propoficion,  is  evident 
in  the  firfi  ca(e  $  and  to  find  it  the  more  eafily  in  ,  the  other 
cafe,  it  is  to  be  bbferved  thatj  if  the  ftraight  line  £F  equal  to 
EA  be  placed  in  £B  towards  B,  the  point  F  divides  the  bafe 
BC  into  the  fegroents  BF,  FC  which  have  to  one  another  the 
rario  of  (he  fides  B A,  AC;  beeaufe  BE,  EA,  or  £F,  and 
tC  were  (hewn  to  be  proportionals,  therefore  •  BF  is  to  FG,  •  tp  5» 
as  BE  to  LF,  or  EA,  th2(k  is,  as.BA  to  AC ;  and  AE  cannot 
be  lets  than  the  altitude  of  the  triangle  ABC,  but  it  may  be 
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equal  to  it ;  which  if  it  be,  the  triaogle,  in  this  ca(e>  as  alio 
the  ratio  of  the  fiUes,  may  be  thus  found ;  having  given  the 
ratio  of  the  perpendicular  to  the  baf^.    Take  the  ilraight  line 
GH  given  in  poficion  and  magnitude,  for  the   bafe  of  the  tri« 
angle  to  be  found ;  and  let  the  given  ratio  of  the  perpendicu- 
lar to  the  baf?  be  that  of  the  ftraight  line  K  to  GH,  that  is, 
let  K  be  equal  to  the  perpendicular ;  and  fuppofe  GLH  to  be 
the  triangle  which  is  to  be  found,    therefore  having  made  the 
angle  HLM  equal  to  LGH,    it   ii   required   that  LM  be  per- 
pendicular to   GM  aiid  equal  to  K;  and   becaufe  GM,  ML» 
MH  are  proportionals/  as  was  fhewn  of  B£,  £A,    £C,  the 
rcAangle  GMH  is  equal  to  the  fquare  of  ML.     Add  the  com- 
mon fquare  of  NH,  (having  bifefted  GH  in  N),  and  the  fquare 
of  NM  is  equal  g  to  the  fquares  of  the  given  ftraight  lines  NH 
and  ML,  or  K ;    therefore   the  fquare   of  NM,    and  its  fide 
NM,  is  given,  as  alfo  the  point  M,  viz.  by  taking  the  Ilraight 
line  NM  the  fquare  of  which  is  equal  to  ijbe  fquares  of  NH, 
'ML.     Draw  ML  equal  to  K,  at  right  angles  to  GM  ;  and  be- 
caufe ML  is  given  in  pofi'tion  and  magnitude,  therefore  the 
point  L  is  given  ;  join  LG,  LH  ;    then  the  triangle  LGH  is 
that  which  was  to  be  found,  for  the  fquare  of  NM  is  equal  to 
the  fquares  of  NH  and  ML,    and  taking  away  the  common 
fquare  of  NH,  the  rcft- 
anglc  GMH  is  equal  t  to 
the  fquare  of  ML ;  there- 
fore as  GM  to  ML,   fo  is 
ML  to  MH,  and  the  tri- 
angle LGM  is  h  therefore 
equiangular  to  HLM,  and 
the  angle  HLM  equal  (o 
the  angle  LGM,  and   the 
ftraight' line  LM,  drawn  from  the  vertex  of  the  triangle  making 
the  angle  HLM  equal  to  LGH,  is  perpendicular  to  the  bate  and 
equal  to  the  given  ftraiglit  line  K,  as  was  required ;  and  tht 
ratio  of  the  (ides  GL,  LH  is  the  fame  with  the  ratio  of  GM  to 
ML,  that  is,  with  the  ratio  of  the  ftraight  line  which  is  ma<k 
up  of  GN  the  half  of  the  given  bafe  and  of  NM,  the  fquare  at 
which  is  equal  to  the  fquares  of   GN  and  K,  to  the  firaigbt 
line  K. 

iAnd  whether  this  ratio  of  GM  to  ML  is  greater  or  left 
than  the  ratio  of  the  fides  of  any  other  triangle  upon  the  baA 
GH,  and  of  which  the  altitude  is  equal  to  the  ftraight  tine  R 
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that  is,  the  vertex  of  which  is  in  the  parflllel  t^  GH  dravm 
through  the  point  L>  may  be  thus  found.,  Let  OGH  be  any 
fuch  triangle,  and  draw  OP  making  the  angle  HOP  equal  to 
the  angle  OGH  ;  therefore,  as  before,  GP,  PO,  PH  are  pr-o- 
portionals,  and  PO  cannot  be  equal  to  LM,  becaule  the  rect- 
angle GPH  would  be  equal  to  the  rectangle  QMH,  which 
is  impoffible;  for  the  point  P  cannot  fall  upon  M,  becaure  O 
would  then  fall  on  L  ;  nor  can  PO  be  lefs  thin  LM,  therefore 
it  is  greater;  and  confequentiy  'the  rcftmgle  GPH  is  greater 
than  the  redangle  GMH,  and  the  ftraight  line  GP  greater 
than  GM  :  Therefore  the  ratio  of  GM  to  MH  is  greater  than 
the  ratio  of  GP  to  PH,  and  the  ratio  of  the  fquare  of  GM 
to  the  fquare  of  ML  is  therefore  «  greater  than  ti^e  ratio  of  the  >  *•  Cor. 
fquare  of  GP  to  the  fquare  of  PO,  and  the  faiio  of  the  (Iraight  *°"  *' 
line  GM  ro  ML  greater  than  the  ratio  of  C;P  to  PO.  But  as 
GM  to  ML.  fo  is  GL  to  LH  ;  and  as  GP  to  PQ,  fo  is  GO 
to  OH  ;  therefore  the  ratio  of  GL  to  LH  is  greater  than  the 
ratio  of  GO  to  OH ;  whercfpre  the  ratio  of  GL  to  LH  is  the 
greatefl  of  all  others  ;  and  confequentiy  the  given  ratio  of  the 
greater  fide  to  the  lefs  mud  not  be  greater  than  this  ratio. 

But  if  the  ratio  of  the  f\des  be  not  the  fame  with  this  great- 
er ratio  of  GM  to  ML,  it  mud  neceflarily  be  lefs  than  it ; 
Let  any  le(s  ratio  be  given,  and  the  fame  things  being  fuppo- 
fed,  viz.  that  GH  is  the  bafe,  and  K  equal  to  the  altitude  of 
the  triangle,  it  may  be  found  as  follows.  Divide  GH  in  the 
point  Q^,  fo  that  the  ratio  of  GQ^to  QH  may  be  the  fame 
with  the  given  ratio  of  the  fides  ;  and  as  GQjo  QH,  fo  make 
GP  to  PQ^»  and  fo  will  f  PQ^  be  to  PH ;  wherefore  the  fquaref  i,.  |, 
of  GP  is  to  the  fquare  of  I^Q^,  as  >  the  ftraight  line  GP  to 
PH  :  And  becanfe  GM,  ML,  MH  are  proportionals,  the  fquare 
of  GM  is  to  the  fquare  of  ML,  as  i  the  flraight  line  GM  ro  MH : 
But  the  ratio  of  GQ^to  QH,  that  is,  the  ratio  qf  GP  to  PQ^, 
is  lefs  than  the  ratio  of  GM  to  ML  ;  and  therefore  the  ratiq 
of  the  fquare  of  GP  to  the  fquare  of  PQ^is  lefs  than  the  ratio 
of  the  fquare  of  GM  to  that  of  ML  ;  and  confequentiy  the 
ratio  of  the  flraight  line  GP  to  PH  is  lefs  than  the  ratio  of 
GM  to  MH ;  and.  by  divifion,  the  ratio  of  GH  to  HP  is  lefs 
than  that  of  GH  to  HM;  wherefore  kthe  ftraight  line  HP  is^  ,©.  ,. 
greater  than  HM,  and  the  rcAangle  GPH,  that  is,  the  fquare 
of  PQ^i   gt;eater  than  the  redtangle  GMH,  that  is,  than  the 
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fqiiare  of  ML,  and  the  ftraight  line  PQ^is  therefore  greater 
than  ML  Draw  LR  parallel  to  GP,  and  from  P  draw  PR  at 
right  angles  to  GP :  Becaufe  PQjs  greater  than  ML,  or  PR, 
the  circle  defcribed  Irom  the  center  P,  at  the  diftance  PQ^ 
inuft  neceffarily  cm  LR  in  two  points;  let  thefe  be  O,  S,  and' 
joinOG,  OH;  SG,  SH;  each,  of  the  triangles  OGH.  SGH 
have  the  things  mentioned  to  be  given  in  the  proportion  : 
Join  OP,  SP;  and  becaufe  as  GP  to  PQ^  or  PO,  fo  is  PO 
to  PH,  the  triangle  OGP  is  equiangular  lo  HOP;  as,  "there- 
fore, OG  to  GP,  fo  is  HO  to  OP.  and,  by  permutation,  as 
GO  to  OH,  fo  is  GP  to  PO,  or  P(^  and  fo  is  GQjo  QH: 
Therefore  the  triangle  OSH  h.i8  t^ic  ratio  of  its  fides  GO,  OH[ 
the  fame  with  the  given  ratio  of  GQjo  QH;  and  the  pcrpcn- 
dicplar  has  to  the  bafp  the  given  rntio  of  K  lo  GH,  bec<iulc  the 
perpendicular  is  equal  to  LM.  or  K  :  The  like  may  he  (hewn  io 
the  fame  way  of  the  triapgle  SGH. 

This  condrudlion  by  which  the  trianczle  OGH  is  found,  is 
fliorter  than  that  which  would  be  deduced  from  the  demon* 
Aration  of  the  datum;  by  reafon  that  the  bafe  GH  is  given 
in  pofition  and  magnitude,  which  was  not  fuppofed  in  the 
demonflration  :  The  fame  thiqg  is  to  be  obferved  in  the  next 
propoficion. 

PROP.    Lxxxr. 

TF  the  fides  «nbout  an  angle  of  a  triangle  be  unequal 
and  have  a  given  rf^tio  to  one  another,  and  if  the 
perpendicular  from  that  angle  to  the  bafe  divides  \t 
into  fegnients  that  have  a  given  ratio  to  one  another) 
the  triangle  is  given  in  fpecie^. 

Let  ABC  be  a  triangle,  Uie  fidps  of  which  about  the  9ngk 
34^  ^^^  unequal,  and  have  a  gwen  ratio  to  one  another,  ai|4 
let  the  perpendicular  AD  to  the  bafe  BC  divide  it  into  the  fcg- 
ments  BD,  DC  whiich  have  a  given  laiio  to  one  another;  iblp 
triangle  ABC  is  given  in  fpccies.' 

Let^  -^B   be  gic-»rfr   than    AC,  and  vnake  the    angle   CAE 

equal  to  liie  ap;;le-Al^^C;  and  becaufe   the  angle  A EB  is  com* 

^4.  c,  ynon   fo  the  triangles  A3it!,  pAE,  they  arc  *   equiangular  to 

oue  another:  Thciefore  as   AB  to  BE,  fo  is  CA  to  A£,  and. 
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hj  permutation,  as  AB  to  AC,  (b  BE  to  . 

EA,  aod  fo  is  EA  to  EC :  But  the  ratio  of  ^^ 

BA  .to  AC  is  given,  therefore  the  ratio  ^^''^IxS^ 

of  BE  to  EA,  as  alfo  the  ratio  of  EA  to     ^^ 1  '  ^^^ 

EC,  is  given ;    wherefore  b  the  racio  of  B         DC    B   h  9.  dat. 

BE  to  EC,  as  alfo  c  the  ratio  of  EC  to  ^    Mt              ccor«.tf.^ac 

CB  b  given :  And  the  ratio  of  BC  to  CD  ^C 

is  given  d,  becaufe  the  ratio  of  BD  to  ^x^/^  \V 

DC  is  given ;  therefore  b  the  ratio  of  EC  ^^      f  I  \  ^s 


to  CD  is  given,  and   coniequencly  d  the  Q-        KLH  N 
ratio  of  D£  to  EJ  :  And  the  ratio  of  EC 
to  EA  was  (hewn  to  be  given,  therefor^  b  the  raiio  of  D£  to  EA 
is  given  :  And  AU£  is  a  right  angle,  wherefore  «  the  triaoglee  4S.  dat. 
AD^  is  given  in  fpecies,  and  the  angle  AED  given  :  And  the  > 
ratio  of  CE  to  EA  is  given^  therefore  *'thc  tri^ingle  AEC  is  gi*f  44-I4at. 
Ten  in   fpecies,  and  confequently   the  angle  ACE  is  given,  as 
alfo  the  adjacent  angle  ACB.     Jn  the  fame  manner,  becaufe  the 
ratio  of  BE  to  EA  is  giveo,  the  triangle  BE  A  is  given  in  fpe- 
cies, and   (he   angle   ABE  is  therefoie  given :  And  the  angle 
ACB  is  given  ;  wherefore  the  criangle  ABC  is  given  g  in  fpe-{  43.  dac 
cies« 

But  the  ratio  of  the  greater  fide  BA  to  the  oth^r  AC  nin(^ 
be  le(s  than  the  ratio  of  the  greater  iegcnent  BD  to  DC:  Be* 
caufe  the  fquare  of  B  A  is  to  the  fquare  of  AC,  as  the  fqnares 
of  BD,  DA  to  the  iquares  of  DC,  DA ;  and  the  fquaies  of 
BD,  DA  have  to  the  fquares  of  DC,  DA  ^  tefs  ratio  than  the 
fquare  of  BD  has  to  the  fquare  6f  DC  f ,  becaufe  the  fquare  of 
BD  is  greater  than  the  fquare  of  DC ;  ilverefore  the  ft^uare  of 
BA  has  to  the  fquare  of  AC  a  lefs  ratio  than  the  fquare  of  BD 
has  to  that  of  DC :  And  co  fequently  the  ratio  of  B  A  to  AC 
is  lefs  than  the  ratio  of  BD  to  DC.    ^ 

This  being  premifed^  a  triangle  which  (halt  have  the  things 
mentioned  to  be  given  in  the  propofitioo,  and  to  which  the 
criangle  ABC  is  fimiter,  may  be  found  thus  :  Take  a  ftraighc 
Ijnc  GH  given  in  pofition  and  niagnici|de,  upd  divide  it  in  K, 
fo  that  the  ratio  of  GK  to  KH  majr  be  the  fame  wiih  the  given 
ratio  of  BA  to  AC :  Divide  alio  GH  in  L,  fo  that  the  ratio 


f  If  A  be  greater  than  B,  and  C  any 
third  magnitude  ;  then  A  and  C  toge- 
ther have  to  B  and  C  together  a  left 
ratio  than  A  hat  to  B. 

Lee  A  tie  10  B  as  C  to  D,  and  be- 
fauie  A  if  greater  than  B,  C  if  greater 

Ec^ 


than  D :  Bat  at  A  is'fo  B,  (b  A  and  C 
to  B  and  D ;  and  A  and  C  have  to  B 
and  C  a  left  ratio  than  A  and  C  higfi 
to  B  and  O,  hecaute  C  tt  greater  than 
D,  therefore  A  and  C  have  to  B  and 
C  a  lefi  ratio  than  A  to  B. 
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of  GI^  to  LH  may  be  the  fame  with  the  given  ratio  to  of  BD  to 
DC,  and  draw  LM  at  right  angles  lo  GH  :  And  becaufe  the 
ratio  of  the  fides  of  a  triangle  is  leis  than  the  ratio  of  the  fcg- 
inents  of  the  bafe,  as  has  been   fhewn,  ibe  ratio  of  GK  ro  KH 
is  iefs  than  the  ratio  of  GL  to  LH ;  wherefore  the  point  L 
niuft  fall  betwixt  K  and  H  :  Alfo  make  as  GK  to  KH,  fo  GN 
li  19.  ^     to  NK,  and  fo  (hall  h  NK  be  to  NH.     And  from  the  centre  N, 
at  the  diftance  NK,  defcribe  a  cicclc,  and  let  its  circumference 
meet  LM  in  O,  and  join  OG,  OH;  then   OGH  b  the  tri- 
angle which  was  to  be  defcribcd  ?  Becaufe   GN  is  to   NK,  or 
NO,  as  NO  to  NH,  the  triangle  OGN  is  equiangular  to  HONj 
therefore  as  OG  to  GN,  fo  is   HO  to  ON,  and,  by  pern»ota« 
tion,  as  GO  to  OH,  fo  is  GN.to  NO,  or  NK,  that  is,  as  GK 
to  KH,  that  is,  in    the  given  ratio  of  the  fides,  and,  by  the 
conilruflion,  GL>  LH  have  to  one  another  the  given  rauo  of 
the  fegmeuts  of  the  bafe. 

to.  PROP.    LXXXIL 

IF  a  parallelogram  gjyen  in  fjiecies  and  magnitude  be 
increafed   or  diniinilhed  by  a  gnomon  given  in  mag- 
nitude; the  fides  ol   the  gnomon  are  given  in  niagni- 
tude, 

Firft,  let  the  parallelogram  AB  given  in  fpecics  and  magni- 
tude be  incrc^^fed  by  the  given  gnomon  ECBDFG ;  each  of  ih€ 
ftraight  lines  C]E.  DF  is  given. 

Becaufe  AB  is  given  in   fpecies  and  mngnitude,  and  that  ibc 

gnomon    ECBBFG    is     given,    therefore    the     whole    fpace 

AG  is  given  in   maj^niiude  :  But   AG  is  alfo   given  in  fpcckh 

rx  def.  becaufe  it   is  flmilar  a  to  AB  ;  therefore    the  fides  of  AG  are 

*^**^^  given  b:  Each  of  the  Oraight  lines  AE,  AF 

b  «o!*dat.  is   therefore  given;  and  each  of  the  ftraight 

lines  CA,  AD  is  given  l>,  therefore  each  of 

p  4.  flat,     the  remaindcis  EC,  DF  is  given  c. 

Next,  let  ihe  parailcogram    AG,  given    In 
fpecies  and    magninide,  be  diminifhcd  by  the    1^  D 
Riven  gnomon  ECBDFG;  each  of  the  ftraight 
jines  CE,  DF  is  given. 

Becaufe  the  pnr,i!le!ogram  AG  is  given,  as 
gifo  Us  gnomon  ECBDFG,  the  remaining  <pace  AP  is  gvcn  m 

niagaitudc: 
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gnatodc ;  but  it  is  alfo  given  in  fpecie$ ;  becauie  it  is  fimilar  ^  fi  def. 
to  AG ;  therefore  b  its  iSdcs  CA,  AD  are  given,  and  each  of  the  *  >  *  '"^ 
ftraight  lines  EA,  AF  is  given ;  therefore  EC,  DF  are  each  of  b  60!  dau 
them  given* 

The  gnomon  and  its  fides  CE,  BF  may  be  found  thus  in 
the  firft  cafe.    Let  H  be  the  given  fpace  to  which  the  gnomon 
mud  be  made  equal,  and  find  d  a  parallelogram  fimilar  to  ABd  25.  €. 
and  equal  to  the  figures  AB  and  H  together,  and  place  its 
fides  A£,  ^F  from  the  point  A»  upon  the  firaight  lines  AC, 
AD,  and  complete  the  parallelogram  AG,  which  is  about  the ' 
fame  diameter  «  with  AB;  becat^fe  therefore  AG  is  equal  tOe  16.  4. 
both  AB  and  H,  take  away  the  common  part  AB,  the  remain- 
ing gnomon  ECBDFG   is  equal  to  the  remaining  figure  H ; 
therefore  a  gnomon   equal   to  H,  and  its  fides  CE,  DF  are 
found  :  And  in  like   manner  they  may  be  found  in  the  other 
cafe,  in  which  the  given  figure  U  muil  be  leis  than  the  figure 
F£  from  which  it  b  to  be  taken. 

'  PROP.     LXXXIIL  ,1. 

TF  a  parallelogram  equal  to  a  given  fpace  be  applied 
to  a  given  ftraight  line,  deficient  by  a  ixirallelogram 
given  in  fpecies  j  the  fides  of  the  defed  are  given. 

Let  the  parallelogram  AC  equal  to  a  g^ven  fpace  be  applied 
to  the  given  ftraight  line  AB,  deficient  by  the  parallelogram 
BDCL  given  in  fpecies ;  each  of  the  ftraight  lines  CD»  DB  ai« 
given. 

Bi(e£t  AB  in  E;  therefore  £B  is  given  in  magnitudei  up- 
on  £B  defcribe  a  the  parallelogram  £F  fimilar  to  DL  and  fimi-  a  19.  fr 
larly  placed  ;  therefore  £F  is  given  in 
fpecies,  and  is  about  the  fiime  diameter  b 
with  DL ;  let  BCG  be  the  diameter,  and 
confiruA  the  figure;  therefore*  becaufe 
the  figure  £F  given  in  fpecies  is  defcri- 
bed  upon  the  given  ftraight  line  EB, 
EF    is  given  c  in  magnitude,  and  the  Aw 

gnomon  £LH  is  equal  d  to  the  given  ^  3^.  ao^ 

figure  AC ;  therefore  «  fince  EF  is  diminifiied  by  the  given    43.  i. 
gnomon  ELH,  the  fides  £K«  FH  of  the  gnomon  are  given,  bute  b^*  ^^ 
£K  is  equal  to  DC,  and  FH  to  PB;  Vfherefore  CD,  DB  are 
each  of  them  given. 
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Tht$  dcmonftration  is  the  analyfis  of  the  probTem  io  tlM 
c^Sth  prop,  of  book  6.  the  cooftruftion  and  demonftration  of 
which  propofiiioo  is  the  co(Qpo{irioa  of  the  analyiis ;  and  bfr- 
^aufe  the  given. fpate  AC  or  its  equal  the  gnomon  £LH  is  to 
be  taken  from  the  figure  £F  defcribcd  upon  the  half  of  AB 
fimilar  to  BC,  therefore  AC  muft  not  be  greater  than  £F«  as 
is  (hewn  in  the  lyih  prop.  b.  6. 

5^  PROP.    LXXXIV. 

TF  a  parallelogram  equal  to  a  given  fpace  be  applied  to 
a  given  ftraighc  line,  exceeding  by  a  parallelogram 
given  in  fpecies  j  the  fides  of  the  excefs  are  given. 

Let  the  parallelogram  AC  equal  to  a  given  fpace  be  applied 
to  the  given  (Iraight  line  AB,  estcecding  by  the  parallelogram 
BDCL  given  in  fpecies;  each  of  the  ftraight  lioes  CD,  DB  are 
given. 

B  fc6l  AB  in  £ ;  therefore  EB  is  given  in  magnirnde  :  Upoa 
a  i8.  6.    £B  dcfcribe  a  the  parallelogram  £F  fimilar  to  LJD,  and   finular- 
ly  placed ;  therefore  £F  is  given  in  fpecies,  and  b  about  the 
b  %6.  ft    fame  diameter  b  with  LD.    Let  CBG  be  /^       1«*    HJ 

the  diameter,  and  conftruA  the  figure;  V[      -T     IT 

therefore,  becaufe  the  figure  £F  given  «. 

in   fpecies  is   defcribtd  upon   the  given^    ■  *^ 

ftraight  line  EB,  hP  is  given  in  magni-      

c  5tf.  dat.  tude  c,  and  the  gnomon  ELH  is  equal  1C      1       r* 

d  3tf.  and  to   the   given  figured  AC;  wherefore,  *^     *-*    ^ 

43.  »•     fince  EF  is  incrcafed  by  the  given  gnomon  ELH,  its  fides  EK, 
e  8a.  die  FH  are  given  c ;  but  EK  is  equal  to  CD,  and  FH  to  BD  ;  thcic« 
fore  CD,  DB  are  each  of  them  given. 

This  demonftration  is  the  analyfis  of  the  problem  in  the 
apth  prop,  book  6.  the  conftruAion  and  demonftration  of 
which  is  the  compofition  of  the  analyfis. 

Cor.  If  a  parallelogram  given  in  fpecies  be  applied  to  a  given 
ftraight  line,  exceeding  by  a  parallelogram  equal  to  a  given 
fpace ;  the  fides  of  the  parallelogram  ar^  given 

Let  the  parallelogram  ADCb^  given  in  fpecies  be  applied  to 
the  given  ftraight  line  AB  exceeding  by  the  parallclogrtiii 
BDCG  equal  to  a  given  fpace ;  the  fidds  AD,  DC  of  the  paialr 
ielogram  are  given. 

Dim 
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lirzvs  the  diameter  DE  of  the  parallelogram  AC,   and  con- 
ftruft  the  figure.    Bccaufe  the  parallelogram  AK  is  equal  a  to  a  43.  i. 
^C  which  is  given,    therefore   AK  i»    gj  G       C 

given ;  and  BK  is  fimilar  b  to  AC,  there-      pr r— — i       l>  »4  <• 

fore  BK  is  given  in  fpecies.     And  fince 
tlic  paiallelogram  AK  given  in  magni-  tj  ^^|J*      ly 

ludc  18  applied  to  the  given  ftraight  line  **  \.    "^ 

A  B,  exceeding  by  the  parallelogram  BK  ^      -L — ^^    . 

given  in  fpecies,  therefore,  by  this  pro-     A  O      U 

pofition,  BD,  DK  the  iides  of  the  excels  are  given,  and  the 
ftra  ght  line  AB  is  given  ;  therefore  the  whole  AD,  as  alfo  DG» 
10  which  it  has  a  given  ratio,  is  given.' 

P    R    Q    B. 

To  apply  a  parallelogram  fimilar  to  a  given  one  to  a  giveq 
ftraight  line  AB,  exceediqg  by  a  parallelogram  equal  to  a  given 
fp^cc. 

To  the  given  ftraight  line  AB  apply  c  the  parallelogram  AKe  19.  €. 
equal  to  the  given  fpace,  exceeding  by  the  parallelogram  BK  fi- 
milar to  the  one  given.     Draw  DF  the  diameter  of  BK,  and 
through  the  point  A  draw  A£  parallel  to  BF  meeting  DF  pro- 
duced in  C  and  complete  the  parallelogram  AC. 

The  parallelogram  BC  is  equal  a  to  AK,  that  is,  to  the  given 
fpace  ;  and  the  paraltetogram  AC  is  fimilar  b  to  BK ;  therefore 
the  parallelogram  AC  is  applied  to  the  ftraight  line  AB  fimilar 
to  the  one  given  and  exceeding  by  the  parallelogram  BC  which 
is  equal  to  the  given  fpace. 

PROP.     LXXXV.  $4. 

TF  two  ftraight  lines  contain  a  parallelogram  given  in 

magnitude,  in  a  given  angle  ;  if  the  difference  of  the 

ftraight  lines  be  given,  they  fhall  each  of  them  be  given. 

Let  AB»  BC  contain  the  parallelogram  AC  given  in  magni- 
tude, in  the  given  angle  ABC»  and  let  the  excefs  of  BC  above 
AB  be  given  ;  each  of  the  ftraight  lines  AB,  BC  is  given. 

Let  DC  be  the  given  exceis  of  BC  above        ».         p 
BA.  therefore  the  remainder  BD  is  equal 
to  BA.     Complete  the  parallelogram  AD  ; 
and  becaufe  AB  is  equal  Co  BD,    the  ratio 
of  AB  to  BD  is  given  ;  and  the  angle  ABD  ^  ^^    ^ 

is  given,  therefore  the  parallelogram  AD  is  B  DC 

given  in  fpecies ;  and  becaufe  the  given  parallelogram  AC  is 
applied  to  the  given  ftraight  line  DC,  exceeding  by  the  paral- 
lelogram AD  givQo  in  fpeciesi  th^  fidq  of  the  excefs  are  given  a ;  ^  3^,  ^^ 

therefore 
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therefore  BD  is  given  ;  and  DC  is  given,  wherefore  the  whole 
BC  is  given  ;  And  A15  is  given,  therefore  AB,  BC  are  each  of 
them  given. 

8j.  PRO  P.    i;,xxxvi. 

TF  two  (Iraight  lines  contain  a  parallelogram  given  ia 
magnitude,  in  a  given  angle  ;  if  both  of  them  toge* 
ther  be  given,  they  Ihall  each  of  them  be  given. 

Lee  the  two  ftraight  lines  AB,  BC  contain  the  parallelogram 
AC  given  in  magnitude,  in  the  given  angle  ABC»  and  let  AB, 
BC  together  be  given  ;  each  o^  the  ftraight  lines  AB,  BC  is 
given. 

Produce  CB,  and  make  BD  eqnal  to  AB,  and  complete  the 
parallelogram  ABDE.  Becaufe  DB  is  equal  to  BA,  and  the 
angle  ABD  given,  becaufe  the  adjacent  an-       ^  m. 

gle  ABC  is  given,  the  parallelogram  AD  is       *^  — —  •'^ 
given  in  fpecies  :     And  becaufe  AB,  BC  to« 
gether  are  given,  and  AB  is  equal  to  BD 
therefore  DC  is  given  :    And  becaufe  the  gt'  .-^         i>      r« 
ven  paralieiogram  AC  is  applied  to  the  given  U         B     C 
ftraight  line  DC,  deficient  by  the  paralieiogram  AD  given  in 
a  83.  dat  fpecies,  the  (ides  AB,  BD  of  the  defe^  are  given  »  ;    and  DC 
is  giv^,  wherefore  the  remainder  BC  is  given  ;  and  each  of  the 
ftraight  lines  AB,  BC  is  therefore  given. 

«7.  PRO  P.    LXXXVII. 

tF  two  ftraight  lines  contain  a  parallelogram  given  in 

magnitude,  in  a  given  angle  j  if  the  excefs  of  the 

fquare  of  the  greater  above  the  fquareof  the  lellerbc 

given,  each  of  the  ftraight  lines  fhall  be  given. 

<  Let  the  two  fcraigbt  lines  AB,  BC  contain  the  given  paralk- 

iogram  AC  in  the  given  angle  ABC ;  if  the  excefs  of  the  fqnaic 
of  BC  above  the  Iquare  of  BA  be  given  ;  AB  and  BC  ait 
each  of  them  given* 

Let  the  given  excefs  of  the  fquare  of  BC  above  the  fqnaie 
of  B  A  be  the  re£bnglc  CB»  BD  ;   take  this  from  the  fqoait 

a  %•  a.  of  BC,  the  remainder,  which  is  *  the  reAangle  BC,  CD  is  ^ 
qu^l  to  the  fquare  of-  AB  ;  and  becaufe  the  angle  ABC  rf 
the  parallelogram  AC  is  given,    the  ratio  of  the  reftu^ 

>  tfft.  dat.  of  the  fides  AB«  BC  to  the  parallelogram  AC  is  given  b  ;  ui 
AC  it  given,  therefore  the  tedangle  AB,  BC  is  given  ;  »i 
ihc  re^angle  C6,  BD  is  given  i  therefore  the  ratio  of  the  refr 
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Mgle  CB»  BD  to  the  reftangle  AB»  EC;  that  is,  c  the  ratio  of  thee  i.  6. 
ftraight  line  DB  to  BA  is  given  ;  therefore  d  the  ratio  of  thed  54.  dat. 
fquare  of  DB  co  the  fquare  of  BA  is  gi- 
ven :  And  the  fquare  of  BA  is  equal  to 
the  re£tang1e  BC,  CD ;  wherefore  the  ra- 
tio of  the  rc<^angle  BC»  CD   to  the  fquare 
of  BD  is  given,   as  alfo  the  ratio  of  four 
times  the  redaogle  BC,  CD  to  the  fquare  S    P  D     C 
of  BD  ;  and»  by  ^ompofition  ^  the  ratio  of  four  times  the  reA-e  7.  dat. 
angle  BC>  CD  together  with  the  iquare  of  BD  co  the  fquare 
of  BD  is  given  :    But  four  times  the  re£langle  BC,  CD  toge^ 
ther  with  the  fquare  of  BD  is  equal  ^  to  the  fquare  of  the  ftraight  f  8. ». 
lines  BC,  CD  taken  together  ;  therefore 'the  ratio  of  the  fquare 
of  BC,  CD  together  to  the  fquare  of  BD  is  given  ;  wherefore 
g  the  ratio  of  the  ftraight  line  BC  together  with  CD  to  BD  isg  58.  dat. 
given  :  And,  by  compofition,  the  ratio  of  BC  together  with 
CD  and  DB,  that  is,  the  ratio  of  twice  BC  to  BD,.  is  given  ; 
therefore  the  ratio  of  BC  to  BD  is  given,   as  alfo  <:  the  ratio  of 
the  fquare  of  BC  to  the  reAaogte  CB  BD  :  But  the  reflangle 
CB9  BD  is  given,  being  the  given  excels  of  the  fquares  of  BC» 
B  A  ;  therefore  the  fquare  of  BC,  and  the  ftraight  line  BC  is 
given  :  And  the  ratio  of  BC  to  BD,  as  alfo  of  BD  to  BA  has 
been  (hewn  to  be  given  ;  therefore  ^  the  ratio  of  BC  to  BA  ish  9*  ^six: 
given  ;  and  BC  is  given,  wherefore  BA  is  given. 

The  preceding  dcmonftration  is  the  analyfis  of  this  probleip» 
viz. 

A  parallelogram  AC  which  has  a  given  angle  ABC  being  gi- 
ven in  magnitude,  and  the  excefs  of  the  fquare  of  BC  one  of 
its  fides  above  the  fquare  of  the  other  B  A  being  given  ;  to  find 
the  fides  :  And  the  compofition  is  as  follows. 

X«et  EFG  be  the  given  angle  to  which  the  angle  ABC  is  re- 
paired to  be  equal,  and  from  any  point  £  in  F£,  draw  £G 
perpendicular  to  FG  ;  let  the  reA-  j^j 
angle  EG,  GH  be  the  given  fpace 
to  which  the  parallelogram  AC  is 
to  be  made  equal ;  and  the  rectangle 
HG,  GL  be  the  given  excefs  of  the 

(quares of  BC.  BA.  ^-^ — t"A"     tjtiT 

Take,  in  the  ftraight  line  GE.       r    U     J-i    O       tXJS 
GK  equal  to  F£,  and  make  GM  double  of  CK ;  join  ML, 
•nd  in  GL  produced,  take  LN  equal  to  LM  :  Bifedt  GN  in  O, 
and  between  GH,  GO  find  a  mean  proportional  BC  :    As  OG 
CO  GL^  fo  make  CB  to  BD ;   and  make  the  angle  CBA  equal 

to 
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ro.CFE,  and  as  LG  to  GK  fo  make  DB  to  BA  ;  and  comptcfe 
the  parallelograin  AC  :   AC  is  equal  to  the  redlaagle  £G»  GH^f 
and  the  cxcefs  of  the  fquares  of  CB,   BA  is  equal  to  the  reft- 
angleHG,  GL 

Becaufe  as  CB  to  BD,  fo  is  OG  to  GL,  the  fquare  of  CB 
b  to  the*  reAangle  CB,  BD  as  «  the  redangle  UG^  GO  to 
the  reAangle  HG,  GL  :  And  the  fquare  of  CB  is  equal  to  the 
reAangle  HG,  GO,  becaufe  GO,  BC,  GH  are  proportiooab ; 
therefore  the  reftahgle  CB.  BD  is  equal  b  to  HG,  GL.  And 
becaufe  as  CB  to  BD,  fo  is  OG  to  GL  ;  twice  CB  is  to  BD, 
as  twice  OG,  that  is,  GN,  to  GL  ;  .  and,  by  diviiion,  as  BO 
together  with  CD  is  to  BD,  fo  is  NL,  that  is,  LM,  to  LG: 
Therefore  «  the  fquare*  of  BC  together  with  CD  is  to  the  iqaare 
of  BD,  as  the  fquare  of  ML  to  the  fquare  of  LG  :  But  die 
fquare  of  BC  and  CD  together  is  equal  d  to  foot  times  the 
re^angic  BC,  CD  together  with  the  fquare  of  BD ;  thcrdbfc 
four  times  {he  re^angle  BC,  CD  together  witk  the  fquare  of 
BD  is  to  the  fquare  of  BD,  as  the  fquare  of  ML  to  the  fquaie 
of  LG  :  And,  by  diviiion,  four  times  the  rcAangle  BC.  CD  b 
to  the  fquare  of  BD»  as  the  fquare  of  MG  to  the  fquare  of 
GL  ;  wherefore  the  refhingle  BC,  CD  is  to  the  fquare  of  BD, 
as  (the  fquare  of  KG  the  half  of  MG  to  the  fquare  of  GU 
that  is,  as)  the  fquare  of  AB  to  the  fquare  of  BD«  becaule  as 
LG  to  GK,  fo  DB  was  made  to  BA  :  Therefore  b  the  redia- 
gle  BC,  CD  is  equal  to  the  fquare  of  AB.  To  each  of  thefi:  add 
the  reAapgle  CB,  BD,  and  the  fquare  of  BC  becomes  equal 
to  the  fquare  of  AB  together  with  the  reflangfe  CB,  Wi 
therefore  this  rectangle,  that  is,  the  given  rectangle  H6,  GL 
is  the  excefs  of  the  fquares  of  BC,  AB.  From  the  point  A«  ^ 
draw  AP  perpendicular  to  BC,  and  becaufe  the  angle  AB9 
is  equal  td  the  angle  EFG,  the  triangle  ABP  is  equiangular 
10  £FG  :  And  DB  was  made  to  BA,  as  LG  to  GK  ;  cherefDte 
as  the  reftangle  CB,  BD  to  CB,  BA^  fo  is  the  reaaogle  HG^ 
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GL  to  HG.  GK  ;  2nd  as  the  reaangle  CB,   BA  10  AP.  BC; 

fo  i>  (the  ftraight  Mac  BA  to  AP,  aad  fo  ii  F£  or  GK  to 

I  10, 
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IGt  and  To  is)  the  reaangle  HG,  GK  to  HG,  GE ;  therefore^ 
ex  sequali,  as  the  re^angle  CB,  BD  to  AP,  BC,  fo  is  the  reft- 
angle  HG.  GL  to  lG,  GH  :  And  the  reftangle  CB,  BD  is 
equal  to  HG»  GL  ;  therefore  the  reftangle  AP,  BC,  that  is, 
the  parallelogram  AC,  b  equal  to  the  given  reftangle  EG,  GH. 
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F 


two  ftraight  lines  contain  a  parallelogram  given  in 
magnitude,  in  a  given  angle  ;  if  the  fum  of  the 
fquares  of  its  fides  be  given^  the  fides  ihall  each  of  them 
be  given. 

Let  the  two  ftraight  lines  AB,  BC  contain  the  parallelogram^ 
ABCD  given  in  magnitude  In  the  given  angle  ABC,  and  let  the 
fum  of  the  fquares  of  AB,  BC  be  given  ;  AB,  BC  are  each  of 
them  given. 

Firdy  let  ABC  be  a  right  angle  ;  and  becaufe  twice  the  reft- 
angle contained  by  two  equal  ftraight  lines  is  equal  to  both 
their  fquares ;  but  if  two  ftraight  lines  are  un-  a  T\ 

equal,  twice  the  reftangle  contained  by  them  is      j         [ 
lefs   than  the  fum  of  iheir  fquares,  as  is  evident  pi        j^ 
from  the  7ih  prop.  b.  a.  Elem.  therefore  twice  "^  ^ 

the  given  fpace,  to  which  fpace  the  reftangle  of  which  the  fides 
are  -  to  be  found  is  equal,  muft  not  be  greater  than  the  given 
fom  of  the  fquares  of  the  fides  :  And  if  twice  that  fpace  be  e- 
qual  to  the  given  fum  of  the  fquarc;s,  the  fides  of  the  reftangle 
muft  occefiarily  be  equal  to  one  another  :  Therefore  in  this 
cafe  defcribe  a  fqu^re  ABCD  equal  to  the  given  reftangle*  and 
its  fides  AB»  BC  are  thofe  which  were  to  be  found  :  For  the 
re£langle  AC  is  equal  to  the  given  fpace,  and  the  fum  of  the 
iquares  of  its  fides  AB,  BC  is  equal  to  twice  the  reftangle  AC,  ' 

that  is,  by  the  hypothefis,  to  the  given  fpace  to  which  the  fum 
of  the  fquares  was  required  to  be  equal. 

But  if  twice  the  given  reftangle  be  not  equal  to  the  given 
fum  of  the  fquares  of  the  fides,  it  muft  be  le(s  than  it,  as 
has  been  fliewn.  Let  ABCD  be  the  reftangle,  join  AC  ai^d 
draw  BE  perpendicular  to  it,  and  complete  the  reftangle 
AEBF,  and  defcribe  the  circle  ABC  about  the  triangle  ABC  ; 
AC  bits  diameter  a  :  And  becaufe  the  triangle  ABC  is  fimi-a  Gor.5.4. 
lar  ^  to  AEB,  as  AC  to  CB,  fo  is  AB  to  BE  ;  therefore  the  b  s.  4. 
ireflangle  AC,  BE  is  equal  to  AB,  BC  ;  and  the  reftangle  AB, 

.    BC 
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BC  is  givcoi  wherefore  AC,  BE  is  ghren  :  And  bteaufe  the  toA 
of  the  fquares  of  AB,  BC  is. given,  the  fquare  of  AC  vhich  is 

c  47. 1,      ^qual  ^  to  that  fum  is  given  ;  and  AC  uielf  is  therefore  givea 
in  magnitude  :    Let  AC  be  likewife  given  in  poGtion,  and  die 

d  3*.  dat.  point  A  ;    therefore  AF  is  given  d  in  po-        a  jj 

lition  :    And   the  re<Elangle  AC,  BE   is 
given,  as  has  been  (hewn,  and   AC   is 

etfi.dat    g*v<^"»   wherefore  «  BE  is  given  in  mag- 
nitude, as  alfo  AF  which  is  equal  to  it  ;  F 
and   AF  is  alfo  given   in  poQtion,  and 

f  JO.  dat    *^^  point  A    is   given  ;  wherefore  f  the    ^^^^^__^_______ 

point  F  is  given,   and  the  ftraight  line  |^        |^  ji  1 

dat.  ^^  ^^  pofition  g  :  And  the  circumference 

h  »8  dat.  A.BC  is  given  in  pofition,  wherefore  h  the  point  B  is  given : 
And  the  points  A,  C  are  given  ;   therefore  the  ftraight  lino 

i  a     dac.  ^^»  ^^  ^^^  given  » in  pofition  and  magnitude. 

The  iides  AB,  BC  of  the  re£tangle  may  be  found  thus  ;  let 
the  rectangle  GH,  GK  be  the  given  fpace  to  which  the  reft- 
angle  AB,  BC  is  equal ;  and  let  GH,  GL  be  the  given  red- 
angle  to  which  the  ium  of  the  fquares  of  AB,  BC  is  equal: 

k  14. 1.  Find  4c  a  fquare  equal  to  the  re£langl«  GH,  GL  :  And  let  in 
fide  AC  be  given  in  pofition ;  upon  AC  as  a  diameter  defcribe 
the  fcmicircle  ABC,  and  as  AC  to  GH,  fo  make  GK  to  AF, 
and  from  the  point  A  place  AF  at  right  angles  to  AC  :    Therc- 

1  If.  0.  fore  the  reAangle  CA,  AF  is  equal  I  to  GH^  GK  ;  and«  bf 
the  hypothefis,  twice  the  rectangle  GH,  GK  is  lefs  than  GH, 
GL,  that  is,  than  the  fquare  of  AC ;  whek'efore  twice  the 
rectangle  CA,  AF  is  lefs  than  the  fquare  of  AC«  and  the 
reftangle  CA,  AF  itfelf  lefs  than  half  the  fquare  of  AC,  that 
is,  than  the  rectangle  contained  by  the  diameter  AC  and  its  half; 
wherefore  AF  is  lefs  than  the  femidiameter  of  the  tircle,  and 
confequently  the  firaight  line  drawn  through  the  point  F  paralld 
to  AC  muft  meet  the  circuniferencc  in  two  points  :  Let  B  be 
either  of  them,  and  join  AB,  BC,  and  complete  the  rcOangk 
ABCD  ;  ABCD  is  the  rectangle  which  was  to  be  found  :  Dra« 
m  34.  I.  BE  perpendicular  to  AC  ;  therefore  BE  is  equal  ^  to  AF,  and 
becaufe  the  angle  ABC  in  a  femicirclc  is  a  right  angle,  the  red* 
b  8.  tf.  angle  ABj  BC  is  equal  b  to  AC,  BE,  that  is,  to  the  rcfbacgk 
CA,  AF,  which  is  equal  to  the  given  re£tanglc  GH,  GK  :  And 
the  fquares  of  AB,  BC  are  together  equal «  to  the  fquareof 
AC|  that  is,  to  the  given  reftanglc  6H,  GL. 
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fiut  if  the  given  angle  ABC  of  the  ffarailelogrstm  AC  be  not 
ft  right  angle,  in  this  cafe,  becaufe  ABC  h  a  given  angle,  the 
ratio  of  the  reAangle  coorained  by  the  fides  AB,  BC  to  the  pa- 
Irallelogram  Ad  is  given  n  ;  and^AC  is  given,  therefore  the  reft-  n  6x0 dxu 
angle  AB,  BC  is  given ;  and  the  fum  of  the  fquares  of  AB,  BC 
is  given  ;  therefore  the  fides  AB,  BC  are  given  bj  the  prece- 
ding  cale. 

The  fides  AB,  BC  and  che  parallelogram  AC  may  be  found 
thus :  Let  £FG  be  the  given  angle  of  the  parallelogram,  and 
from  any  point  £  in  F£  draw  EG  perpendicular  to  FG ;  and 
lec  che  rcdtanglc  EG,  FH  be  the  given  fpace  to  which  the  pa* 
raliclogram  is  to  be  made  equal,  and  letiEF,  >.  1^ 

FKL   be  the  given   redt  inglc    to   which  the  ^  '^ 

font  of  the  fquares  of  (he  fides  is  to  be  equal.  /  V 

And^  by   ihc  preceding  cafe,  find  the  fides      ^/^  / 


of  a  re^angle  which  is  eqnal  to    the  given  ^    T 
redlangle  EK,   FH,  and  the  fquares  of  the 
fides  of  which  are  .ogerher  equal  to  the  gi- 
ven   rc£tkinglc   EF,  FK;  therefore,  as  was 
fhcvjrn  in  that  cafe,  tw)cc  the  reAangle  EF, 
FH    nult  not  be  greater  than  the  re£tangle 
£F,  FK ;  let  it  be  fo,  and  let  AB,  BC  be 
the    fides  of  the    reftangle  joined    in  the 
angle  ABC  equal  to  the  given  angle  £FG ; 
and   complete  the  parallelogram   ABCD,   which  will  be  that 
which  was  to  be  found  :  Draw  AL  perpendicular  to  BC,  and 
becaufe  the  angle  ABL  is  equal  to  £FG,  the  triangle  ABL  is 
equiangular  to  EFG ;  and  the  parallelogram    AC,  that   is,  the 
rcAangle  AL,  BC  is  to  the  rectangle  AB,  BC    as  (the  firaight 
line  AL  to  ."^B.  that  is,  as  EG  to  EF,  that  is,  as)   the  reAangle 
EG,  FH  to  EF,  FH ;  and,  by  the  conftruftion,  the  reftangld 
AB,   BC  is  equal  to  £F,  FH,  therefore  the  reftangte  AL,  BC, 
t>r»   its  equal,  ihe  parallelogram  AC,  is  equal  to  the  given  rcft- 
anglo  £G,  FH  -,  and  the  fquares  of  AB,  BC  are  together  equal> 
bj  confiruAion,  to  the  given  re^angle  EF|  FK« 


Ff 


PROP. 


HS* 


80. 


E  U   C  L   I  D'f 


PROP.    LXXXIX. 


TF  two  ftraight  lines  contain  a  given  parallelogram  ii 
a  given  angle,  and  if  the  excefs  of  the  fquare  of  one 
of  thetn  above  a  given  fpace  has  a  given  ratio  to  the 
fquare  of  the  other  j  each  of  the  ftraight  lines  fhsdl  be 
given. 

Let  the  two  ftraight  lines  AB,  EC  comain  the  gtVcn  paraHe* 
logram  AC  in  the  given  angle  ABC,  and  let  the  excefs  of  the 
iquare  oF  BC  above  a  given  fpace  have  a  given  ratio  to  the 
fquare  of  AB ;  each  of  the  ftraight  lines  AB,  BC  is  given. 

Becaufe  the  excefs  of  the  fquare  of  BC  above  a  given  fpace 
has  a  givea  ratio  to  the  fquare  of  BA,  let  the  re£bngle  CB, 
BD  be  the  given  fpace ;  take  this  from  the  fquare  of  BC,  the 
ft  %.  %,  remainder,  to  wit,  the  rectangle  a  BC,  CD  has  a  given  ratia 
to  the  fquare  oF  BA:  Draw  A£  perpendicular  to  BC,  and  let 
the  fquare  of  BF  be  equal  to  the  reAangle  BC,  CD ;  then  be* 
cauie  the  angle  ABC,  as  alfo  BEA,  is  given,  •  -p, 
b  i.    dat  ^^^  triangle   ABE  is  given  b  in  fpccies,  and  ^ 

the  ratio  of  AE  to  AB  given  :  And  becau(e 

the  ratio  of  the   reftanglc  BC,  CD,   that  is,  

of  the  fquart  of  BF  to  the  fquare  of  BA,  is^-j^-nT 

given,  the  ratio  of  the  ftraight  line  BF  to  BA 

€  $8.  dat.  >s  given  c ;  and  the  ratio  ojf  AE  to  AB  is  given,  wherefore  ^  the 

d  7.  dac.    ratio  of  AE  to  BF  is  given  ;  as  alfo  the  ratio  of  the  refbmgle 

A£,  BC,  that  is,  e  of  the  parallelogram   AC   to  the  reAangle 

^  **'  '•  FB,  BC  ;  and  AC  is  given,  wherefore  the  reftangk  FB,  BC  ii 

given.  The  excefs  of  the  fquare  of  BC  above  the  Square  of  BF, 

that  is,  above  the  re£t.ingle  BC,  CD,  is  given,  for  it  is  equal  a  tt> 

the  given  re£^angle  CB,  BD ;  therefore,   becaufe    Che    refttngk 

contained   by  the  ftraight  lines  FB,  BC  is   given,  and  alfo  tbs 

bxcefs  of  the  fquare  of  BC  above  the  fquare  of  BF ;  FB,  BC 

fSY^dst  are  each  of  them  given  f;  and  ibe  ratio  of  FB  to  B  A  is  gives; 

therefore,  AB  DC  are  given. 

The  Compofttion  is  as  foUowdw 

l«t  CHK  be  the  given  angle  to  which  the  aagle  of  the  {o* 
rallelogram  is  to  be  made  equal,  and  from  any  point  G  13 
HG,  draw  GK  perpeadicuhr  lo  HK ;  let  GK^  HL  bt  the  Tt&' 
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ftrtgle  to  which  the  parallelogram  Is  to  t>6      |^ 

made  equal,  and  let  LH,  HM  be  the  reft-       ^^ 

angle  equal  to  the  given  fpace   which  is  to 

be  taken   from   the   fquare  of  one  of  the 

fides ;  and  lee  the  ratio  of  the  remainder  to  []  "Ki/l  li 

the  fquare  of  the  other  Cidc  be  the  fame  with 

the  ratio  of  the  fquare  of  the  given  ftraight  liac  NH  to  the 

{quare  of  the  given  ftraight  line  HG. 

By  help  of  the  87th  dai.  find  two  ftraight  lines  BC,  BF 
which  contain  a  redtangle  equal  to  the  given  reAangie  NH» 
HL,  and  fuch  that  the  excels  of  the  fquare         |p. 

of  BC  above  the  fquare  of  BF  be  equal  to      ^^X . 

the  given  reAangle  LH,  HM ;  and  join  CB      yj  7 

BF  in  the  angle  FBC   equal  to  the  given     /  1  ■  / 

angle  GHK  :  And  as  NH  to  HG,  fo  make  |^  £  O  O 
FB  to  BA.  and  complete  the  parallelogram 
AC,  and  draw  A£  perpendicular  to  BC ;  then  AC  is  equal  to 
the  reftangle  GK.  HL;  and  if  from  the  fquare  of  BC».  the  gi- 
ven reAangie  LH,  HM  be  taken,  the  remainder  fhall  have  to 
the  fquare  of  B  A  the  fame  ratio  which  the  fquare  of  NH  has  to 
the  fquare  of  HG 

Becaufe,  by  the  conftruAioo,  the  fquare  of  BC  is  equal  to 
the  fquare  of  BF  together  with  the  reAangle  LH,  HM ;    if 
from  tne  fquare  of  BC  there  be  taken  the  redtaogle  LH,  HM, 
there  remains  the  fquare  of  BF  which  has  g  to  the  iquaie  ofg  ^^^  ^; 
BA  the  fame  ratio  which  the  fquare  of  NH  has  to  the  fquare 
of  HG,  becaufe,  as  NH  to  HG,  fo  FB  was  made  to  BA ;  but 
as  HG  to  GK,  fo  is  BA  to  A£,    becaufe  the  triangle   GHK  is 
equiangular  to  ABE;  therefore!   ex  fcquali,    as  NH  to  GK 
fo  is  FB  to  A£ ;  wherefore  ^  the  rcAangle  NH,  HL  is  to  theh  i.  tf, 
refhnglc  GK,  HL,  as  the  reflangle  FB,  BC  to  AE,  BC  ;  but 
by  the  conftrudtioo,  the  rectangle  NH,  HL  is  equal  to  FB, 
BC  ;  therefore  k  the  reilangle  GK,  HL  is  equal  to  the  re£t-  ^  j^,  ^^ 
angle  AE,  BC,<  that  is,  to  the  parallelogram  AC. 

The  analyiis  of  this  problem  might  have  been  made  as  so  the 
,86th  prop,  in  the  Greek,  and  the  compofition  of  it  may  be  made 
as  that  which  is  in  prop.  87th  of  this  edition. 
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PROP.    XC. 


o. 


IF  two  ftraight  lines  contain  a  given  paraKelogfam  in 
a  given  angle,  and  if  the  fquare  of  one  of  them  to- 
gether with  the  fpace  which  has  a  given  ratio  to  the 
fquare  of  the  other  be  given ;  each  of  the  ftraight  lines 
fhall  be  given.    ' 

Let  the  two  ftraight  lines  AB,  BC  contain  the  given  paralle- 
logram AC  in  the  given  angle  ABC,  and  let  the  fquare  of  BC 
together  with  the  fpace  which  has  a  given  ratio  to  the  fquare  of 
AB  be  given  ;  AB,  BC  are  each  of  them  given. 

Let  the  fquare  of  BD  be  the  fpace  which  has  the  given  ratio 
to  the  fquare  of  AB  ;  therefore*  by  the  hypothefts,  the  fquire 
of  BC  together  with  the  fquare  of  BO  is  given.  From  the 
point  A,  draw  A£  perpendicular  to  BC  ;  and  becaufe  the  angks 

a  43.  dat.  ABE,  B£A  are  given,  the  triangle  AB£  is  given  ^  in  fpecies; 
thenefore  the  ratio  of  BA  to  A£  is  given  :  And  bccaufe  the  ra* 
tio  of  the  fquare  of  BD  to  the  fquare  of  BA  is  given,  the  ra- 

h  58.  dat.  tio  of  the  ftraight  line  BD  to  BA  is  given  b;  and  the  ratio  of 
(  p.  dae.  B^  j^  ^E  ij  given,    therefore  c  rhe  ratio  of  AE  to  BD  is  gi- 
ven, as  aifo  the  ratio  of  the  reAangle  A£,  BC,  that  is,  of  the 
pai-alielogram  AC  to  the  reAangleDB,  BC;  and  AC  is  given, 
therefore  the  reftangle  DB»  BC  is  given ;  and  the  fquare  of 
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d  8i.  dat.  BC  together  with  the  fquare  of  BD  is  given  ;  therefore  d  be- 
caufe  the  reAangle  contained  by  the  two  ftraight  lines  DB,  BC 
is  given,  and  the  (urn  of  their  fquares  is  given :  the  ft^raighi 
lines  DB,  BC  are  each  of  ihem  given  ;  and  the  ratio  of  DB  to 
B  A  is  given ;  therefore  AB,  BC  arc  given.  • 

The  composition  is  as  follows. 
Let  FGH  be  the  given  angle  to  which  the  angfe  Of  the  pa* 
rallelogram  is  to  be  made  equal,  and  from  any  point  F  in  GF 
draw  FH  perpendicular  to  GH ;  and  let  the  redtangle  FH, 
GK  be  that  to  which  the  parallelogram  is  to  be  made  equal ; 
and  let  the  re^angte  KG,  GL  be  the  fpace  to  which  the  fquare 
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of  one  of  the  fides  of  the  parallelogr^im  together  with  the  fpacc 
whkb  has  a  given  ratio  to  the  fquare  of  the  other  fide,  is  to  be 
made  equal ;  and  let  this  given  ratio  be  the  fame  which  the  fquare 
of  the  given  ftraight  line  MG  has  to  the  fquare  oF  GF. 

By  the  88th  dat.  find  two  ftraight  lines  DB,  BC  which  con- 
tain a  rcAangle  equal  to  the  given  refbingle  MG,  GK,  and  . 
fuch  that  the  fum  of  their  fqoares  is  equal  to  the  given  reA- 
angle  KQ,  GL  ;  therefore,  by  the  determioation  of  the  pro- 
blem in  that  propofition,  twice  the  reAangle  MG,  GK  inu(t 
not  be  greater  than  the  reOangle  KG^  GL.  Let  it  be  fo»  and 
join  the  ftra*ght  lines  DB,  BC  in  the  angle  DBC  equal  to  x\)^ 
given  angle  FGH ;  and  as  MG  to  GF,  fo  make  DB  to  BA, 
and  complete  the  parallelogram  AC :  AC  is  equal  to  the  reA- 
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ang'e  FH,  GK;  and  the  fquare  of  BC  together  with  the  fquare 
of  bD.  which,  by  the  conikrudtion,  has  to  the  fquare  of  BA  the 
given  ratio  which  the  fquare  of  MG  has  to  the  iquare  of  GF,  is 
equal,  by  the  conilrudtion,  to  the  given  reftaugie  KG,  GL.  . 
Diaw  AE  perpendicular  to  BC. 

Becaufel  as  DB  to  BA.  fo  is  MG  to  GF  5  and  as  BA  to  AE. 
fo  GF  to  FH ;  ex  acquali,  as  DB  to  AE,  fo  is  MG  to  FH ; 
therefore  as  the  rcftangle  DB,  BC  to  AE,  BC,  fo  is  the  rcft^ 
angle  MG,  GK  to  FH.  GK ;  and  the  reftanglc  DB,  BC  is 
equal  to  the  redhngle  MG,  GK ;  therefore  the  rcAaogle  AE, 
BC,  that  b,  the  parallelogram  AC>  is  equal  to  the  rectangle 
FH.  GK. 

PROP.    CIX.  » 

IF  a  ftraight  line  drawn  withiti  a  circle  given  in  magr 
nitude  cuts  off  a  fegment  which  contains  a  given 
angle;  the  ftraight  line  is  given  in  n^agnitude, 

In  the  circle  ABC  given  in  magnitude;  let  the  ftraight  line 
AC  be  drawn,  cutting  off  the  fegment  AEC  which  contains  the 
^fven  angle  AEC ;  the  flraightline  AC  is  given  in  magnitude. 

^^ke  i)  the  centre  of  the  circle  >.  join  AD  and  produce  it    a  «.  |^ 
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to  £,  and  j6in  EC  ?  The  angle  ACE  being 
f>  3'*  3*  a  right  b  angle  is  given  ;  and  the  angle 
c  43.  d^t.  AEC  is  given ;  therefore  c  the   triangle 

ACE  is  given  in  fpecies,  and  the  ratio  of 

EA  tu  AC  is  therefore  given  ;  and  EA  is 
d  5.  def.    given  d  in  magnitude,  becaufe  the  circle  is 

given  in  magnitude  ;  AC  is  therefore  gi- 
p  ».  dat.    ven  e  in  magnitude* 

8p.  PROP.     XCII. 

TF  a  ftraight  line  given  in  magnitude  be  drawji  within 
a  circle^iven  in  magnitude;  it  l^all  cut  ofl'a  fegnient 
containing  a  given  angle. 

Let  the  ftraight  line  AC  given  in  magnitude  be  drawn  with- 
in the  circle  ABC  given  in  magnitude ;  it  (hall  cut  off  a  fegt 
ment  containing  a  given  angle. 

Take  .D  the  centre  of  the'  circle,  join 
AD  and  produce  it  to  E,  and  join  EC  : 
And  becaufe  each  of  the  {\raight  lines  £A, 
$.  I.  dat.    and  AC  is  given,  their  ratio  is  given  a  ;  and 


\>  46,  dat 


the  angle  ACE  is  a  right  angle,  therefore    A^ 
.  the  triangle    ACE  is   given  ^  in    fpecies,    ^\ 
and  confequently,  the  angle  AEC  is  given. 

so.  PROP.      XClfl. 

TFfrom  any  point  in  the  circumference  of  a  circle  gi* 
ven  in  pnfition  two  ftraight  linos  be  drawn  meeting 
the  circumference  and  containing  a  given  angle  ;  if  tlie 
•point  in  which  one  Of  them  meets  the  circumference 
agnin  be  given,  the  point  in  which  the  other  meets  it 
is  alfo  given. 

.From  any  point  A  in  the  circumference  of  a  circle  ABC  given 
in  pi^fitipn,  let  A 13,  AC  be  drawn  to  the  circumference  making 
the  given  angle  BAC;  if  the  point  B  be 
given,  the  point  C  is  alfo  given. 

T.ikc  P  the  fpnier  of  the  circle,  and 

ioi\'  BO    DC;  and   becAufc  each  of  the 

|«  ip.  «l4t.  points  B.  I)  is  given,  BD  is  given  *  in  po- 

fition ;  and  becaufe  the  angle  BAC  is  gi- 

k  *f'3-  yen,  the  angle  BDC  is  given  b    therefore 


r 


RATA.-  455 

becaufe  the  ftraighc  Iidc  DC  \%  drawn  to  the  given  point  D 

in  the  ftraighc  line  BD  given  in  poiiticn  in  the  given  angle  BDC» 

DC  is  given  cin  portion  :  And  the  circumference  ABC  is  g>vcii  c  31.  dac 

in  pofiuon,  therefore  d  the  point  C  is  given.  d  is.dau 

PROP.    XCIV.  91. 

TF  from  a  given  point  a  ftralght  line  be  drawn  touch- 
ing a  circle  given  in  pofitioii ;  the  flraiglu  line   is 
given  in  pofltion  and  magnitude. 

L^  the  ftraight  line  AB  be  drawn  from  the  given  po'int  A 
touching  the  circle  BC  given  in  portion  ;  AB  is  given  in  poG- 
tion  and  magnitude. 

Take  D  the  centre  of  the  circle,  and  join  DA,  DR :  Becaufe 
each  of  the  points  D,  A  is  given,  the 

ftraight  line  AD  is  given  *  in  poiition  C/^     ^^^?^I"*^      *  *''  ^*^* 
and  magnitude  ;  And  DBA  is  a  right  b   y^        //       \N.    \  c  Cor?s.'' 
angle,  wherefore  DA  is  a  diameter  c  of  '  ^^        \  ^^  \  .       '  '^ 

the  circle  DBA,  defcribed  about  the  tri- 
angle DBA  ;  and  that  circle  is  therefore 
given  d  in  poiition  :  And  the  circle  BC  is      ^V^._--/  ^  ^-  ^^' 

given  in*  pofition^  therefore  the  point  B 

is  given  e :  The  point  A  is  alfo  given  ;  therefore  the  ftraight  line  «  ^s.  dat, 
AB  is  given  a  in  pofition  and  magnitude. 
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PROP,    XCV. 

TF  a  ftraight  line  be  drawn  from  a  given  point  with- 
out a  circle  given  in  pofition  j  the  reftangle  contain- 
ed by  the  fegments  betwixt  the  point  and  the  circumfe- 
rence of  the  circle  is  given. 

Let  the  ftraight  line  ABC  be  drawn  from  the  given  point  A 
without  the  circle  BCD  given  in  pofi- 
tion, cutting  it  in  B,  C ;    the  redlangle 
B A,  AC  is  given. 

From  the  point  A,  draw  *  AD  touch-  qI       ■         <  — I  ?S      a  17.  3? 
ing  the  circle  ;  therefore   AD  is  given     V  /*»  A 

^  in  pofition  and  magnitude  :  And  be-      \^  y  b  94.  dat. 

caufe  AD  is  given,  the  fquare  of  AD  is  *      ^^ ^ 

given  c  which  is  cquaHto  the  re£tangleBA|  AC:  Therefore  c.55.dat. 
th?  rcftangk  BA,  AC  b  given.  ^  ^^-  ^• 

Ff^  FRO?. 
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W,  PROP.   XCVI. 

TF  a  ftraight  line  be  drawn  through  a  given  point  with- 
in a  Lircle  given  in  pofition,  the  redangle  contained 
by  the   fegments  betwixt  th^  point  and  the  circumfe- 
rence of  the  circle  is  given. 

Lc^  the  ftraight  line  BAG  be  drawn  through  fhe  given  point 

A  within  the  circle  BCE  given  in  pofition ;  the  reflangle  BA, 

AC  is  given. 

Take  D  the  centre  of  the   circle,  jo»n 

AD  and  produce  it  to  the  points  E.  F. 

Becaufe  the  points  A,  D  are  given,  the 
I  %9.  dat  ftraight   line   AD    h   given  ^  in  pofition  ; 

and  the  circle  BEX!  is  given  in  pofition  ;  "D^^ — -y/  /Q 

\>  %n,  dat.  therefore  the  points  E,  F  are  given  b,  arid       X 

the  point  A   is  given,   therefore  EA,  AF       F. 

are  each  of  them  given  «;  and  the  reA- 
P  I5.  3,     angle  EA,  AF  is  therefore  given  ;  and  it  is  equals  to  the  teSt^ 

angle  BA,  AQ  which  confequeotlj  is  given. 
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PROP,    XGVn. 

,  TF  a  ftraight  line  be  drawn  within  a  circle  given  in 
magnitude  cutting  off  a  fegment  containing  a  given. 
angle ;  if  the  angle  in  the  fci^ment  be  bifedkt^d  by  a 
ftraiglit  line  produced  till  it  meets  the  circumference, 
the  ilrnight  lines  which  contain  the  given  angle  fliall 
both  of  them  together  have  a  given  nitio  to  the  ftraight 
line  which  bifects  the  angle;  And  the  reftangle  contained 
by  both  thcfe  lines  together  which  contain  the  given 
angle,  and  the  part  n(  the  bifefting  line  cut  oiFbclow 
the  bafe  of  the  fcgine^t,  fhall  be  given. 

Let  the  ilraight  line  BC  be  drawn  within  the  circle  ABC 
given  in  magmtude  cutting  off  a  fegment  containing  the  given 
anjjic  BAG.  and  let  the  angle  BAG  be  bifedtcd  by  the  flraighc 
line -.Al)  ;  BA  together  wiih  AC  has  a  given  ratio  to  AD; 
and  the  rtdtangle  contained  by  BA  and  AG  together,  and 
|he  Aralght  line  ED  cyt  off  fiom  AD  below  BC  the  bafe  of 
fhe   ftgment,"  is  giveo. 

Join  BD ;  and  becaufe  BC  is  drawn  within  the  circle   ABO 


e  II.  3. 
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gliven  in  magnitode  cutting  off  the  (egcnent  BAC  conraiDing 

tile  gtveo  angle  B AC ;  BC  is  given  ^  in  magnitude :   By  the 

(ktDC  rcafon  BD  is  given ;  therefore  ^  the  ratio  of  BC  to  BD  t  pr*  <lit. 

is  given  2  And  becaufe  the  angle  BAC  is   bife^ed  by  AD,  as    b  t-  dat. 

BA  to  AC>  ib  is  c  BE  to  EC ;  and»  by  permutation,  as  AB 

to  BE,  fo  is  AC  to  CE  ;  wherefore  d  as  BA  and  AC  together  c  3.  tf. 

to  BC,   fo  is  AC  to  CE :  And  becaufe  the  angle  BAE  is  equal  ^  ^^^  ^^ 

to  EAC,    and  the  angle  ACE  to  cp 

ADB  ;  the  triangle  ACE  is  equiangu' 

lar   to  the  triangle  *ADB ;    therefore 

as  AC  to  CE,  fo  is  AD  to  DB  :  But 

as  AC  to  CE,  fo  is  BA  together  with  ^^       ^^  ^ 

AC  to  BC ;  as  therefore  B A  and  AC  B^^sX     ^^ 

to   BC,  fo  is  AD  to   DB;  and,  by 

permutation,  as  BA  and  AC  to  AD, 

16  is  BC  to  BD  :  And   the  ratio  of  BC  to  BD  is  given,  there* 

fore  the  ratio  of  BA  together  with  AC  to  AD  is  given. 

Alfo  the  redtangle  contained  by  BA  and  AC  together^  and 
DE  is  given, 

Becaufe  the  triangle  BDE  is  equiangular  to  the  triangle  ACE, 
9s  BD  to  DE,  fo  is  AC  10  CE ;  and  as  AC  to  CE,  fo  is  B  A 
and  .AC  to  BC ;  therefore  as  BA  and  AC  to  BC,  fo  is  BD  to 
DE  ;  wherefore  the  reflangle  contained  by  BA  and  AC  toge- 
ther, and  DC  is  equal  to  the  rtftangle  CB,  BD  :  But  CB,  BQ 
is  given  i  therefore  the  rcflanglc  contained  by  BA  and  AC  toge- 
ther, and  DE,  is  given. 


Otherwife.. 

Produce  C  A,  and  make  AF  equal  to  AB,  and  join  BF  : 
and  becaufe  the  angle  BAC  is  double  ^  of  each  of  the  angles 
PFA»  BAD,  the  angle  BFA  is  equal  to  BAD ;  and  the  angle 
BOA  is  equal  to  BD  A,  therefore  the  triangle  FCB  is  equiangu- 
lar to  ADB  :  As  therefore  FC  to  CB,  fo  is  AD  to  DB ;  and^ 
bv  permutation,  as  FC,  that  is,  BA  and  AC  together  to  AD, 
lb  18  CB  to  BD  :  And  the  ratio  of  CB  to  BD  is  given,  there- 
fore the  ratio  of  B  A  and  AC  to  AD  is  given. 

And  becaufe  the  angle  BFC  is  equal  to  Ithe  angle  DAC, 
cjiat  is,  to  the  angle. DBC,  and  the  angle  ACB  equal  ro  the 
angle  ADB;  the  triangle  FCB  is  equiangular  to  BDE,  as 
therefore  FC  to  CB,  fo  is  BD  to  DE ;  therefore  the  re^ngle 
^ooiaiped  b^  FC,  that  ii,  BA  and  AC  together,  and  DE  is  e- 

.  ^us4 
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<|aal  to  the  reftangle  CB,  BD  which  is  given,  and  rberefim 
th^  redangie  concained  by  BA,  AC  together,  and  D£  U  given. 

f.  PROP.    XCVIIL 

IF  a  ftraight  line  be  drawn  within  a  circle  given  iff 
magnitude,  cutting  off  a  fegment  containing  a  gi- 
ven angle ;  if  the  angle  adjacent  to  the  angle  in  the  feg- 
ment be  bifeded  by  a  ftraight  line  produced  till  it  meet 
the  circumference  again  and  the  bafe  of  the  feginent; 
the  excels  of  the  ftraight  lines  which  contain  the  given 
angle  Ihall  have  a  given  ratio  to  tlie  fegment  of  ihebi- 
feding  line  which  is  within  the  circle ;  and  the  reftangic 
contained  by  the  fame  excefs  and  the  fegment  of  tlie  bi- 
feding  line  betwixt  the  bafe  produced  and  the  point 
where  it  again  meets  the  circumference,  Ihall  be  given. 

Let  the  ftraight  line  BC  be  drawn  within  the  cnxle  ABC 
given  in  magnitude  cutting  off  a  fegment  containing  the  ^vcn 
angle  BAG,  and  let  the  angle  CAF  adjacent  to  BAC  be  meBt- 
cd  by  the  ftraight  line  DAE  meeting  the  circumference  again  in 
D,  and  BC  the  bafe  of  the  fegment  produced  in  E ;  the  ex- 
cefs  of  BA,  AC  has  a  given  ratio  to  AD ;  and  the  reftangle 
which  is  contained  by  the  fame  excefs  and  the  ftraight  lioe  EIX 
is  given. 

Join  BD,  and  thro'  B,  draw  BG  parallel  to  DE  mcetii^ 
AC. produced  in  G  :  And  becaufe  BC  cuts  off  from  the  drdc 
ABC  given  in  magnitude  the  feg- 
ment BAC  containing  a  given  an- 
a  91.  <lat.gle»  BC  is  therefore  given  *  in  magni- 
tude :  By  the  fame  reafon  BD  is  gi- 
ven, becaufe  the  angle  BAD  is  e- 
qual  to  the  given  angle  EAF;  there- B^ 
tote  t^e  ratio  of  BC  to  BD  i&  given  : 
And  becaufe  the  angle  CAE  is  equal 
to  EAF,  of  which  CAE  is  equal  to 
the  alternate  angle  AGB,  and  EAF  to  the  interior  and  oppofo 
angle  ABG ;  therefore  the  angle  AGB  is  equ:il  to  ABG»  mi 
the  ftraight  line  AB  equal  to  AG ;  fo  that  GC  is  tbc  cxccfi 
ofBA,  AC:  And  becaufe  the  angle  BGC  is  equal  to  GAE^ 
t^at  is^  to  EAFy  or  the  angle  BAD ;  and  that  thip  ao^  BCC 
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is  cqtsal  to  the  oppofite  interior  angle  BDA  of  die  (xnadrllateral 
BCAD  in  the  ciixle  ;  therefore  the  triangle  BGC  is  equiangu- 
lar  to  BDA  :  Therefore  as  GC  to  CB,  fo  is  AD  to  DB  ;  and, 
by  permutation,  as  GC,  which  is  the  cxcefs  of  B  A,  AC  to  AD, 
{6  is  CB  to  BD  :  And  the  ratio  of  CB  to  BD  is  given ;  there- 
fore  the  ratio  of  the  excefs  of  BA,  AC  to  AD  is  given. 

And  becaufe  the  angle  GBC  is  eqnal  to  the  alternarc  angle 
DEB,  and  the  angle  BCG  equal  to  BDE  ;  the  triangle  BCG  is 
equiangular  to  BDE  :  Therefore  as  GC  to  CB,  fo  is  BD  to  D£ ; 
and  confcquently  the  reftangle  GC,  DE  Is  equal  to  the  reft- 
angle  CB.  BD  which  is  given,  becaufe  its  fides  CB,  BD  are  gi« 
ven  :  Therefore  the  rectangle  contained  by  the-  cxcefs  of  BA* 
AC  and  the  ftraight  line  DE  is  given. 

PROP.    XCIX.  ,5. 

tF  from  a  given  point  in  the  diameter  of  a  circle  gi- 
ven  in  pofition,  or  in  the  diameter  produced,  a 
ftraight  line  be  drawn  to  any  point  in  the  circumfer- 
ence, and  from  that  point  a  ftraight  line  be  drawn  at 
right  angles  to  the  firft,  and  from  the  point  in  which 
this  meets  the  circumference  again,  a  ftraight  line  be 
drawn  parallel  to  the  firft  ;  the  point  in  which  this  pa- 
rallel meets  the  diameter  is  given  ;  and  the  redlangle 
contained  by  the  two  parallels  is  given. 

In  EC  the  diameter  of  the  circle  ABC  given  in  pofitioo,  or 
in  BC  produced,  let  the  given  point  D  be  taken,  and  from  D 
Ice  a  ftraight  line  DA  be  drawn  to  any  point  A  in  the  drcum- 
ference,  and  let  AE  be  drawn  at  right  angles  to  DA,  and  from 
the  point  £  where  it  meets  the  circumference  again  let  £F  be 
drawn  parallel  to  DA  meeting  BC  in  F ;  the  point  F  is  giveui  as 
alio  the  rcflangle  AD,  EF, 

Produce  £F  to  the  circumference  in  G,  and  join  AG  :  Be- 
caufe GEA  is  a  right  angle,  the  ftraight  line  AG  is  ^  the  dia-  a  Cor.  5. 4; 
meter  of  the  circle  ABC ;  and  BC  is  alfo  a  diameter  of  it; 
therefore  the  point  H  where  they  meet  is  the  centre  of  the 
circle,  and  confequently  H  is  given  :  And  the  point  D  is  given, 
Vjiercforc  DH  is  given  in  magnitude  :  And  becaufe  AP  is  pa- 

^  nOl^ 
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rallcl  to  FG,  and  GH  equal  to  H  A  ;  DH  is  equal  b  to  HF.anl 

AD  equal  to  GF  :    Aod  OH  is  giveo,  therefore  HF  is  gi^en  ia 

A 


CF 


magnitude ;  and  it  is  alfo  given  in  pofition,  and  the  point  H  is 
c.  30.  dat.  given,  therefore    the  point  F  is  given. 

And  hecaufe   the  ftraight   line  £FG  is  drawn  from  a  given 
point  F  withou(  or  within  the  circle  ABC  given  in  pcfition, 
d  95. or  p5.  therefore  ^  the  reftangle  EF,  FG  is  given  ;  And  GF  iseaual  to 
^«-      AD,  wherefore  the  rcftanglc  AD,  EF  is  given, 


Q:. 


PROP,    C. 


F 


from  a  given  point  in  a  ftraight  line  given  in  pofi- 
tion,  a  ftraight  line  be  drawn  to  any  point  in  the  cir- 
cumferenct  of  a  circle  given  in  polition  ;  and  from 
this  point  a  ftraight  line  be  drawn  making  with  the  firll 
an  angle  equal  to  the  difference  of  a  right  angle  and  the 
angle  contained  by  the  ftniight  line  given  in  pofition, 
and  the  ftraight  line  which  joins  the  given  point  and  the 
centre  of  the  circle  ;  and  from  the  point  in  which  the 
fecond  line  meets  the  circmnference  again,  a  third 
ftraight  line  be  dmwn  making  with  the  fecond  an  angle 
equal  to  that  which  the  firft  makes  with  the  fecond  : 
The  point  in  which  this  third  line  meets  the  ftraight 
line  given  in  pofition  is  given  ;  as  alfo.  the  reftanglc 
confained  by  the  firft  ftraiglit  line  and  the  fegnient  of  the 
third  betwixt  the  circumferijnce  and  the  ftraight  line 
given  in  pofition,  is  given. 

Let  the  ftraight  line  CD  be  drawn  from  the  giveu  poiat  C 
iq  the  ftraight  line  AB  given  in  poftcion,  to  the  circuoifercxice 
of  the  circle  DEF  given  in  pofition  of  which  G  is  the  centre ; 
join  CO,  and  from  the  point  D  let  DF  be  drawn  making  the 
angle  CDF  equal  to  the  difference  of  a  right  angle  and  the 
angle  BCG,  and  from  the  point  f  let  F£  be  draws  makii^ 
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the  angle  DFE  equal  to  CDF,  meeting  AB  in  H :  The  point  H  is 
given  ;  as  alio  the  redtangle  CD»  FH. 

Let  CDy  FH  meet  one  another  in 
the  point  K»  from  which  draw  KL  D^ 
perpendicular  to   DF  ;    and  let  DC 
meet  the  circumference  again  in  M, 
and  let  FH  meet  the  fame  in  £»  and  A) 
join  MG,  GF.  GH. 

Becaufe  the  angles  MDF,  DFE  are 
equal  to  one  another,  the  circumfe- 
rences MF,  D£  are  equal  ^  ;  and  add- 
ing or  taking  away  the  common  part 
M£,  the  circumference  DM  is  equal 
to  £F  :  therefore  the  ftraight  line  DM 
is  equal  to  the  ftraight  line  £F,  and 
the  angle  GMD  to  the  angle  b  GF£  ; 
and  the  angles  GMC,  GFH  are  equal  E 
to  one  another,  becaufe  they  are  ei- 
ther the  fame  with  the  angles  GMD, 
GF£,  or  adjacent  to  them  :  And  be- 
caufe the  angles  KDL,  LKD  are  toge- 
ther equal  c  to  a  right  angle,  that  is, 
by  the  hypotheds,  to  the  angles  KDL,  ___ 
GCB  5  the  angle  GOB  or  GCH  is  c-  \    C  HB 

qua!  to  the  angle  (LKD.  that  is.  to  the  angle)  LKF  or  GKH  : 
Therefore  the  points  C.  K,  H.  G  are  in  the  circumference  of 
a  circle  ;  and  the  angle  GCK  is  therefore  equal  to  the  angle 
GHF  ;  and  the  angle  GMC  is  equal  to  GFH,  and  the  ftraight 
line  GM  to  GF  ;  therefore  ^  CG  is  equal  to  GH,,  and  CM  tod  xi.  i. 
HF  :  And  becaufe  CG  is  equal  to  GH,  the  angle  GCH  b  e- 
qual  to  GHC  ;  but  the  angle  GCH  is  given  :  Therefore  GHC 
is  given,  and  confcqucntly  the  angle  CGH  is  given  :  and  CG 
is  given  in  poliiion,  and  the  point  G  ;  therefore  ^  GH  is  given  e  ^%,  dat. 
in  pofition  ;  and  CB  is  alfo  given  in  pofitioui  wherefore  the 
point  H  is  given. 

And  becaufe  HF  is  equal  to  CM,  the  reftangle  DC,  FH  is  e- 
qual  to  DC,  CM  :   But  DC,  CM  is  rIvco  f,  becaufe  the  poiptf  ps.ort^. 
C  iff  given  ;  therefore  the  rcAangle  DC,  FH  is  given.  ^^<- 
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DEFINITION       XL 

THIS  is  made  more  expUck  than  in  the  Greek  text,  to  pre* 
vent  a  miftake  which  the  author  of  the  fecond  demon* 
ftracion  of  the  24(h  propofition  in  the  Greek  edition  has  fallen 
iiHo,  of  thinking  that  a  ratio  is  given  to  which  another  ratio  is 
fbewn  to  be  equal,  though  this  other  be  not  exhibited  in  given 
magnitudes.  See  the  notes  on  that  propofition,  which  is  the 
13th  in  this  edition.  Befides,  by  this  definition,  as  it  is  now  gi- 
ven, ibme  propofitions  are  <knH)nftrated,  which  in  the  Greek 
are  not  (o  well  done  bj  help  of  prop.  2. 

D  E  F.      IV. 

In  the  Greek  text,  def.  4.  is  thus  :  *'  Points,  lines,  fpaccs, 
**  and  angles  are  faid  to  be  given  in  pofition  which  have  always 
**  the  fame  fituatiob  ;**  but  this  is  imperfedl:  and  uiclefs,  becanfe 
diere  are  innumerable  caies  in  which  things  may  be  given  accor- 
ding to  this  definition,  and  yet  their  pofition  cannot  be  found  ; 
for  inftance,  let  the  triangle  ABC  be  given  in  pofition,  and  let 
it  be  propofed  to  draw  a  ftraight  line  BD  from  the  angle  at  B 
to  the  oppofite  fide  AC  which  (hall  cut 
ofF  the  atigle  DBC  which  fhall  be  the 
feventh  part  of  the  angle  ABC,  fuppofe 
this  is  done,  therefore  the  ftraight  line 
BD  is  invariable  in  its  pofition,  that  is,  w% 
has  always  the  fame  fituation  ;  for  any  ^ 
other  ftraight  line  drawn  from  the  point  B  on  either  fide  of 
BD  cuts  off  an  angle  greater  or  lefler  than  the  feveath  part  of 
the  angle  ABC  ;  therefore,  according  to  this  definition,  the 
ftraight  line  BD  is  given  in  pofition,  as  ahb  « the  point  D  in  a  sS.  d^« 
which  it  meets  the  ftraight  line  AC  which  is  given  in  pofition. 
But  from  the  things  here  given,  neither  the  ftraight  line  BD 
nor  the .  point  D  can  be  found  by  the  help  of  Euclid's  £Ie- 
acAis  only,  by  which  every  thing  in  hk  data  b  fuppofed  may 

be 
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be  found.  This  definition  is  therefore  of  do  ufe.  We  htve  v 
mended  it  by  adding  "  and  which  are  either  aChially  exhibited 
*'  or  can  be  found  ;'*  for  nothing  is  to  be  reckoned  givcp,  which 
cannot  be  found,  or  is  not  adually  exhibited. 

The  definition  of  an  angle  given  by  pofitioa  u  taken  out  of 
the  4ch,  and  given  more  diftioftly  by  itfcif  in  the  defioitioa 
marked  A. 

D  E  F.    XI.    XIL    XIII.    XIV.    XV. 

The  nth  and  1 2th  are  omitted,  becaufe  they  cannot  be  gheo 
in  Euglifh  To  as  to  have  any  tolerable  fenfe  ;  and  thercferc, 
where  ever  the  terms  defined  occur,  the  words  which  exprefi 
their  meaning  are  made  ufe  of  in  their  place. 

The  ijthy  14th,  15th  are  omitted,  as  being  of  no  ufe. 

It  is  to  be  obferved  in  general  of  the  data  in  this  book,  that 
they  are  to  be  underftood  to  be  given  geometrically,  not  always 
arithmetically,  that  is,  they  cannot  alwayi  be  exhibited  in  num- 
bers ;  for  inilance,  if  the  fide  of  a  fquare  be  given,  the  ratio  of 
^  44.  dat.  it  to  its  diameter  is  given  ^  geometrically,  but  not  in  numbers ; 
•  ft.  dat.  and  the  diameter  is  given  «  ;  but  though  the  number  of  any  e* 
qual  parts  in  the  fide  be  given,  for  example  lo,  the  number  of 
them  in  the  diameter  cannot  be  given  :  And  the  like  hokis  in 
many  other  cafes. 

PROPOSITION      L 

In  this  it  is  (he«rn  that  A  is  to  B,  as  C  to  D,  from  this,  that 
A  is  to  C,  as  B  to  D,  and  then  by  permutation  ;  but  it  follovt 
directly,  without  thcfetwo  fteps,  from  7.  5. 

PROP.    n. 

The  limitation  added  at  the  end  of  this  propofition  betweoi 
the  inverted  commas  is  quite  neceflary,   becaufe  without  it  dia 
propofition  cannot  always  be  demonftrated  :    For  the  author 
having  faid  *  "becaufe  A  is  given,  a  magnitude  equal  tot 
a  i.'def.    <*  can  be  found  ^;  let  this  be  C  ;  and  becaufe  the  ratio  of  A 
k  a.  dcf.    «(  to  B  is  given,  a  ratio  which  is  the  fame  to  it  can  be  found  b,"* 
adds,  ''  let  it  be  found,  and  let  it  be  the  ratio  of  C  to  ^  * 
Now,    from    the    fecond  definition    nothing    more    fbllovc 
than  that  foine  ratio,  fuppofe  the  ratio  of  £  to  Z.  can  be 
found,  which  is  the  fame  .with 'the  ratio   of  A  to  B  ;  anA 
when  the  author  fuppofcs  that  the  ratio  of  C  to  A,   which  il 

^  Sec  Dt  Gregory's  cdicioA  of  dis  data. 
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siUb  the  fame  with  the  ratio  of  A  to  B^  can  be  foDhdy  be  ne- 
Cefiarily  fuppofes  (hat  to  the  three  magoitudes  £,  Z,  C  a 
fpurtli  proportional  d  may  be  found ;  but  this  cannot  always 
be  doQC  by  the  Elements  of  Euclid ;  from  which  it  Is  plain 
Euclid  muft  have  Underdood  the  Propollcidn  under  the  limita- 
lion  which  is  now  added  to  his  text.  An  example  will  make 
this  clear;  let  A  be  a  giveh  angle, 
and  B  another  angle  to  which  A  has 
a  given  ratio,  for  iriftance,  the  ratio 
of  the  given  ftraight  line  £  to  the  gi- 
ven one  Z ;  then,  having  found  an 
angle  C  equal  to  A,  how  can  the 
angle  A  be  found  to  which  C  has  the 

Tame  ratio  that  E  has  to  Z  ?  certain- 
ly no  way,  until  it  be  ihewn  how  to 
find  an  angle  to  which  a  given  angle 
has  a  given  rati6«  which  cannot   be 

done  by  Euclid's  Elements,  nor  probably  by  any  Geometry 
known  in  his  time.  Therefore,  in  all  the  Propolitiohs  of  this 
book  which  depend  upon  this  fccond,  the  above  mentioned  li- 
mitation  muft  be  underftood^  though  it  be  not  cxplicidy  men« 
itiooed. 

1?  ft  O  P.     V. 

« 

The  order  ot  the  Pro{k><!t]ons  in  the  Oreek  tela  betweeh 
prop.  4.  and  prop.  25.  is  now  changed  into  another  which 
is  more  natural,  by  placing  thofe  which  ^re  more  fimple  bc^ 
{ore.  thofe  which  are  more  coikiplejt ;  and^  by  placing  togethei^ 
thole  whi(h  are  of  the  lame  kind.  Tome  of  which  were  mixed 
among  others  of  a  difierent  kind.  Thus,  prop.  i2.  in  the  Greek 
b  now  made  the  5th  and  thofe  which  were  the  ltd  and  23J,  are 
teade  the  x  ith  and  12th,  as  they  are  more  fimple  than  the  piopo* 
litions  concerning  magnitudes,  the  eXcefs  of  one  of  ^hich  above 
a  given  magnitude  has  a  given  ratio  to  the  other,  after  which 
thele  two  were  placed ;  and  the  24th  in  the  Greek  text  A,  for 
the  fame  reafon,  ihade  thie  1 3th. 

PROP.    VI.    Vlt. 

iThefe  are  univierfally  true,  tho'  in  the  Greek  text  they  are 
demonftrated  by  prop.  2.  which  ha)  a  limitatiou;  they  are 
therefore  now  ihewrn  without  it* 

G  g  t  R  O  P» 


^64  NOTES      ON 

PROP.    Xli.  ! 

I 

In  the  23d  prop,  in  the  Greek  text,  which  here  is  the  12th, 
the  words,  '*  ^mm  t»Jc  avTvc  Sf,"  arc  wrong  cranflated  by  Ciaud. 
Hardv,  in  his  Edition  of  Euclid's  data,  printed  at  VMn,  \ 
ann.  1625,  ^^i<^h  was  t,he  firft  edition  of  the  Greek  text;  ' 
and  Dr  Gregory  follows  him  in  tranflating  them  by  the 
words,  ''  ctfi  non  eafdem,"  as  if  the  Greek  hsul  been  a  xai  fji 
%i,  oLvrif,  as  in  prop.  9.  of  the  Greek  text.  Euclid's  mcaniog 
i9»  that  the  ratk>8  mentioned  in  the  propofition  muft  not  be  the 
ftme;  for,  if  they  were,  tl>e  propofition  would  not  be  true: 
Whatever  ratio  the  whole  has  to  the  whole,  if  the  ratios  of  the 
parts  of  the  firft  to  the  parts  of  the  oiher  be  the  fame  with  this 
ratio,  one  part  of  the  firil  may  be*  double,  triple,  Sec.  of  the  a- 
ther  part  of  it,  or  have  any  other  ratio  to  it,  and  confequentij 
cannot  have  a  given  ratio  to  it ;  wherefore,  thefe  words  moft 
.  be  rendered  by  "  non  autem  eafdem,''  but  not  the  fame  ratios, 
as  Zambenus  has  tranflated  them  in  his  edition. 

PROP.    XIII. 

Some  very  ignorant  editor  has  given  a  fecond  demondr** 
tion  of  this  proportion  in  the  Greek  text,  which  has  been  as 
ignorantly    kept   in  it  by  Claud.  Hardy  and  Dr  Gregory,  aod  1 
has  been  retained  in  the  tranflations  of  Zambertus  and  othcn;  , 
Carolus  Renaldinusr  gives  it  only :  The  author  of  it  &as  tEooght 
that  a  ratio  was  given  if  another  ratio  could  be  (hewn  to  be  tKt 
fame  to  it,  though  this  \^(l  ratio  be  not  found :  But  this,  is 
altogether  abfurd,  becaufe  from  it  would  be  deduced  that  the 
ratio  of  the  fides  of  any  two  fquares  is  given,  and  the  ratio  of 
the  diameters  of  any  two  circles,  &c.    And  it  is  to  be  ob(crvc4.' 
that  the  moderns  frequently  take  given   ratios,  and  ratios  tta 
are  always  the  f^ime,  for  one  and  the  fame  thing ;  and  Sir  Ifis 
Newton  has  fallen  into'  this  miAakc  in  the   17th  Lemma  of 
Friocipia,  ed.  1713,  and  in  other  places;  but  this  flioold  k, 
carefully  avoided,  as  it  may  >ead  inca  other  errors. 

PROP.  XIV.    XV. 

Euclid    in   this  book  has    feveral  propoCtions  coocemii 
magnitudes^  the  excefs  of  one  of  whiet^  above  a  given  io^i 

fidtw 
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faitude  has  a  given  rltio  to  the  othtr ;  but  he  has  given  none 
concerning  magnitudes  whereof  one  together  wiih  a  given 
magnitude  has  a  given  ratip  to  the  other  ;  tho*  ihefe  lafl  oc- 
cur as  frequently  in  the  folutiun  of  problems  as  tbte  firO: ;  the 
reafon  of  which  is,  that  the  lafc  may  be  all  demonftrated  by 
fae)p  of  the  firil ;  for,  if  a  magnitude,  together  with  a  given 
migoitude  has  a  given  ratio  to  aiK>tbcr  magnitude,  the  excef» 
of  this  other  above  a  given  magnitude  ihall  have  a  given  ra- 
tio to  the  firid,  and  on  the  coiitrary ;  as  we  have  demonflrated. 
in  prop.  14.  AnJ  for  a  like  reafoh  prop.  i;.  has  been  added 
to  ihe  data.  On^  exaimpie  will  make  the  thing  clear ;  fup^ofe 
it  were  to  be  demondrated,  that  if  a  magnitude  A  together 
with  a  given  magnitude  has  a  given  ratio  to  another  magni- 
tude B,  that  the  two  magnitudes  A  and  B,  togetlicr  with  a 
given  magnitude,  have  a  given  ratio  to  that  other  magnitude 
B ;  which  is  the  fame  propofition  with  refpedt  to  the  iall  kind  * 

of  magnitudes  above  mentioned,  that  the  firft  part  of  prop.  1 6. 
hi  this  edition  is  in  refpcdl  of  the  firft  kind  :  This  is  fliewii 
thus  ;  from  the  hypothefii^,  and  by  the  firft  part  of  prop;  14. 
the  excefs  of  B  above  a  given  magnitude  has  unto  A  a  given 
ra*io  ;  and  therefore,  by  the  firft  part  of  prop.  17.  the  excefs  of 
B  above  a  given  magnitude  has  unto  B  and  A  together  a  given 
ratio;  and  by  the  fecond  part  of  prop.  14.  A  and  B  together 
with  a  given  magnitude  has  unto  B  a  given  ratio ;  which  is  the 
thing  that  was  to  be  demonftrated«     In  like  manner,  the  other 

,  propoiiiions  concerning  the  Ikft  kind  of  magnitudes  may  be 

^  ihewD. 

PROP.  XVI.  ixvii. 

In  the  third  part  of  prop.  ic«:-rn:.the  Greek  lekt,  which  k 
the  16th  in  this  edition,  after  the  ratio  of  EC  to  CB  has  been 
ihewn  to  be  given ;  from  tixiii,  by  inverfion  and  ^onverlioa 
ihc  ratio  of  BC  to  BE  is  demonftrated  to  be  given ;  Init,  with* 
out  thefe  two  fteps,  the  concluiion  fliould  have  been  made, 
only  by.  citing  the  6th  propofition.  :  And  in  like  manner,  in  tho 
firft  part  of  prop.  11.  in  the  Qrfck^  which  in  this  edition  is 
'  the  f  7th  from  th<  ratio  of  DB  to  BC  bein^,  giveo,  th^  ratio  ofDU 
toDB  is  fliewiito  be  given,  by  inverfion  and  coispofition,  inftead 
of  citing  prop.  7.  and  the  fame  £^ult  occurs  in  the  fecond  pare 
of  the  fame  prop.  it. 
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PROP.    XXL    XXIL 

Thcfe  now  ar6  added,  as  being  wanting  to  complete  the  fnb-. 
jcA  treated  of  in  the  foor  preceding  propofiuons. 

PROP.     XXIII. 

This  which  is  prop.  20.  in  the  Gicek  text,  was  lepantcd 
from  prop.  14.  15-  16.  in  that  text,  after  which  icfhoold  have 
been  immediately  placed,  as  being  of  the  fame  kind  ;  k  is  dov 
put  into  its  proper  place ;  but  prop.  21.  in  the  Greek  b  left  out, 
at  being  the  fame  with  prop.  14.  in  that  text,  which  is  ben^ 

prop.  i9. 

PROP.    XXIV. 
This^  which  is  prop.  1 3.   in  the  Greek,  is  now  put  into  is 
proper  place,  having  been  disjoined  from  the  three  followmgil! 
in  this  edition,  which  arc  of  the  iiime  kind. 

PROP.    XXVJII. 
This  which  in  the  Greek  text  is  pi  op.  25.  and  (everal  of  die 
following  proportions  are  there  deduced  from  def.  4.  whidi  is 
not  iufficient,  as  has   been  mentioned  in  the  note  on  that  dcfr 
nition  :  They  are  therefore  now  fhewn  more,  explicitly. 

PROP.    XXXlV.    XXXVL 
Each  of  thefe  has  a  determination,  which  it  now  added,  wludl 
occaiioot  a  change  in  their  demonftrationt. 

PROP.    XXXVII.    XXXIX.    XL.    XLL 
The  35th  and  36th  piopofitions  in  the  Greek  text  are  jobel 
Into  one,  which  makes  the  39tb  in  t^is  edition,  becaofe  the  faM 
enunciatbn  and  demonftration  ferves  both  :   And  for  the 
reafon  prop.  37.  38.  in  .the  Creek  are  joined  into  on^ 
here  is  the  40. 

Prop.  37.  it  added  to  the  Data,  as  it  frequently  occurs  in 
(blution  of  Problems ;  and  prop*  41.  is  added  to  complete 

reft. 

PROP.    XLIL 
This  is  prop.  39.  in  the  Greek  text,  where  the  whole 
firuAioo  of  prop.  22.  of  bookL  of  the  elements  is  pur, 
oat  need,  into  the  demonftration,  but  is  now  only  cited. 

PROP   XLV. 
This  is  prop.  42.  in  the  Greek,  where  the  three  ftraight 
made  ufe  of  in  the  conftrufiSon  are  faid,  but  not  (hewb,  to 
fiich  that  any  two  of  them  is  greater  than  the  third,  whidi 
iiowdoae. 

PRO 
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PROP.    XLVII. 

This  is  prop.  44.  m  the  Greek  text ;  but  the  demooftration 
of  it  is  chaoged  into  another  wherein  the  feveral  cafes  of  ic  are 
fhewn,  which,  though  necc^rj,  is  not  done  in  the  Greek. 

PROP.    XLVIII. 
There  are  two  cafes  in  this  propofition,  arifing  from  the 
^o  cafes  of  the  third  part  of  prop.  47.  on  which  the  48cb  de-  - 
pends ;  and  in  the   compoCcion  theie  two  cafes  are  explicitly 
given. 

P  R  OP.     LII, 
The  conf^ruAioD  and  demon(h*atipn  of  thi$»  which  \$  prop* 
48.  in  the  Greek,  are  made  fomething  fhorter  thai)  in  tb^t 
text. 

PROP.    LTII. 
Prop.  63.  in  the  Greek  text  is  omitted,    being  pnlf  a  ca& 
'  of  prop.  49.  in  that  text,  which  is  prop.  53*  in  this  edition. 

PROP.     LVIIL 

This  is  not  in  the  Greek  text,  but  its  demonftration  is  con* 

.  tained  in  that  of  the  fiift  part  of  prop.  54-  in  that  text ;  which 

propoCtion  is  concerning  figures  that  are  given  in  fpecies  ;  this 

58th  is  true  of  flmilar  figures,    though  they  be  not  given  iq 

:  fpeci<;s,  and^  as  it  frequently  occurs,  it  was  neceiTtry  to  add 

[  '  PROP.    LIX.  LXI. 

r     This  is  the  54th  in  the  Greek  ;  and  the  77th  in  thp  Greek, 
^ being  the  very  fame  with  it,  b  left  put,  and  a  ihorter  demoo- 
ftration is  given  of  prop.  61  • 

PROP.   Lxn. 

This,  which  is  mod  frequently  uieful,  19  not  io  thp  Greek^ 
«nd  is  neceflary  to  prop.  87.  88.  m  this  edition,  as  alf^,  tbougU 
|)ot  mentioned,  to  prop.  86.  87.  in  the  former  editions.    Prop. 
1 46.  in  the  Greek  text  is  madp  a  cprollary  tp  if. 

J>  R  O  P.    LDV. 
This  contains  both  prop.  74.  and  73.  in  the  Qrrek  text;  the 
^rtt  cafe  of  the  74th  is  a  repetition  of  prop.  56*  from  which  it  it . 
feparated  in  that  text  by  msmy  proportions;  an4  as  there  is  no 
pnier  in  tbefe  propofitions,  as  they  ftand  in  the  Greek,  they 
^re  now  put  into  the  order  wUc)i  fcemed  moft  convenient  and 
natural. 
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The  dcmonftntion.  of  .the  firft  part  of  prop.  73.  in  the 
Greek  is  ^rofsly  .vki.ued.  Dr  Gregory  fays,  that  the  feiitco-' 
ces  he  has  inclofcd  betwixt  two  flars  arc  fupcrfluous,  and  oiighr 
to  be  cancelled' ;  bur  he  has'  liot  obferved,  that  what  follors 
thent  is  dbfard,  being  to  prove  thai  the  ratio   [See  his  figuitj" 

of  AT  to  r  K  is  given,  which  by  the  hypoihcfis  at  the  bcgiiH 
v^"g  of  chc  propoiiiion  is  txprcf-ly  given  ;  fo  th?.r  ihc  whokol 
lk:is  pi^rt  was  to  U<^  altered,  whivh  is  done  in  this  prop.  64. 

PROP.    LXVII.    LXVUI. 

Prop.  70..  in  the  Greet  text  is  divided  into  thcfe  two,  for 

"  the  fake  of  dluirftnefs  ;  and  ilie  demon  ft  ration  of  the  67ih  is 

Vendered   flioner  than   that  of  the   firft   part  of  prop.  70.  in 

the    Grtck,  by   means  of  prop.  23.    of  book  6.  of  ihc  Elc- 

.  m^nts. 

PROP.  LXX. 

This  is  prop.  61.  in  the  Greek  text ;  prop  78.  in  that  text  H 
only  a  parciculaf  calc  of  if,  and  is  therefore  omitted. 

pr  Gregory,  in  the  domonftration  of  prop.  62.  circs  the  49th 
prop.  dar.  to  prove  that  the  ratio  of  the  figure  AEB  to  ihe 
s parallelogram  AH  is  given  ;  whereas  this  was  fhewn  a  few 
lines  before  :  and  befides,  the  49th  prop,  is  not  applicable  to 
thefe  two  figures,  becaufe  AH  is  not  give  a  in  fpecics,  but  is  bf 
the  ftep  for  lyhlch  (he  (itaiion  is  brought,  prpvcd  to  be  gtvcD  ia 
.   fpecies. 

PROP.  Lxxni. 

Pr Ofj.  S3,  in  the  Greek  tfxt  is   neither  well   enunciated  net, 
clemonllraiecl.  Tl.e  7  jd,  which  in  this  ediiion  is  put  in  place  c^J 

■jr, ,js   really  the   fame,  as  will    appe;<r  by   coniidcring  [Stc  Ik| 
Grcgoiy's  E<iitlon^.  ll^at  y\,  C.   l\  E  in   the    Greek   text 
four  pro|X)rtiona!s  \  and  that  the   propoiliion   is  to  (hew  thi 
A.  which    has    a   gi\;W  ratio,  to.' E,    is   to   F,    as  B   is    to 
ftraif iu  lifle  to"  whicb  A  h:is  a  given   ratio;    or»   by   iaverfk 

•  that  r  is   10^,  .as  a-ftiaij^ht  line  tp   which    A  has  a  giv^ 

ratio  is  to  B  ;  that -is,  if  .the  proponionals   be   placed  in  1) 
nrder»  viz.  r>  E^*  A,  B,  that  the   firft  r  is  to  A   to  which  tJ 
feccnd    E   has  a-  given    ratio,  as  n    ftrJiif»ht  line  to  which  Aii 
tiiird  A   his  a  given   ratio    is  lo    the   fouith  B  ;    which  b  «fe 
enunciatinn   ot  this   73d,   acd  Ws  thus  changed  that  it  ck^ 
be  made  like  10  that   of  prop.  72.  in  this  edition^  which  ir-^ 
4  4:    : 
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the  Sid  In  the  Greek  text:  And  the  demondration  of  prop, 
73.  is  the  (ame  with  that  of  prop.  72.  only  making  ul'e  of 
prop.  23.   inftead  of  prop.  22.  of   book  5.  of  the  Eicinenis. 

PROP.    LXXVII, 

This  IS  put  in  place  of  prop.  79.  in  the  Greek  text,  wh^ch 
is  not  a  datum,  but  a  theorem  prcmifed  as  a  lemma  to  prop  80, 
in  that  text:  And  prop.  79.  is  made  cor.  1.  to  prop.  77.  in 
this  edition.  CI.  Hardy,  in  his  edition  of  the  data,  takes  no« 
tice,  that  in  prop.  80.  of  the  Greek  text,  the  parallel  KL  in  the 
figure  of  prop.  77.  in  this  edition  muft  meet  the  circumference* 
but  does  not  demonftrare  it,  which  is  done  here  at  the  end  of 
cor.  3.  of  prnp.  77.  in  the  couftruftion  for  find^ing  a  triang!e 
fimilar  to  ABC. 

PROP.     LXXVIII. 

The  demonftration  of  this,  which  is  prop.  80.  in  the  Greek,  , 

is  rendered  a  good  deal  Ihortcr  by  help  of  prop.  77. 

PROP.    LXXIX.  LXXX.  LXXXf. 

The(e  are  added  to  Euclid's  data,  as  propofitiops  which  arc 
often  ufeful  in  the  folution  of  problems. 

PROP.     LXXXil. 

This,  which  is  prop.  6o.  iu  the  Greek  te:^r,  is  placed  before 
Aic  83d  and  84th,  which  in  the  Greek  are  the  58th  and  59rh; 
bccaufe  the  demonflration  of  thefe  two  in  this  edition  is  dedu- 
ced fratn  that  pf  prop.  82.  from  which. they  naturally  follow. 

PROP.    LXXXVIII.  XC* 

Dr  Gregory,  in  his  preface  to  Euclid's  works,  which  he 
publiihed  at  Oxford  in  1703 y  after  having  told  that  he  had 
fupplled  the  defeAs  of  the  Greek  text  of  the  data  in  innur 
merable  places  from  feveral  manufcripts,  and  correcSted  CI. 
Hardy's  tranflation  by  Mr  Bernard's,  adds,  tliat  the  86th  the- 
orem **  or  proportion"  feemed  to  be  remarkably  vitinted, 
but  which  could  not  be  reftored  by  help  of  the  manufcripts ; 
then  he  gives  three  different  tranflations  of  it  in  Latin,  ac- 
cording to  which  he  thinks  it  may  be  read  ;  the  two  fjrft  have ' 
no  dii^iod  meaning,  and  the  third,  which  l)e  fays  is  the  be(l, 
^ho'  it  contains  a  true  propofition,  which  i$  the  90th  in  this  e- 
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(liitoD,  has  no  conneAion  io  the  leaft  with  the  Greek  fcit 
And  it  is  ftrange  that  Pr  Gregory  di4  not  obferve,  that  if 
prop.  86.  was  changed  into  thisp  the  demonftration  of  t|ie  S6t|i 
muil  be  cancelled,  and  another  put  ia  its  place  :  But  the  ri uib 
]s,  both  the  enunciation  and  the  demonf^ration  of  prop.  86. 
ure  quite  entire  and  right,  only  prop.  87.  which  is  more  i^pk, 
ough;  to  have  heen  placed  before  it ;  and  the  deficiency  which 
the  DoAor  yuMy  obferTes  to  be  in  this  part  of  tuclid*f  data, 
and  which  no  doubt  is  owing  to  the  careleirnefs  and  ignorance 
of  the  Greek  editors,  Hiould  have  be^n  fupplied,  not  by  chan* 
ging  prop.  S6i>  which  is  both  entire  apd  necfcflaiy,  but  by  add- 
ing the  two  proportions,  which  ar^  the  ^^th  and  9Cth  in  tlii^ 
editioi). 

PROP.     XCVIII.     G 

.•♦■ 
The(e  were  commnnicated  tq  i^e  by  two  excellent  Geofoer 

ters,  the  firft  of  them  by  the  Right  Honourable  the  Earl  Stan- 
hope, and  the  other  by  Dr  Matthdw  Stewart ;  to  which  1  have 
added  the  demonOratipn«« 

Though  the  o^der  of  the  propofitions  has  been  in  many  pla- 
ces changed  from  that  in  former  editions,  yet  this  will  be  o| 
kittle  difadvantage,  as  the  ancient  geometers  never  cite  the  dau^ 
and  the  moderns  very  rarely. 


AS  that  part  of  the  compofition  of  a  problem  which  is  its  coo- 
(^ru^ion  may  nor  be  fo  readily  deduced  from  the  analyiH 
\ij  beginners  :  for  their  fake  t)ie  followiog  example  is  given,  in 
which  the  derivation  of  the  feveral  parts  of  the  coniltn^Hoo 
from  the  anaiyfis  b  partiailarly  ihewp.,  th^t  they  mi^y  \f€  affified 
to  do  the  like  i^  P(her  probleqis. 

P    R    Q    B    t    E    M, 

HayiQg  ^iven  the  magnitiidf  of  a  parallelogram,  the  angle 
of  which  ABCifigiyen,  and  alfo  the  excefs  of  the  fquare  of 
its  fide  3C  above  the  (quare  of  the  fide  A^  ;  10  fina  iu  fi<ie| 
and  defciibe  it. 

•foe  anal^fis  of  this  is  the  fame  with  the  demonftratipn  c^the 
the  87th  prop,  of  the  data,  and  the  conftnid^ion  that  is  given  oif 
the  probieni  at  the  end  of  ihat  prppofitiop  is  thus  deriv^  froin 
^«s^^aiy(is,  '  .      .    ••     •  • 
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Let  EF6  be  eqoal  to  the  gWeo  angle  ABC,  and  becanfe 
m  the^  analyfis  it  is  fiud*  that  the  ratio  of  the  reAapgle  AB, 
^  lo  the  parallelogram  AC  is  given  by  the  62d  prop.  dar. 
therefore,  from  a  point  in  F£,  the  perpendicular  EG  is  drawn 
fo  F6,  as  the  r^do  of  FE  to  EG  is  the  ratio  of  the  rc(bpgle 


B  PP    C  P  G   L  O     HN 


AB,  BC  to  the  parallelogram  AC  by  vhat  is  (hewn  at  the  end 
of  prop.  62.  Next,  the  magnitude  of  AC  is  exhibited  by 
making  the  refhingle  EG,  GH  equal  to  it  ;  and  the  given 
excefs  of  the  fquare  of  BC  above  the  fquare  of  B  A,  to  which 
excels  the  rcAanigle  CB,  BD  is  equal,  is  exhibited  by  the 
reAangle  HG,  GL  :  Then  in  the  analyfis,  the  redangle  AB 
BC  is  (aid  to  be  given,  and  this  is  equal  to  the  reAangie  FE» 
GH,  becaufe  the  reAangle  AB,  BC  is  to  the  parallelogram  AC, 
as  (FE  to  EG,  that  is,  as  the  rc£langle)  FE,  GH  to  EG,  GH  ; 
and  the  parallelogram  AC  is  equal  to  the  reflangle  EG,  GH^ 
therefore  the  rectangle  AB,  BC  is  equal  to  FE,  GH  :  And 
confcquently  the  ratio  of  the  reflrangle  CB,  BD,  that  is,  of  the 
reOangle  HG,  GL,  to  AB,  BC,  tliat  is,  of  the  ilraight  line 
DB  to  BA,  is  the  fame  with  the  ratio  (of  the  redangle  GL, 
GH  to  FE,  GH,  that  is)  of  the  ftraight  line  GL  to  FE,  which 
ratio  of  DB  to  BA  is  the  next  thing  faid  to  be  given  in  the 
analyfis  :  From  this  it  is  plain  that  the  fquare  of  FE  is  to  the 
fquare  of  GL|  as  the  fquare  of  BA,  which-  is  equal  to  the 
reAangle  BC,  CD,  is  to  the  fquare  of  BD  :  TheVatio  of  which 
fpaces  is  the  next  thing  faid  to  be  given  :  And  from  this  it 
follows  that  four  times  the  fquare  of  FE  is  to  the  fquare  of  GL» 
as  four  times  the  re^famgle  BC»  CD  is  to  the  fquare  of  BD ; 
and,  by  compofition,  four  times  the  fquare  of  FE  together 
V^ith  the  fquare  of  GL,  is  to  the  fquare  of  GL,  as  four  times 
the  rectangle  BC,  CP  together  with  the  fquare  of  BD,  is  to 
the  fquare  of  BD,  that  is  {^.6.)  as  the  iquare  of  the 
llraight  lines  BC,  Ct)  taken  together  is  to  the  fquare  of  BD, 
which  ratio  is  the  next  thing  faid  to  be  given  in  the  analyfis  : 
And  becaufe  four  times  the  fquare  of  FE  and  the  fquare  of 
GL  are  to  be  add^d  togetl^er  ;    therefore  hi  the  perpendicular 

«Q 
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EG  there  IS  taken  KG  equal  to  FE,  and  MG  equal  to  the 
doi^blc  of  ir,  bccaufc  thereby  the  fiquares  of  MG,  GL,  thai 
IS,  joining  ML,  the  fqnarc  of  ML  is  equal  to  four  limes  the 
fq'iare  of  FIL  and  to  the  fqiiaic  of  GL  :  And  bccaufe  the 
fquarc  of  ML  is  to  the  fqiii^re  of  GL,  as  the  fquare  of  the 
Itraight  line  made  "up  of  BC  and  CD  is  to  the  fquare  of  BD, 
therefore  (22*  ^.)  ML  is  to  LG,  as  BC  together  with  CD  is 
to  BD  ;  and,  by  compofition,  ML  and  LG  together,  that  Is, 
producing  GL  to  N,  ib  that  IVIL  be  equal  lo  LN,  the  fVraight 
line  NG  is  lo  GL,  as  twice  BC  is  to  BD  ;  and  by  taking  GO 
equal  to  the  half  of  NG,  GO  is  to  GL,  as  BC  to  BD,  the  ra- 
tio of  which  is  faid  to  be  given  in  the  ana^lyfis:  And  from  this 
it  follows,  that  the  rectangle  hG,  GO  is  to  HG,  GL,  as 
the  fquare  of  BC  is  to  the  le^angle  CB,  BD  which  is  equal 
^  to  the  rcftangic  HG,  GL  :  and  therefore  the  fquare  of  BC  is 
equal  to  the  rcdtingle  HG,  GO  ;  and  BC  is  coafequently 
found  by  taking  a  mean  propoitional  beiwixr  HG  and  GO, 
as  is  faid  in  the  conftrudlion  :'  And  bccaufe  it  was  fiiewn  that 
GO  is  to  GL,  as  BC  to  BD,  and  that  now  the  three  firft  arc 
foupd,  the  fourth  BD  i?  found  by  12.  6.  It  was  likewife  (hewn 
th^l  LG  is  to  FE,  or  GK,  asDB  to  J5A,  and  the  three  firft  arc 
now  found,  and  c hereby  the  fourth  BA.  Makt  the  aoglc  ABC 
equal '  to  EFG,  and  complete  the  parallelogram  of  which  the 
fides  are  AB,  BC,  and  (he  conih  ii<^ion  is  finiflicd  ;  the  reft  of 
the  compufition  contains  the  dcmonilraclon. 

A  S  the  propofitions  from  the  13th  to  the  28ih  maybe  thought 
■^^  by  beginners  to  be  lefs  ufeful  than  the  reft,  becaufe  they 
cannot  fo  readily  ice  how  ihey  are  to  be  made  uie  of  in  the  folu* 
tion  of  problems  ;  on  this  account  the  two  following  probletns 
are  added,  to  ihew  that  they  are  equally  ufeful  with  the  other 
'proportions,  and  from  which  it  may  be  eafily  judged  that  many 
other  problems  depend  upon  thefe  propofiiions. 

■ 

PROBLEM       L 

'TTO  find  three  ftraight  lines  fuch,  that  the  ratio  of  tbc 

firft  to  the  fecond  is  given  ;  and  if  a  given  ftraight 
line  be  taken  from  the  fecond,  the  ratio  of  the  remain* 
der  to  the  third  is  given;  alio  the  red^ngle  contained 
by  tht:  fi:  ft  :.ik\  third  i?  given, 

U 
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Let  AB  be  the  firft  ftraight  liYic,  CD  the  fccor.i,  ^nd  EF  the 
third  :  And  bccaufe  the  ratio  of  AB  to  CD  is  given,  and  that 
if  a  given  ftraight  Ijnc  be  taken  from  CD,  the  ratio  of  the  re- 
mainder to  EF  is  given  ;  therefore  »  the  excefs  of  the  firft  ABa  24.  dac. 
above  a  given  ftraight  I'oe  has  a  given  ratio  to  tV.e  third  EF  : 
Let  BH  be  that  given  ftraight  line  ;  therefore  AH,  the  exccfs 
of  AB  above  it,  has  a  given  ratio  to  EF  ;  a^nd^  J-J      g 

fcoqfequently  b  the  rcftangleBA,    AH,  has  a    ■    '    ■      t     ■■   -   ,^  ,  p 
given  ratio  to  the  rcftani;lc  AB,  EF,  which 
laft   re^angle    is    given    by  the  hypothcfis  ;.C      G    Tj 
therefore  c  the  rcJftangle  BA,  AU  is  given, -p     -n  ^  »•  ^^^• 

and  BH  the  exccfs  of  its  fides  is  given ;  where    

fore  the  fides  AB,'  AH  aiT  given  d  :    And  be-  -jv-      VT"Vf  T     Ck^  ^^'  ^'^^' 
catife  the  ratios  of  AB  to  CD.  and  of  AH  to  ^     JMa-^a^  i^ 
tF  are"  given,  CD  and  EF  are  c  given,  ' 

The  Compofition. 

Let  the  given  ratio  of  KL  to  KM  be  that  which  AB  is  requi* 
red  to  have  to  CD  ;  and  let  DG  be  the  given  ftraight  line  which 
IS  to  be  taken  from  CD,  and  let  the  given  ratio  of  KM  to  KM 
be  that  which  the  remainder  fiiuft  have  to  EF  ;  alfo  let  the  gi- 
ven reftangle  NK,  KO  be  that  to  which  the  reftangle  AB,  EF 
19  required  to  be  equal  :  Find  the  given  ftraight  line  BH  which 
i$  to  be  taken  from  AB,  which  is  done,  as  plainly  appears  from 
prop.  24.  dat.  by  making  as  KM  to  KL,  fo  GD  to  HB.  To 
the  given  ftraight  line  BH  apply  ^  a  re^angle  equal  to  LK,  KOe  tp.  tf, 
exceeding  by  a  fqnare,  and  let  B^>  AH  be  its  ftdes  :  Then  is 
AB  the  firft  of  jhe  ftraight  lines  required  to  be  found,  and  by 
making  as  LK  to  KM.  io  AB  to*  DC,  DC  will  be  the  fecond  : 
'  And  laftly,  make  as  KM  to  KN,  fo  CG  to  EF,  and  EF  is  the 
third. 

For  as  AB  to  CD,  fo  is  HB  to  GD,  each  of  thcfe  ratios  be- 
ing the  fame  with  the  ratio  of  LK  to  KM  ;    therefore  f  AH  isf  »9.  $• 
tq  CG,    as  (AB  to  CD,  that  is,  as)  LK  to  KM  ;   and  as  CG 
to  EF,  fo  is  KM  to  K^ ;  wherefor^,   ex  aequali,  as  AH  to  EF, 
foisLKtoKN:  And  as  the  rectangle  B  A,  AH  to  the  re^an- 
gle  BA,  EF,  fo  is  g  the  rcftanglc  LK,  KO  to  the  rcftanglc  KN,g  i.  6. 
15^0  :  And,  by  the  conftruftion,  the  redtangle  BA,"AH  is  equal 
10  LK,  KO  :  Therefore  h  the  re6^ang!e  AB,  EF  is  equal  to  the^  ^ 
given  1  entangle  NK,  KO:  And  AB  has  to  CD  the  given  ratio  of 
KL  to  KM ;  and  from  CD  the  given  ftraight  line  GD  being  taken, 
ihe  remainder  CG  has  to  EF   the  given  ratio  of  KM  to  KN. 
Q^   E.    D. 


47* 
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P  R  O  B.    n. 

^O  find  three  ftraight  lines  fucli,  that  the  ratio  of  the 

firft  to  the  fecond  is  given  ;  and  if  a  given  ftraight 

line  be  taken  from  the  fecond,  the  ratio  of  the  remain- 

.    der  to  the  third  is  given  ;  alfo  the  fwn  of  the  fquares 

of  the. firft  and  third  is  given. 

Let  AB  be  the  firft  ftraight  line,  BC  the  fccood,  and  BD  the 
third  :  And  ()ec.iure  the  ratio  of  AB  to  BC  is  given,  and  that  if 
a  ;;ivcn  ftrai  ;ht  line  be  taken  from  BC,  the  ratio  of  the  remain- 
a  24.  dat.  der  to  BD  is  given  j  therefore  a  the  excefs  of  the  firft  AB  abova 
a  given  ftraight  line,  has  a  given  ratio  to  the  third  BD  :  Let 
AE  be  that  given  ftraight  line,  therefore  the  remainder  EB  has 
a  given  ratio  to  BD  :    Let  BD  be  placed  at  right  angles  to  EB, 

b  44.  dat.  ^"^  i^*"  ^^ »  ^^^"  '^^  triangle  EjJD  is  b  given  in  fpecies  ; 
wherefore  the  angle  BED  is  given  :  Let  A£,  which  is  given  ia 
magnitude,  be  given  alfo  in  podtion,  as  alfb  the  point  £,  and 

c  jx.  dat.  the  ftraight  line  ED  will  be  given  «  in  pofition :   Join  AD,  and 

d  47.  f.  becaufe  the  fum  of  the  fquares  of  AB,  BD,  that  is  ^,  the  fquare 
of  AD  is  given,  therefore  the  ftraight  tine  AD  is  g'ven  in  mag* 

e  34v  dar.  nitude  ;  and  it  is  alfo  given  ^  in  pofition,  becaufe  from  the  gi- 
ven point  A  it  is  dra<vn  to  the  ftraight  line  ED  given  in  pofiiioo : 
Therefore  the  point  D,  in  which  the  two  ftraight  lines  AD,  £D 

f  aS.  dat.  given  in  pofirion  cut  one  another,   is  giyeo  f :  And  the  ftraight 

g  33.  dat.  line  DB  which  is  at  right  angles  to  AB  is  given  gin  pofition,  and 
AB  is  given  in  poiition,  therefore  ^  the  point  B  is  given :  And 

h  29.  dac.  the  points  Ai  D  are  given,  wherefore  h  the  ftraight  lines  4-B« 
BD  are  given  :  And  the  ratio  .of  AB  to  BC  is  given,  find  there? 

i  a.  dat.    fpre  >  BC  is  given. 

The  Compofitioo. 

Let  the  given  ratio  of  FG  to  GH  be  that  which  AB  is  rcqnj- 
red  to  have  to  BC,  and  let  HK  be  the  given  ftraight  Ih^ 
which  is  to  be  taken  from  BC,  and  le(  the  ratio  which  the  re- 
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mainder  is  required  to  have   to  BD  be  the  given  ratio  of  HG 
fo  GL,  and  place  GL  at  rigbc  angles  to  FH,  and  join  LF,  LH  s 
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Next,  as  HG  is  to  GF»  fo  make  HK  to  AE ;  produce  A£  to 
N,  fo  that  AN  be  tl>e  ftraight  lioe  to  the  fquare  of  whkh  the 
fum  of  the  fquares  of  AB,  BD  is  required  to  be  equal ;  and 
make  the  angle  NED  equal  to  the  angle  GFL ;  from  the  centre 
A  at  the  diftance  AN  defcribe  a  circle^  and  let  its  circumference 
meet  ED  in  D;  and  draw  DB  perpendicular  to  AN,  and  DM 
making  the  angle  BDM  equal  the  angle  GLH.  Lafll7,  pro- 
duce BM  to  C,  fo  that  MC  be  equal  to  HK  ;  then  is  AB  the 
firft,  BC  the  fecond,  and  BD  the  third  of  the  ftraight  lines 
that  were  to  be  found. 

For  the  triangles  £BD.  FGL,  as  alfo  DBM,  LGH  being 
equiangular,  asEBto  BD»  fo  is  FG  to  GL;  and  as  DB  to 
BM«  fo  is  LG  to  GH ;  therefore,  ex  xqaali,  as  £B  to  BM, 
fo  is  (FG  to  GH,  and  fo  is)  AE  to  HK  or  MC ;  wherefore  k,  ^  „  ^, 
AB  is  to  BC,  as  AE  to  HK,  that  is,  as  FG  to  GH,  that  is, 
in  the  gtyen  ratio  ;  and  from  the  ftraight  line  BC  taking  MC, 
which  is  equal  to  the^  given  ftraight  line  HK,  the  remainder 
BM  has  to  BD  the  given  ratio  of  UG  to  GL ;  and  the  fum  of 
the  fquares  of  AB,  BD  is  equal  ^  to  the  fquare  of  AD  or  ^N,  d  47.  t j 
which  is  the  given  fpace.    Q.  £    D. 

I  believe  it  would  be  in  vam  to  try  to  deduce  the  precedbg 
conftrttftion  from  an  algebraical  folution  of  the  problem. 


FINIS. 


THE 


.  I 


ELEMENTS 


O    F 


/ 


/ 


PLANE  AND  SPHERICAL 


TRIGONOMETRY* 


EDINBURGH: 

Printed  for  J.  Noukse,  London ;  and  J.  BalcouRi  EdinburgH. 

M,DCC,LXXV7 


I 


4«» 


PLANE    TRIGONOMETRY. 

LEMMA    L    Fig.  i. 

« 

LET  ABC  be  a  reAilineal  aDgle»  if  about  the  point  B  as  a 
centre,  and  with  any  didance  BA,  a  circle  be  defcribed, 
meeting  BA,  BC»  the  ftraight  lines  including  the  angle  ABC 
in  A I  C ;  the  angle  ABC  will  be  to  four  right  angles,  as  the 
arch  AC  to  the  whole  circumference. 

Produce  AB  till  it  meet  the  circle  again  in  F,  and  through  B 
draw  D£  perpendicular  to  AB,  meeting  the  circle  in  D,  £, 

By  33.  6.  £Iem»  the  angle  ABC  is  to  a  right  angle  ABD,  as 
Che  arch  AC  to  the  arch  AD ;  and  quadrupling  the  c«nfe- 
quents,  the  angle  ABC  will  be  to  four  right  angles,  as  the 
arch  AC  to  four  times  the  arch  AD,  or  to  the  whole  circum* 
fcrence. 


LEMMA    11.    Fig.  a. 

T  £T  ABC  be  a  plane  reflilineal  angle  as  before :  About  B 
^^  as  a  centre  with  any  two  diftances  BD,  BA,  let  two  cir* 
tics  be  defcribed  meeting  BA,  BC  in  D,  E,  A,  C ;  the  arch 
AC  will  be  to  the  whole  circumference  of  which  it  is  an  arch, 
as  the  arch  DE  b  to  the  i^hole  circumference  of  which  it  is  an 
arch. 

By  Lemma  i.  the  arch  AC  is  to  the  whole  circumference  of 
which  it  is  an  arch,  as  the  angle  ABC  is  to  four  right  angles ; 
and  by  the  fame  Lemma  i.  the  arch  D£  is  to  the  whole  cir- 
cumference of  which  it  is  an  arch,  as  the  angle  ABC  is  to  four 
right  angles ;  therefore  the  arch  AC  is  to  the  whole  circumfe- 
rence of  which  it  is  an  arch,  as  the  arch  D£  to  the  whole  cir« 
cumfercnce  of  which  it  is  an  arch. 


DEFINITIONS,    Fic.  3. 

L 

T  £T  ABC  be  a  plane  reAilineal  angle ;  if  about  6  as  a  cen- 
^^  tre,  *with  B A  any  diftance,  a  circle  ACF  be  defcribed  meet- 
ing BA»  BC,  in  A,  C ;  the  arch  AC  is  called  the  meafure  of 
the  angle  ABC. 

11. 
The  circumference  of  a  circle  is  fuppofcd  to  be  divided  into 

H  h  360 


4t2  P  L  A  N  E    T  R  I  G  O  N  O  M  E  T  R  T. 

360  equal  parts  called  degrees,  and  each,  degree  mCo  60  cqu^  ! 
parts  called  minutesy  and  each  minute  into  60  equal  parts 
called  fecondsy  Sec.  And  as  many  degrees,  minutes,  ie- 
conds,  &c.  as  are  contained  in  any  arch,  of  fo  many  dcpta, 
minutes,  feconds,  &c.  is  the  angle,  of  which  that  arch  is  the 
meafure,  faid  to  be. 
.  CoR.  Whatever  be  the  radius  of  the  circle  of  which  the  mea- 
fure of  a  given  angle  if  an  arch,  that  arch  will  conuun  ihe 
fame  number  of  degrees,  minutes,  feconds,  &c.  as  is  maoi- 
feft  from  Lemma  2. 

III. 

Let  AB  be  produced  till  it  meet  the  circle  again  in  F,  the  angle 
CBF,  which,  together  with  ABC,  is  equal  to  two  rigbt 
angles,  is  called  the  Supplement  of  the  angle  ABC. 

IV. 

A  ftraight  line  CD  drawn  through  C,  one  of  the  extremities  of 
the  arch  AC,  perpendicular  upon  the  diameter  paffing  through 
the  other  extremity  A,  is  called  the  Sine  of  the  arch  AC,  or 
of  the  angle  ABC,  of  which  ic  is  the  meafure. 

CoR.  The  5i>i^  of  a  quadrant,  or  of  a  right  angle,  is  equal  to 
the  radius. 

V. 

The  fegment  DA  of  the  diameter  paffing  through  A,  one  extre- 
mity of  the  arch  AC  between  the  fine  CD,  and  that  a- 
tremity  is  called  the  \^erfed  Sine  of  the  arch  AC,  or  angle 
ABC. 

VI. 

A  ftraight  line  AE  touching  the  circle  at  A,  one  extremity  of 
the  arch  AC,  and  meeting  the  diameter  BC  paffing  througk 
the  other  extremity  C  in  £,  is  called  the  Tangent  of  the  aitk 
AC,  or  of  the  angle  ABC. 

VII.  I 

The  ftraight  line  BE  between  the  centre  and  the  extremity  o( 
the  tangent  A£,  is  called  the  Secant  of  the  arch  AC,  a 
angle  ABC. 

/  CoR.  to  def.  4.  6.  7.  The  fine,  tangent,  and  fecant  of  aiff 
angle  ABC,  are  likewife  the  fine,  tangent,  and  fecant  of 
its  fupplement  CBF. 

It  is  manifeft  from  Def.  4.  that  CD  is  the  fine  of  the  ang^ 
CBF.  Let  CB  be  produced  till  it  meet  the  circle  again  in  Gi 
and  it  is  manifefl  that  A£  is  the  tangent,  and  BE  the  &* 
cant,  of  the  angle  ABG  or  EEF,  from  def.  6. 7. 

Cos. 
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tSoR.  toDef  4.  5.  6  7.     The  fine»  verfed  fine*  tangent^  aiidFif.  4. 
fecant,  of  any  arch  which  is  the  meafure  of  any  given  angle 
ABC,  is  to  the  fine,    verfed  fine,    tangent,    and  fecant,    of 
any  other  arch  which  is  the  meafure  of  the  fame  angle,  as 
the  radius  of  the  firft  is  to  the  radius  of  the  fecood*  ' 

Let  AC,  MN  be  meafures  of  the  angles  ABC,  according  to 
def.  I.  CD  the  fine,  DA  the  verfed  fine,  A£  the  tangent, 
and  BE  the  iecant  of  the  arch  AC,  according  to  def.  4.  5, 
6.  7*  and  NO  the  fine,  OM  the  verfed  fine,  MP  the  tan- 
gent, and  BP  the  iccant  of  the  arch  MN,  according  to  the 
fame  definitions.  Since  CD,  NO,  AE,  MP  are  parallel^ 
CD  is  to  NO  as  the  radius  CB  to  the  radius  NB»  and  AE» 
to  MP  as  AB  (o  BM,  and  BC  or  BA  to  BD  as  BN  or  BM 
to  BO ;  and,  by  converfion,  DA  to  MO  as  AB  to  MB. 
Hence  the  corollary  is  manifeft;  therefore^  if  the  radius 
be  fuppofed  to  be  divided  into  any  given  number  of  equal 
parts,  the  fine,  verfed  fine,  tangent,  and  fecant  of  any  given 
iangle,  will  each  contain  a  given  number  of  thefe  parts  ;  and, 
by  trigonometrical  tables,  the  length  of  the  fine,  verfed  fine, 
tangent,  and  fecant  of  any  angle  may  be  found  in  parts  of 
which  the  radius  contains  a  given  number  :  and,  vice  verfa, 
a  number  cxprefling  the  length  of  the  fine,  verfed  fine, 
tangent,  and  (ecant  being  given,  the  angle  of  which  it  is  the 
fine,  verfed  fine,  tangent,  and  fecant  mav  be  found. 

VIII.  Fig.  ii 

'The  difierence  of  an  Ingle  from  a  right  angle  is  called  the 
compUment  ot  that  angle.  Thus,  if  BH  be  drawn  perjpen- 
dicular  to  AB,  the  angle  CBH  will  be  the  complement  of  the 
angle  ABC,  or  of  CBF. 

IX. 

luCt  HK  be  the  tangent,  CL  or  DB.  which  is  equal  to  ir,  the 
fine,  and  BK  the  fecant  of  'CBH,  the  complement  of 
ABC,  according  to  def.  4.  6.  7,  HK  is  called  the  co-tan- 
gent, BD  the  co-fine^  and  BK  the  co-ficant  of  the  angle 
ABC; 

Cor.  1 .  The  radius  is  a  mean  proportional  betweeti  the  tan- 
gent and  co*taogent. 

I^or,  fince  HK,  BA  are  parallel,  the  angles  HKB,  ABC  will 
be  equal,  and  the  angles  KHB,  BAE  are  right ;  therefore 

H  h  «  the 
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the  triangles  BA£,  KHB  are  fimilarf   and  cberefore  AE  iff 

to  AB,  as  BH  or  BA  to  HK. 
Cor.  2.  The  radius  is  a  mean  proportional  between  the  co»Goe 

.and  fecant  of  ai-y  angle  ABC. 
Since  CD,  AE  are  parallel,  BD  is  to  BC  or  BA,  as  BA  to 

BE. 

PROP.    I.    Fig.  5. 

tN  a  right  angled  plain  triangle,  if  the  hypothcnufc 
^  be  made  radius,  the  fides  become  the  fines  of  tbc 
angles  oppofite  to  them ;  and  if  either  fide  be  made 
radius,  the  remaining  fide  is  the  tangent  of  the  angle 
oppofite  to  it,  and  the  bypothenufe  the  fecant  of  the 
fame  angle. 

Let  ABC  be  a  right  angled  triangle  ;  if  the  hypoihenufe  BC 
*■'  be  made  radius,  eidier  of  the  fides  AC  will  be  the  fine  of  the 

angle  ABC  oppofite  to  it ;  and  if  either  fide  BA  be  niade  ra« 
dius,  the  other  fide  AC  will  be  the  tangent  of  the  angle  ABC 
oppoflte  to  it,  and  the  hypoihenufe  BC  the  fecant  of  the  fame 
angle. 

About  B  as  a  centre,  with  BC,  BA  for  diftances,  let  two 
circles  CD,  EA  be  dcfcribed,  meeting  BA,  BC  in  D,  E:  Since 
CAB  is  a  right  angle,  BC  being  radius,  AC  is  the  fine  of  the 
angle  ABC  by  def  4.  and  BA  being  radius,  AC  is  the  tangent, 
and  BC  the  fecant  of  the  angle  ABC,  by  def.  6.  7. 

Cor.  I.  Of  the  hypoihenufe  a  fide  and  an  angle  of  a  right 
angled  triangle,  any  two  being  given,  the  third  is  alfo  given. 

CoR.  2.  Of  the  two  fides  and  an  angle  of  a  right  angled  tri* 
angle,  any  two  being  given,  the  third  is  alfo  given* 

PROP.    II.    Fig.  6.  7. 

'T^IIE  fides  of  a  plain  triangle  are  to  one  another,  as 
the  fines  of  the  angles  oppofite  to  them. 

In  right  angled  triangles  this  prop,  is  manifeft  froai  propi  X. 
for  if  the  hypothenufe  be  made  radius,  the  fides  are  the  lines 
of  the  angles  oppofite  to  them,  and  the  radius  is  the  fineof  i 
right  angle  (cor.  to  def.  4.)  which  is  oppofite  to  the  hypothec 
nufe. 

Ii 
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In  any  oUique  angled  triangle  ABC,  any  two  fides  AB,  AC 
Will  be  to  one  another  as  (he  Gnes  of  the  angles  ACB,  ABC 
which  are  oppofite  to  them. 

From  C,  B  draw  C£,  BD  perpendicular  upon  the  oppofite 
fides  ~AB,  AC  produced,  if  need  be.  Since  CEB,  CDB  are 
right  angles,  BC  being  radius,  CE  is  the  fine  of  the  angle 
CBA.  and  BD  the  fine  of  the  angle  ACB  ;  but  the  two  trl- 
angles  CAE,  DAB  have  each  a  right  angle  at.  D  and  £;  and 
like  wife  the  common  angle  CAB;  therefore  they  are  fimilar, 
and  confequently,  CA  is  to  AB,  as  C£  to  Dfi;  that  is,  the 
fides  are  as  the  fines  of  the  angles  oppofite  to  them. 

CoR.  Hence  of  two  fides,  and  two  angles  oppofite  to  them, 
in  a  plain  triangle,  any  three  being  given,  the  fourth  is  alfo  gi- 
ven. 

PROP.     III.     Fig.  8. 

TN  a  plain  triangle,  the  fum  of  any  t.wo  fides  is  to  their 
difi'erence,  as  the  tangent  of  half  the  fum  of  the  an- 
gles at  the  bafe,  to  the  tangent  of  half  their  difference. 

Let  ABC  be  a  plain  triangle,  the  fum  of  any  two  fides  AB; 
AC  will  be  to  their  difference  as  the  tangent  of  half  the  fum 
of  the  angles  at  the  bafe  ABC,  ACB  to  the  tangent  of  half 
their  difference. 

About  A  as  a  center,  with  AB  the  greater  fide  for  a  diftance, 
let  a  circle  be  defcribed,  meeting  AC  produced  in«  E,  F;  and 
ECinD;  join  DA,  EB,  FB;  and  draw  FG  parallel  to  BC, 
meeting  EB  in  G. 

The  angle  EAB  (32.  1.)  b  equal  to  the  fum  of  the  angles 
at  the  bafe.  and  the  angle  EFB  at  the  circumference  is  equal 
to  the  half  of  EAB  at  the  center  (20.  3.) ;  therefore  EFB  is 
half  the  fum  of  the  angles  at  the  bafe;  but  the  angle  AC& 
(32.  I.)  is  equal  to  the  angles  CAD  and  At>C,  or  ABC  to- 
gether; therefore  FAD  is  the  difference  of  the  angles  at  the 
bafe,  and  FBD  at  the  circumference,  or  BFG,  on  account  of 
the  parallels  FG»  BD,  is  the  half  of  th^t  difference ;  but  fince 
the  angle  EBF  in  a  femicircle  is  a  right  angle  (i.  of  this)  FB 
being  radius,  BE,  BG,  arc  the  tangents  of  the  angles  EFB, 
BFG ;  but  it  is  manifefi  that  EC  is  the  fum  of  the  fides  BA^ 
AC,  and  CF  their  difference ;  and  fince  BC,  FG  are  parallel 
(2.  6.)  EC  is  to  CF,  as  EB  to  BG;  that  isi  the  fum  of  the 

H  h  3  £Lde^ 
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fides  is  to  their  diSerence,  as  the  tangent  of  half  the  fum  of 
the  angles  at  the  bafc  to  the  tangent  of  half  their  difference. 

PROP.    IV-     Fig.  i8. 

•  TN  any  plain  triangle  BAG,  whole  two  fides  are  BA, 
AC  and  bafe  BC,  the  lefs  of  the  two  fides,  which  let 
be  BA,  is  to  the  greater  AC  as  the  radius  is  to  the  tan- 
gent of  an  angle ;  and  the  radius  is  to  the  tangent  of 
the  exceA  of  this  angle  above  half  a  right  angle  as  the 
tangent  of  half,  the  fum  of  the  angles  B  and  C  at  the 
bafe,  is  to  the  tangent  of  half  their  difference. 

At  the  point  A,  draw  the  ftraight  tine  EAD  perpendicular 
toBA;  make  AE,  AF,  each  equal  to  AB,  and  AD  to  AC; 
joia  B£,  BF,  BD,  and  from  D,  draw  DG  perpendicular  upon 
BF.  And  becaufe  BA  is  at  right  angles  to  EF»  and  EA,  AB. 
AF  are  equal,  each  of  the  angles  £BA>  ABF  is  half  a  right 
angle,  and  the  whole  EBF  is  a  right  angle ;  aifo  (4.  i.  El.)  £K 
is  equal  to  BF.  And  fmce  EBF,  FGD  are  right  angles,  £B  is 
parallel  to  GD»  and  the  triangles  EBF,  FGD  are  fimilar; 
therefore  £B  is  to  BF  as  DG  to  GF,  and  EB  being  equal  to 
BF,  FG  mud  U  equal  to  GD.  And  becaufe  BAD  is  a  right 
angle,  BA  the  lefs  fide  is  to  AD  or  AC  the  greater,  as  the  ra- 
dius is  to  the  tangent  of  the  angle  ABD  ;  and  becaufe  BGD  is 
^  right  angle,  BG  is  to  GD  or  GF  as  the  radius  is  to  the  tan- 
gent of  GBD,  which  is  the  excefs  of  the  angle  ABD  above 
ABF  half  a  right  angle.  But  becaufe  EB  is  parallel  to  GD,  BG 
is  to  GF  as  ED  is  to  DF,  that  is,  fince  ED  is  the  fum  of  the 
fides  BA,  AC  and  FD  their  difierence,  ( j.  of  this),  as  the  tan* 
gent  of  half  the  fum  of  the  angles  B«  C,  at  the  bafe  to  the  tan- 
gent of  half  their  difference.  Therefore,  in  any  plain  triangle, 
&c.    Q^  E.  D. 

PROP,    V.    Fig.  9.  and  10. 

TN  any  triangle,  twice  the  redangle  contained  by  any 
two  (ides  is  to  the  difference  of  the  fum  of  the 
fquares  of  thefe  two  fides,  and  the  fquare  of  the  bale, 
as  the  radius  is  to.the  co-fine  of  the  angle  included  by 
f  he  two  fides. 

Let  ABC  be  a  plain  triangle,  twice  the  reQangle  ABC  cofli 
%^id  by  any  two  fides  B  A,  BC  is  to  the  diifcrence  of  the  fo^ 
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of  the  fquares  of  B  A,  BC,  and  the  fquare  of  the  ba(e  AC,  as 
the  radius  to  the  co-fine  of  the  angle  ABC. 

From  A,  draw  AD  perpendicular  upon  the  oppofice  fide 
BC  ;  then  (by  12.  and  13.  2.  El.)  the  difference  of  the  fum 
of  the  fquares  of  AB»  BC,  and  the  fquare  of  the  bafe  AC,  is 
equal  to  twice  the  rectangle  CBD ;  but  twice  the  rectangle  CBA 
b  fo  twice  the  reAangle  CBD,  that  is,  to  the  difference  of 
tht  fum  of  the  fquares  of  AB,  BC,  and  the  fquare  of  AC,  (i. 
6.)  as.  AB  to  BD  ;  that  is,  bf  prop.  1 .  as  radius  to  the  fine  of 
BAD,  which  is  the  complement  of  the  angle  ABC,  that  is,  as 
radius  to  the  co-fine  of  ABC. 

PROP.     VI.    Fig.  11. 

IN  any  triangle  ABC,  whofe  two  fides  are  AB,  AC, 
and  bafe  BC  ;  the  redangle  contained  by  half  j'le  i>e* 
rinieter,  and  the  excefs  of  it  above  the  b;ife  BC,  is  to  the 
reftangle  contained  by  the  ftraighc  lines,  by  which  the 
half  of  the  perimeter  exceeds  the  other  two  fides  AB, 
AC,  as  the  fquare  of  the  radius  is  to  the  fquare  of  the 
tangent  of  half  the  angle  BAG  oppofite  to  the  bafe. 

Let  the  angles  B  AC,  ABC  be  bife£ted  by  the  ftraight  lines 
AG,  BG;  and,  producing  the  fide  A B,  let  the  exterior  angle 
CBH  be  bifeaed  by  the  ftraight  line  BK,  meeting  AG  in  K  ; 
and  from  the  points  G,  K,  let  there  be  drawn  perpendicular 
upon  the  fides  the  ftraight  Knes  GD,  G£,  GF,  KH,  KL, 
KM.  Since  therefore  (4.  4.)  G  is  the  centre  of  the  circle  in* 
fcribed  in  the  triangle  ABC,  GD,  GF.  GE  will  be  equal,  and 
AD  will  be  equal  to  AE,  BD  to  QF,  and  CE  to  CF.  In  like 
manner  KH,  KL,  KM  will  be  equal,  and  BH  will  be  equal 
to  PM,  and  AH  to  AL,  becaufe  the  angles  HBM,  HAL  arebi- 
icAed  by  the  ftraight  lines  BK,  KA  3  And  becaufe  in  the  tri- 
angles KCL,  KCM,  the  fides  LK»  KM  are  equal,  KC  is  com- 
mon and  KLC,  KMC  are  right  angles,  CL  will  be  equal  to 
CM :  Since  therefore  BM  is  equal  to  BH,  and  CM  to  CL ; 
BC  will  be  eoual  to  BH  and  CL  together ;  and,  adding  AB 
and  AC  together,  AB,  AC,  and  BC  will  together  be  equal 
to  AH  and  AL  together  :  But  AH,  AL  are  equal :  Wherefore 
each  of  them  is  equal  to  half  the  perimeter  of  the  triangle 
ABC :  But  fince  AD,  A£  are  equal,  and  BD,  BF.  and  alfo 
CE,  CF,  AB  together  with  FC,  will  be  equal  to  half  the  pe- 
rimeter of  the  triangle  to  which  AH  or  AL  was  ihewn  to  bp 
^qual  I  taking  away  therefore  the  common  AB,  the  remain- 
^  Hh4  deft 
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der  FC  Will  be  equal  to  the  rematoder  BH  :  In  the  fiime  DUlI^ 
ncr  js  it  demonftrated,  that  BF  is  equal  lo  CL  ;  And  lidce  the 
points  B,  D,  G,  f ,  are  in  a  circle,  the  angle  DGF  will  be  e- 
qual  to  the  exterior  and  oppofite  angle  FBH«  (22.  3.) ;  where* 
fore  their  halves  BGD,  HBK  will  be  equal  to  one  another : 
The  right  angled  triangles  BGD,  HBK  will  therefore  be  e- 
quiangular,  and  GD  will  be  to  BD,  as  BH  to-HK,  and  the 
reftangle  contained  by  GD,  HK  will  be  equal  to  the  redao^ 
DBH  or  BFC  :  But  fioce  AH  is  to  HK,  as  AD  to  DGT.  the 
re^angle  HAD  (22.  6.)  will  be  to  the  rectangle  contained  by 
^  HK,  DG,  or  the  rectangle  BFC,  (as  the  fquare  of  AD  is  to 

the  fquare  of  DG,  that  is)  as  the  fquare  of  the  radius  to  the 
fquare  of  the  tangent  of  the  angle  DAG»  that  is,  the  half  of 
BAG :  But  HA  is  half  the  perimeter  of  the  triangle  ABC»  and 
AD  is  the  excefs  ot  the  fame  above  HD,  that  is,  above  the 
bafe  BG;  but  BF  or  CL  is  the  excefs  of  HA  or  AL  above 
the  fide  AC,  and  FC,  or  HB  is  the  excefs  of  the  fame  HA  a- 
bove  the  fide  AB ;  therefore  the  re6^angle  contained  by  half 
the  perimeter,  and  the  excefs  of  the  fame  above  the  bafe,  vi^« 
the  re£bngle  HAD,  is  to  the  reftangle  contained  by  the  ftrught 
lines  by  which  the  half  of  the  perimeter  exceeds  the  other  two 
fides,  that  is,  the  rectangle  BFC,  as  the  fquare  of  the  radius 
is  to  the  fquare  of  the  taagent  of  half  the  aingle  BAG  oppofite 
to  the  bafe.    Q^  £•  D. 

PROP.    VII.    Fig,  12.  13- 

TN  a  plain  triangle,  the  bafe  is  to  the  Aim  of  the  fides, 
as  the  difference  of  the  fides  is  to  the  fum  or  difer- 
cnce  of  the  fegments  of  the  bafe  made  by  the  perpendi- 
cular upon  it  from  the  vertex,  according  as  the  fquare 
of  the  greater  fide  is  greater  or  Icfs  than  the  fum  of  the 
fquares  of  the  leiler  fide  and  the  bafe. 

Let  ABC  be  a  plane  triangle ;  if  from  A  the  vertex  be  drawn 
a  ftraight  line  AD  perpendicular  upon  the  bafe  BC,  the  baie 
BC  will  be  to  the  fum  of  the  fides  B  A»  AC,  as  the  difference 
of  the  fame  fides  is  to  the  fum  or  difference  of  the  fegments  CD» 
BD,  according  as  the  fquare  of  AC  the  greater  fide  is  greater 
or  leis  than  the  fum  of  the  fquares  of  the  lefiTer  fide  AB,  and  the 
bafe  BC. 

About  A  as  a  centre,  with  AC  the  greater  fide  for  a  di* 
fiance,  let  a  .circle  be  nlefcribed  meeting  AB  produced  ia  E, 
F,  andCBinG:  It  is  manifeft  that  FBis  the  fum,  and  BE 
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tbe  difierence  of  the  fides ;  and  fince  AD  is  perpendicular  to 
GC»  GD,  CD  will  be  equal ;  confequentlf  GB  will  be  equal 
to  the  fura  or  difference  of  the  fegments  CD,  BD,  according 
as  the  perpendicular  AD  meets  the  bafe*  or  the  bsrfe  produced  ; 
that  is,  (by  Conv.  12.  and  13.2.)  according  as  the  fquare 
of  AC  is  greater  or  lets  than  the  fum  of  the  fquares  of  AB* 
EC:  But  (by  35.  3.)  the  rectangle  CBG  is  eqiial  to  the  re£t- 
aogle  EBF;  that  is,  (i6,  6.)  EC  is  to  BF,  as  BE  is  to  BG: 
that  is,  the  bafe  is  to  the  fum.of  the  fides,  as  the  difference 
•f  the  fides  is  to  the  fum  or  difference  of  the  fegments  of  the 
bafe  made  by  the  perpendicular  from  the  vertex,  according  as 
the  fquare  of  the  greater  fide  is  greater  or  lefs  than  the  fum  of 
the  fquares  of  the  leffer  fide  and  the  bafe.    Q^  £.  D« 

PROP.    VIII.    P  R  O  B.     Fig.  14. 

THE  fum  and  difference  of  two  magnitudes  being 
given,  to  find  them . 

Half  the  given  fum  added  to  half  |he  given  difference,  will 
be  the  greater,  and  half  the  difference  fubtraAed  from  half  the 
fum,  will  be  the  lefs. 

For,  let  AB  be  the  given  fum,  AC  the  greater,  and  BC  the 
lefs.  Let  AD  be  half  the  given  fum  ;  and  to  AD,  DB,  which 
are  equal,  let  DC  be  added,  then  AC  will  be  equal  to  BD» 
and  DC  together;  that  is,  to  BC,  and  twice  DC ;  confcqucnt- 
ly  twice  DC  is  the  difference,  and  DC  half  that  difference ; 
but  AC  the  greater  is  equal  to  AP,  DC ;  that  is,  to  half  the 
fum  added  to  half  the  difference,  and  BC  the  lefs  is  equal  to 
the  excels  of  BD,  half  the  fum  above  DC  half  the  difference* 

.  E  F 

SCHOLIUM. 

Of  the  fix  parts  of  a  plain  triangle  (the  three  fides  and  three 
angles)  any  three  being  given,  to  find  the  other  three  is  the  bu-> 
fioefs  of  plane  trigonometry;  and  the  feveral  cafes  of  that 
problem  may  be  refolved  by  means  of  the  preceding  propofi- 
tions,  as  in  the  two  following,  with  the  tables  annexed.  Iti 
thefe,  the  folution  is  expreffed  by  a  fourth  proportional  to  three 
given  lines ;  but  if  the  given  parts  be  expreflcd  by  numbers  from 
trigonometrical  tables,  it  may  be  obtained  arithmetically  by  the 
common  Rule  of  Three. 

NisU.  In  the  tables  the  following  abbrevistions  are  ufed.  R,  is  put 
for  ihc  Radius ;  T,  for  Tangent ;  and  S,  for  Sine.  Degrees,  mi- 
nutes, fcconds^  &c.  are  written  in  this  manner;  30"  25'  13%  &e. 
which  bsmi&cs  30  decrees.  25  minutes.  13  fcconds,  &6. 

^         '^  S014UT10N 
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SOLUTION    of    the    Cases    of  right  angled 

Triangles. 

GENERAL      PROPOSITION. 

TN  a  ri^ht  angled  triangle,  of  the  three  fides  and  three 
angles,  any  two  being  given  befides  the  right  angle, 
the  other  three  may  be  found,  except  when  the  two  a- 
cute  angles  are  given,  in  which  cafe  the  ratios  of  the 
fides  are  only  given,  being  the  fame  with  tlic  ratios  of 
the  fines  of  the  angles  oppofite  to  them. 

It  19  manifeft  from  47.  i.  that  of  the  two  (ides  and  hypothe- 
nufe  any  two  be  given  the  third  may  alio  be  found.  It  b  alfo 
roanifcd  from  32.  i.  that  if  one  of  the  acute  angles  of  a  r^hi* 
angled  triangle  be  given,  the  other  is  alfo  given,  for  it  is  the 
complement  of  the  former  to  a  right  angle. 

If  two  angles  of  any  triangle  be  given»  the  third  is  alfo  gYveOt 
being  the  fupplement  of  the  two  given  angles  to  two  right  an* 
gles. 

The  other  cafes  may  be  refolved  by  help  of  the  precedmg 
propofitions,  as  in  the  following  table* 

Given.  Sought.  . 


Two  fides,  A  B 
4C. 


AB,BC,afidc 
4ndthehypothe* 
nufe. 


AB,  B,  a  fide 
and  an  angle. 


The  angles 
B,C. 


The  angles 
B,  C. 


AB:  AC:  :  R  :  T,  B.  of 
which  C  is  the  complement. 


BC  :  BA  :  :  R  :  S.  C,  of 
which  B  is  the  complemcDt, 


AB  and  B,  a 

fide  and  an  angle 


BCandB.the 
jhypothenufeand 
[an  angle 


I 


The  other 
fide  AC. 


The  hypo 
thenufe  BC. 


The  fide 
AC, 


R  :  T,  B  :  :  B  A :  AC. 


S,  C  :R:  :BA:BC. 


R  :  S>  B  :  :  BC  :  CA, 


Thcfe  five  cafes  arc  refolved  by  prop.  1  • 
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SOLUTION   of  the  Cases  of  oblique-an- 
gled Triangles. 

GENERAL     PROPbSITION. 

TN  an  oblique-angled  triangle,  of  the  three  fides  and 
three  angles,  any  three  being  given,. the  other  three 
may  be  found,  except  when  the  three  angles  are  given ; 
in  which  cafe  the  ratios  of  the  fides  are  only  given,  be- 
ing the  fame  with  the  ratios  of  the  fines  of  the  angles 
oppofite  to  them. 


Given. 


Sought. 


A,  B»  and  there- 1     BQ  AC. 
fore  C,  and  the 
fide  AB. 


AB,  AC,  and  B. 
two  fides  and  an 
angle  oppofite  lo 
one  of  them. 


AB,  AC,  and 
A»two  fides,  and 
the  included  angle. 


13ie  angles 
A  and  C. 


The  angles 
BandC. 


S,  C  J  S,  A  :  :  AB :  BC, 
andalfoS,  C:S,  B;:AB: 
AC.  (z.) 


AC  :  AB  :  :  S,  B  :  S,  C. 
(2.)  This  cafe  admits  of  two 
foiutions  ;  for  C  may  be 
greater  or  lefs  than  a  qua- 
drant. (Cor.  to  def.  4.) 


AB4-AC;  AB— AC::T, 
C+B.:T,C— B:(3.)and 


2  2 

the  fum  and  difierence  of  the 
angles  C,  B,  being  given, 
each  of  them  is  given.  (7.) 
Ocherwife.    Fig.  18. 
BA:AC::R:T,ABC,and 

alfoR:T,  ABC— 45«:T» 
B+C :  T,B— C :  (4.)  there- 


fore B  and  C  are  pven  as 
{ before.  (7.) 


Fig.  itf.  i|« 
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GiVBN. 


Sought. 


AB,    BC,  CA, 
the  three  (ides. 


A,B,C,  the 
three  angles. 


2  AC  X  CB :  ACy4-CBj 

— ABy  : :  R  :  CoS,  C.  if 
AC;  -)-  CB;  be  greater  than 
AB7.    Fig.  16. 

2  ACXCB:  AB7— AC} 
— CBy  : :  R  :  CoS,  C.    If 
ABj"  he  greater  than  AC^ 
CBq  Fig.  17.  (4.) 
Other  wile* 

LetAB+BC4-AC=52P. 

PXP  — AB:  P— -ACX 


P— BC : rRy :Tgr,  ^  C,  and 
hence  C  is  known.  (5.} 
Otherwife. 

Let  AD  be  perpendicalar 
to  BC.  I.  If  AB;  be  k& 
tban  AC;-4*CB;.  Fig.  16. 
BOrBA-f  AC  :  :  BA— 
AC  :  BD— DC,  and  BC  die 
film  of  BD9  DC  is  gWeo ; 
therefore  each  of  them  ii 
given.  (7.) 

2  If  AB;  be  greater  than 
ACy+CB;. 'Fig-i7,  BC : 
B A-f  AC  : :  BA— AC  :  BD 
+DC ;  and  BC  the  difo- 
ence  of  BD,  DC  is  given, 
therefore  each  of  them  ii 
given.  (7.) 

AndCA:CD::R:CoS, 
C.  (i.)andC  being  found, 
A  and  B  are  found  by  caie  2 
or  3. 
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DEFINITIONS. 

I. 

THE  pole  of  ,a  circle  of  the  fphere  is  a  point  in  the  fuper- 
ficies  of  the  fphere*  from  which  all  ftraight  lines  drawn 
to  the  circumference  of  the  circle  are  equal. 

U. 
A  great  circle  of  the  fphere  is  any  whofe  plane  pailes  through 
-    the  centre  of  the  fphere,  and  whofe  centre  therefore  is  the 
fame  with  that  of  the  fphere. 

III. 
A  fpherical  triangle  is  a  figure  upon  the  fuperficies  of  a  fphere 
comprehended  by  three  arches  of  three  great  circles,  each  of 
which  is  lefs  than  a  femicircle. 

IV. 
A  fpherical  angle  is  that  which  on  the  fuperficies  of  a  fphere  is 
contained  by  two  arches  of  great  circles,  and  is  the  fame  with 
the  inclination  of  the  planes  of  thefe  great  circles. 

P  R  O  P.    I. 

r^  RE  AT  circles  bifeft  one  another. 


As  they  have  a  common  centre  their  common  fe£lion  will  be 
a  diameter  of  each  which  will  bifeA  them, 

PROP.    II.     Fig.  i. 

'TpHE  arch  of  a  great  circle  betwixt  the  pole  and  cir- 
cumference of  another  is  a  quadrant, 

'  Let  ABC  be  a  great  circle  and  D  its^  pole  ;  if  a  great  circle 
DC  pafs  through  D,  and  meet  ABC  in  C^  the  arch  DC  will  be 
a  quadrant. 

Let   the  great  circle  CD  meet  ABC  again  in  A>  and'  let 
AC  be. the  common  feAion  of  the  great  circles^  which  will 

pafs 
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fs  through  £  the  centre  of  the  fphere  :  Join  DE,  DA,  Dti  i 
y  def.  1.  DA,  DC  are  equal,  and  AE,  EC  are  alfo  eqoal,  and 
D£  is  common  ;  therefore  (S,  i.)  the  angles  DEA,  DEC  are 
equal ;  wherefore  the  arches  DA,  DC  are  equal,  and  coole* 
quently  each  of  them  b  a  quadrant.    Q^  E.  D. 

P  R  O  t^.    III.    tic.  2. 

TF  a  great  circle  be  defcribed  meeting  two  great  cir- 
cles  AB,  AC  paffing  through  its  pole  A  in  B,  C,  th^ 
atigle  at  the  centre  of  the  fphere  upon  the  circuinfer- 
ence  BC,  is  the  fame  with  the  fpherical  angle  BAC, 
and  the  arch  BC  is  called  the  meaiure  of  the  fpherical 
angle  BAG* 

Let  the  planes  of  the  great  circles  AB,  AC  interfe£t  one  an^ 
other  in  the  ftraight  line  AD  pailing  through  D  their  commoii 
eentre  ;  join  DB,  DC. 

Since  A  is  the  pole  of  BC,  AB,  AC  will  be  quadrants,  and 
the  angles  ADB,  ADC  right  angles  ;  therefore  (6.  def.  ii.)  the 
atigle  CDB  is  the  inclination  of  the  planes  of  the  circles  AB| 
AC  ;  that  is,  (def.  4.)  the  fpherical  angle  BAC.     Q^E    D. 

Cor..  If  through  the  point  A^  two  quadrants  AB,  AC,  be 
drawn,  the  point  A  will  be  the  pole  of  the  great  circle  BC,  pof* 
V  fing  through  their  extremities  B|  C^ 

Join  AC,  and  draw  AE  a  ftraight  line  to  any  other  point  £ 
in  BC  ;  join  D£ :  Since  AC,  AB  are  quadrants,  the  angbs 
ADB,  ADC  are  right  angles,  and  AD  will  be  perpendicular 
to  the  plane  of  BC  :  Therefore  the  angle  ADE  is  a  right  angle, 
and  AD,  DC  are  equal  to  AD,  D£  each  to  each  ;  therefoie 
AE,  AC  are  equal,  and  A  is  the  pole  of  BC,  by  def.  i« 
<^E.  D. 

PROP.    IV.     Fig.  3. 

TN  ifofceles  fpherical  triangles,  the  angles  at  the  bafc 
are  equal. 

« 
Let  ABC   be  an  ifofceles  triangle,  and  AC,  CB  the  eqml 
fides  }  the  angles  BAC,  ABC,  at  the  bafe  AB,  are  equal. 

Let 
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Let  D  be  the  centre  of  the  fphere,  and  join  DA>  DB» 
DC  ;  in  DA  take  any  point  £,  from  which  draw,  in  the  plane! 
ADC,  the  ftraight  line  £F  at  right  angles  to  £D  meeting  CD 
!n  F,  and  draw,  in  the  plane  ADB,  EG  at  right  angles  to  the 
fame  £D  ;  therefore  the  reAilincal  angle  F£G  is  ^6.  def.  i  i .) 
the  inclination  of  the  planes  ADC>  ADB,  and  tnerefore  is 
the  fame  with  the  fpherical  angle  BAC  t  From  F  draw  FH 
perpendicular  to  DB^  and  from  H  draw,  in  the  plane  ADB» 
the  ftraight  line  HG  at  right  angles  to  HD  meeting  EG  in 
G,  and  join  GF.  Becaufe  D£  is  at  right  angles  to  £F  and 
EG,  it  is  perpendicular  to  the  plane  FEG,  (4.  1 1 .)  and  there- 
fore the  plane  F£G  is  perpendicular  to  the  plane  ADB,  in 
which  DE  is  :  (18.  1 1:)  In  the  fame  manner  the  plane  FHG 
is  perpendicular  to  the  plane  ADB ;  and  therefore  GF  the 
common  fe£tion  of  the  planes  FEG,  FHG  is  perpendicular 
to  the  plane  ADB  ;  (19.  1 1.)  and  becaufe  the  angle  FHG  is 
the  inclination  of  the  planes  BDC,  BDA,  it  is  the  fame  with 
the  fpherical  angle  ABC  ;  and  the  fides  AC,  CB  of  the  fphe- 
rical triangle  being  equal,  the  angles  EDF,  HDF,  which 
ftand  upon  them  at  the  centre  of  the  fphere,  are  equal  ;  and 
in  the  triangles  EDF;  HDF  the  fide  DF  is  common,  and  the 
angles  DEF,  DHF  are  right  angles  ;  therefore  EF,  FH  are  e- 
qual ;  and  in  the  triangles  FEG,  FHG  the  fide  GF  is  com- 
mon and  the  fides  EG,  GH  will  be  equal  by  the  47.  i .  and 
therefore  the  angle  F£G  is  equal  to  FHG  ;  (8.  i.)  that  is,  the 
fpherical  angle  BAC  is  equal  to  the  fpherical  angle  ABC. 

■ 

PROP.    V.      Fig.  3. 

TF,  in  a  fpherical  triangle  ABC,  two  of  the  angles 
BAG,  ABC  be  equal,  the  fides  BC,  AC  oppofite  to 
them,  are  equal. 

Read  the  conftrufUon  and  demonftratioii  of  the  preceding 
propofition,  unco  the  words,  "  and  the  fides  AC,  CB"  &c. 
and  the  reft  of  the  demonftration  will  be  as  follows,  viz. 

And  the  fpherical  angles  BAC,  ABC  being  equal,  the 
reAilineal  angles  FEG,  FHG,  which  are  the  fame  with  them, 
are  equal ;  and  in  the  triangles  FGE,  FGH  the  angles  at  G 
are  right  angles,  and  the  fide  FG  oppofite  to  two  of  the  equal 

angles 
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angles  is  common  ;  therefore  (26*  I.)  EF  is  equal  to  FH ;  tad 
in  the  right-angled  triangles  PEF,  DHF  the  Gdc  DF  b  coa»- 
Bion ;  wherefore  (47.  i.)  ED  is  equal  to  DH,  and  the  znffa 
EDF,  HDF  are  therefore  equal,  {4.  i.)  and  con&qaeotly  the 
fides  AC,  BC  of  the  fpherical  triangle  are  equaL 

PROP.    VI-      Fig.  4. 

A  NY  two  fides  of  a  fpherical  triangle  are  greater  than 

the  third. 
• 

Let  ABC  be  a  fpherical  triangle,  any  two  fides  AB,  BC  wiB 
be  greater  than  the  other  fide  AC.        • 

Let  D  be  the  centre  of  the  fphere  ;  join  DA,  DB,  DC. 

The  folid  angle  at  D  is  contained  by  three  plane  angles 
ADB,  ADCj  BDC;  and  by  20.  11.  any  two  of  them  ADB. 
BDC  are  greater  than  the  thhrd  ADC ;  that  is,  any  two  fides 
ABj  BC  of  the  fpherical  triangle  ABC,  are  greater  than  the 
third  AC. 

PROP.    VIL    Fig.  4. 

T^HE  three  fides  of  a  fpherical  triangle  are  lefs  than  a 
circle. 

Let  ABC  be  a  fpherical  triangle  as  before^  the  three  fida 
AB,  BC,  AC  are  lefs  than  a  circle. 

Let  D  be  the  centre  of  the  fphere :  The  folid  angle  at  D  is 
contained  by  three  plane  angles  BDA,  BDC,  ADC,  which  to- 
gether are  lels  than  four  right  angles,  (21.  11.}  thereCDre 
the  fides  AB,  BC,  AC  together,  will  be  le(s  than  four  qua- 
drants ;  that  is,  lefs  than  a  circle. 

PROP.    VIIL    Fig.  5. 

JN  a  fpherical  triangle  the  greater  angle  is  oppofite  to 
the  greater  fide ;  and  converfely. 

Let  ABC  be  a  fpherical  trianglci  the  greater  angle  A  is  qp- 
pofed  to  the  greater  fide  BC. 

Let  the  angle  BAD  be  made  equal  to  the  angle  B,  and 
Chen  BD>  DA  will  be  equal,  (5*  of  this)  and  therefore  AD, 

DC 
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DC  arc^'cqual  to  BC ;  but  AD,  DC  arc  greater  tbaa  AC,  (6. 
of  this),  therefore  BC  b  greater  than  AC,  that  is,  the  greater 
angle  A  is  oppofite  to  the  greaterfide  BC.  The  coaverfe  is  de- 
mooftrated  as  prop.  19.  1.  £1.     Q^E.  D. 

PROP.    IX.    Fig.  6. 

TN  any  fpherical  triangle  ABC,  if  the  Aim  of  the  fides 
AB,  BC  be  greater,  equal,  or  lefs  than  a  femicircle, 
the  internal  angle  at  the  bafe  AC  will  be  greater,  equal, 
or  left  than  the  external  and  oppofite  BCD ;  and  there*  '. 
fore  the  funi  of  the  imgles  A  and  ACB  will  be  greater, 
equal,  or  lefs  than  two  right  angles. 

Let  AC,  AB  produced  meet  in  D. 

i^  If  AB,  BC  be  equal  to  a  femicircle,  that  is,  to  AD,  BC, 
BD  will  be  equal,  chat  is,  (4.  of  this)  the  angle  D,  or  the  angle 
A  will  be  equal  to  the  angle  BCD. 

2.  If  AB,  BC  together  be  greater  than  a  (emicircle,  that 
is,  greater  than  ABD,  BC  will  be  greater  than  BD ;  and 
therefore  (8.  of  this)  the  angle  D,  that  is,  the  angle  A,  is 
greater  than  the  angle  BCD. 

3.  In  the  fame  manner  is  it  Ihewn,  that  if  AB,  BC  together 
be  le(s  than  a  femicircle,  the  angle  A  is  lefs  than  the  i^ngle 
BCD.  And  fince  the  angles  BCD,  BCA  are  equal  to  two 
right  angles,  if  the  angle  A  be  greater  than  BCD,  A  and  ACB 
together  will  be  greater  than  two  right  angles,  if  A  be  equal 
to  BCD,  A  and  ACB  together  will  be  equal  to  two  right  angles  ; 
and  if  A  be  lefs  than  BCD,  A  and  ACB  will  be  lefs  than  two 
right  angles.    (^  E.  D.  ^ 

PROP,    X.     Fig.  7, 

TF  the  angular  points  A,  B,  Cof  the  fpherical  triangle 
A6C  be  the  poles  of  three  great  circles,  thefe  great 
circles  by  their  interfeftions  will  form  another  triangle 
FDE,  which  is  called  fupplemental  to  the  former  ;  tfcat 
is,  the  firfes  FD,  DE,  EF  are  the  fupplementa  of  the 

I  i  ineafur9$ 
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ineafures  of  the  oppofite  angles  C,  B,  A,  of  the  triangle . 
ABC,  and  the  meafures  of  the  angles  F,  D>  E  of  the  trU 
angle  FDE,  will  be  the  fuppleihents  of  the  fides  AC, 
BC,  BA,  in  the  triangle  ABC. 

Let  AB  profluced  meet  D£,  £F  in  G,  M.  and  AC  meet  FD, 
FE  in  K,  L,  and  BC  meet  FD,  DE  in  N,  H. 

Since  A  is  the  pole  of  FE,  and  the  circle  AC  pa^s  throng 
A,  EF  wiU  pafs  through  the  pok  of  AC,  (13.  15.  i.  Th.)  and 
fince  AC  pafTcs  through  C.  the  pole  of  FD,  FD  will  pif^ 
through  the  pole  of  AC;  therefore  the  pole  of  AC  is  in  the 
point  F,  in  which  the  arches  DF,  EF  interfedl  each  other/  In 
the  fame  manner.  D  is  the  pole  of  BC,  and  £  the  pole  of  AB. 

And  fi nee  F,  £  arc  the  poles  of  A  L»  AM,  FL  and  EM  are 
quadrants,  and  FL,  EM  together,  that  is  FE  and  ML  toge- 
tlier,  are  equal  to  a  letnicircle.  But  iince  A  is  tlie  pole  of  ML, 
MLis  the  meaiure  of  the  angle  B  AC,  confequcntly,  FE  is  ihc 
fupplcment  of  the  meafure  of  the  angle  BAC.  In  the  fame 
manner,  ED,  DP  are  the  fupplfiments  of  the  meafures  of  the 
angles  ABC,  BCA. 

Since  likewife  Cl^,  BH  are  quadrants,  CN^  BH  together, 
that  is,  NU,  Bp  together,  arc  equal  to  a  femicirde  ;  and  fiocc 
P  is  the  pole  of  NH,  NH  is  the  meafure  of  the  angle  FDE, 
therefore  the  meafure  of  the  angle  FDE  is  the  fupplemeot  of 
the  fide  BC.  In  the  fame  manner,  it  is  fhewn  that  the  mea- 
fures of  the  angles  DEF,  EFD  are  the  fupplemencs  of  ihefidei 
AB,  AC,  in  the  triangle  ABC.     Q^E.  D, 

P  R  O  ]P.    XI.     FjG.  7. 

npHE  three  angles  of  a  fpherical  triangle  are  greater 
than  two  right  angle*,    and  lefs  than   fix  right 

angles. 

The  meafures  of  the  angles  A,  B.  C,  in  the  triangle  ABQ 
tocTfther  with  the  three  fides  of  the  fupplemeotal  triaogk 
pEF,  are  (10.  of  this)  equal  to  three  fcmicirdcs  ;  but  the 
three  lldcs  ot  the  triangle  FDK  are  (7.  of  this)  lefs  than  nw 

lemicirpes; 
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femicircles  ;  therefore  the  mcafurcs  of  the  angles  A,  B,  C  arc 
greater  than  a  femicircic ;  and  hence  the  angles  A,  B,  Care 
greacer  than  two  right  angles. 

All  the  external  and  internal  angles  of  an^  tri.iogle  are  equal 
to  fix  right  angles  ;  therefore,  all  the  internal  angles  are  lefs 
than  iix  right  angles. 

PROP.     XII.    FiQ.  8.  N 

JF  from  any  point  C,  which  is  not  the  pole  of  the  great 
cir,cle  ABD,  there  be  drawn  arches  of  great  circles 
CA,  CD,  CE,  CF,  &c.  the  greateft  of  thefe  is  CA, 
which  pafl^s  through  H  the  pole  of  AIJ.D,  and  C3  the 
remairide(-  of  ACB  is  the  leaft,  and  of  any  others  CD, 
CEsy  CF,  &c.  CD,  which  is  nearer  to  CA,  is  greater 
.than^E,  which  is  mor^  remote. 

.Let  the  common,  fcftion  of  the  planes  of  the  great  circles 
ilCB,  ADB  be  AB;  and  from  C,  draw  CG  perpendicular  to 
AB,  which  will  alfo  be  perpendicular  ta  the  plane  ADB ;  (^. 
4cf.  II.)  join  GD,  GE,  GF..^Cn,  CE,  CF,  CA,  CB. 

Of  all  the  ftraight  lines  drawn  from  G  to  the  circumference 
ADB.  GA  is  the  greateft,  and  GB  ihe  leaft;  (7.  3.)  and  GD 
which  is  nearer  to  G\  is  gf cater  than  GE,  which  is  more 
remote.  The  triangles  CGA,  CGD  are  right  angled  at  G, 
and'they  have  the'cpmmon  fide  CG ;  therefore  the  Iquares  of 
,/CG,  GA  together^  chat  is,  the  fquare  of  CA,  is  greater  than 
"^thc  fquares  of  CG,  GD  together,  that  is,  the  fquare  of -CD  ; 
and  CA  is  greater  than  CD,  and  therefore  the  arch  CA  is 
greater  than  CD.  In  the  fame  manner,  ilpce  GD  is  greater 
than  GE,  and  GE  than  GF,  &c.  it  is  fl^ewn  that  CD  is 
greater  than  CE,  and  CE  than  CF,  &c.  and  confequently, '  the 
arch  CD  greater  than  the  arch  CE,  ai>d  the  arch  CE  greater 
than  the  arch  CF,  &c.  And  fince  G  A  is  the  greateft,  and  GB 
th^  leaft  of  all  the  ftraight  lines  drawn  from  G  to  the  circum- 
ference ADB,  it  is  manifeft  that  CA  is  the  greateft,  and  CB 
the  leaft  of  all^he  ftraight  lines  drawn  from  C  to  that  circum- 
ference ;  and  therefore  the  arch  CA  is  the  greateft,  and  CB  the 
leaft  of  all  the  circles  drawn  through  C,  meeting  ADB.  Q. 
E.D. 

lU  PROP. 
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PROP.    XIII.    Fig.  9. 

TN  a  right  angled  fpherical  triangle  the  fides  are  of  the 
-  fame  a jFcf^ion  with  the  oppofite  angles ;  that  is,  if 
the  fides  be  greater  or  lefs  than  quadrants,  the  oppofite 
angles  will  be  greater  or  lefs  than  right  angles. 

Let  ABC  be  a  fpberical  triangle  right-angled  at  A,  any 
0dp  Ag^  will  be  of  the  fame  afieAioo  with  the  pppolitc  anglp 
ACB. 

Cafe  I.  Ifet  AB  be  lefs  than  a  qmdranr,  let  AE  be  a  qua- 
drant, and  let  EC  be  a  great  circle 'pafling  through  £.  C. 
Since  A  is  a  right  angle,  and  A£  a  quadrant,  E  is  the  pole 
of  the  great  circle  AC.  and  £CA  a  right  angle ;  but  EGA  19 
grdater  than  BCA,  therefore  BCA  is  ids  than*  a  right  angle. 
Q^E.  D. 
fig,  10.  Cale  2.  Let  AB  be  greater  than  a  quadrant,  make  AE  a  qua* 
drant,  and  let  a  great  circle  pafs  through  C,  h.  EGA  is  a  right 
angle  as  before,  and  BCA  is  greater  ib^n  £C4i  that  is,  greater 
than  a  right  angle.     Q^  £.  I). 

PROP.     XIV. 

TF  the  two  fides  of  a  right-angled  fpherical  triangle  be 
of  the  fame  alTeftion,  the  liypothenufe  will   be  lefs 
than  a  quadrant ;  and  if  they  be  of  different  affection, 
the  hypothenufe  will  be  greater  than  a  quadrant. 

Let  ABC  be  a  right  angled  fpherical  triangle,  if  the  two  fides 
AB     \C  be  of  the  lame  or  of  diiitrent  iifFcdlion,  the  bypothe- 
piifc  BC  will  be  \t(s  or  greater  than  a  quadrant. 
I^g.  p.  Cafe  I.    I^et  AB,  AC  be  each. lefs  than  a  quadrant.     Let 

AE,  AG  be  quadrants ;  G  will  be  the  pole  of  AB,  and  £  the 
pole  of  AC,  apd  EC  a  quadrant ;  but,  by  Prop.  1 2.  CE  is 
greater  than  CB,  fince  CB  is  farther  off  from  CGD  ihan  C'E. 
|n  the  fame  manner,  it  is  (hewn  that  CB,  in  the  trianglp  CBD, 
where  the  two  iides  CD,  BD  are  each  greater  than  a  qua* 
flrant,  is  kfs  than   C£.  that  is,  lefs   than  a  quadrant.      Q. 
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Cafe  2«  Let  AC  be  lefs,  and  AB  greater  than  a  quadrant ;  f^^.  to. 
ihen  the  hypotheoufe  BC  wilt  be  greater  than  a  qaadrant ;  for 
tet  AK  be  a  quadrant^  then  E  is  the  pole  of  AC,  and  EC  will 
be  a  qnadranr.     But  CB  is  greater  than  C£  by  prop.  12;  finec 
AC  pafles  throtigh  the  pole  of  ABD.    Q^  £.  D. 

PROP.    XV. 

TF  the  hypothenufe  of  a  right *angled  triangle  be  great- 
er dr  lefs  than  a  quadrant,  the  (ides  will  be  of  dif- 
ferent or  the  fanie  affeftiom 

This  Is  the  converfe  of  the  preceding,  and  demonftrated  iti 
the  fame  manner. 

PROP.     XVI. 

TN  any  fpherical  triangle  ABC,  if  the  perpendicular  AD 
from  A  upon  the  bafe  BC  fell  within  the  triangle, 
the  angles  B  and  C  at  the  bafe  will  be  of  the  fame  affec- 
tion'; and  if  the  perpendicular  fall  without  the  triangle^ 
the  angles  B  and  C  will  be  of  different  affedtion. 

f.  Let  AD  fall  within  the  triangle  ;  then  (13.  of  this)  fioceptg.  ,^^ 
ADB^  ADC  are  right-angled  fpherical  triangles,  the  angles  B, 
C  mud  each  be  of  the  fame  affe£lion  as  AD. 

2.  Let  AD  fall  withoiit   the  triangle^  then  (13.  of  this)  thepj.  |^, 
angle  B  is  of  the  fame  aSe^lion  as  AD  ;  and  by  the  fame»  the 
angle  ACD  is  of  the  fame  afieflion  as  AD  1  therisfore  the  angle 
ACB  and  AD  are  of  different  afieAion,  and  the  angles  B  and 
ACB  of  different  affiaion. 

Cor.  Hence  if  the  angles  B  and  C  be  of  the  fame  aff*edion^ 
the  perpendicular  will  fall  within  the  bafe ;  for^  if  it  did  not^ 
(16.  of  this),  B  and  C  would  be  of  different  a^Aion.  And  if 
the  angles  B  and  C  be  of  oppollte  iiffcftion,  the  perpendicular 
will  fail  without  the  triangle;  for»  if  it  did  not,  (16.  of  this}. 
the  angles  B  and  C  would  be  of  the  fame  affeAion^  contrary  to 
the  fuppofition. 

I  I  3  PROP. 
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PROP.    XVII.     Fig.  13. 

TN  right-angled  fpherical  triangles,  the  fine  of  either* 
of  tlie  fides  about  the  right  angle,  is  to  the  radius  of 
the  fphere,  as  the  tangent  of  the  remaining  fide  is  to 
the  tangent  of  the  angle  oppofite  to  that  fide. 

Lee  ABC  be  a  triangle,  having  the  right  angle  at  A ;  and 
let  AB  be  either  of  the  fides,   the  fine  of  the  fide  AB  will  be 
to  the  radius,  as  the'  tangent  of  the  other  fide  AC  to  the  tan- 
gent of.  the  angle  ABC,  oppofite  to  AC    Let  D  be  the  cen- 
tre of  che  fphere  ;  join  AD,  BD»  CD,   and  let  A£  be  drawn 
perpendicular  10  BD,   which  therefore  M^iil  be  the  fine  of  the 
arch  AB,  and  from    the   point  E^  let  there  be  drawn  in  the 
plane  BDC  the  (Iraight  line  £F  at  right  angles  to  BD,   meedng 
DC  tn  F,  and  let  AF  be  joined.     Since  therefore  the  ftraight 
line  D£  is  at  right  angles  to   both  £A-  and  £F,  it  will  alfo  be 
at  right  angles  to  the  plane  A£F,  (4,  11.)  wherefore  the  plane 
ABD,  which  pailes  through   D£.    is  perpendicular  to  the  plane 
A£F,  (18.  II.)  and  the  plane  AEF  perpendicular  to  ABD  :  The 
plane  A  CD  or  AFD  is  alfo  perpendicular  to  the  fame  ABD  i 
Therefore  the  common  fe^ion,  viz.  the  ftraight  line  AF,  is  at 
right  angles  to  the  plane  ABD  :    {19.  1 1.)  And  FAE,  FAD  arc 
right 'angles  ;   (3-dcf.  11.)  therefore  AF  is  the  tangent  of  the 
arch  AC ;  and  in  the  re^lineal  triangle   A£F,  having  a  righ< 
2(ngle  at  A,  A£  wiH  be  to  the  radius  as  AF  to  the  tangent  of  the 
angle  AEF,  (i.  Pl.Tr.);  butAE  is  the  fine  of  the  arch  AB; 
and  AF  the  tangent  of  the  -arch  AC,  and  the  angle  A£F  is  the 
inclination  of  the   planes  CBD^    ABD,    (6.  def.ii.)  or  the 
fphcrrcal  angle  ABC  :  Therefore  the  fine  of  the  arch  AB  b  to 
/  the  radius  as  the  tangent  of  the  arch  ACj  to  the  tangent  of  the 
oppofite  angle  ABC* 

CoRrf  I.  If  therefore  of  the  two  fides,  and  an  angle oppo- 
'   iite  to  one  of  them^  any  t\^o  be  given,  the  third  will  alfo  be  gi- 
ven. 

CoR,  2.  And  fince  by  this  propofition  the  fine  of  the  fide 
AB  is  to  the  radius,  as  the  tangent  of  the  other  fide  AC 
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to  the  tangent  of  the  angle  ABC  oppofite.to  that  fide  ;  and  as 
the  radius  is  to  (he  co- tangent  of  the  angle  ABC,  fo  is  the  tan- 
gent of  the  fame  angle  ABC  to  the  radius,  (Cor.  2.  def  PL 
Tr.)  by  equaiicy,  the  fine  of  the  fide  AB  is  to  the  co-tangent  of 
the  angle  ABC  adjacent  to  it,  as  the  tangent  of  the  other  iide 
AC  to  the  radius. 

PROP.    XVIli.    Fig.  13. 

TN  right-angled  fpherical  triangles  the  fine  of  the  hy- 
pothenuie  is 'to  the  radius,  as  the  fine  of  either  fidel 
is  to  the  fine  of  the  angle  oppofite  to  that^'flde. 

Let  the  triangle  ABC  be  right  angled,  at  A,  and  let  AC  be  ei- 
ther of  the  fides  ;  the  fine  of  the  hypothenufe  BC  will  be  td 
the  radius  as  the  fine  of  the  arch  AC  is  to  the  fine  of  the  angle 
ABC. 

Let  D  be  the  centre  of  the  fphere,  and  let  CG  be  drawn  per- 
pendicular  to  DB,  which  will  therefore  be  the  fine  of  the  hy- 
pothenufe BC  ;  and  from  the  point  G  let  there  be  drawn  in  the 
plane  ABD  the  ftraight  line  GH  perpendicular  to  TUB,  and  let 
CH  be  joined  :  CH  will  be  at  right  angles  to  the  plane  ABD,  asi 
was  fiiewn  in  the  preceding  propofition  of  the  firaight  line  FA :'. 
Wherefore  CHD,  CHG  are  right  angles,  and  CH  is  the  fine  of 
the  arch  AC  ;  and  in  the  triangle  CHG,  having  the  right  angle 
CHG,  CG  is  to  the  radius  as  CH  to  the  fine  of  the  angle 
CGH  :  (i.  PI.  Tr.)  But  fioce  CG,  HG  are  at  right  angles  tct 
DGB,  which  is  the  common  fe^ion  of  the  planes  CBD,  ABD^ 
the  angle  CGH  will  be  equal  to  the  inclinarion  of  thefe  planes  ; 
(6.  def  II.)  that  is,  to  the  fpherical  angle  ABC.  The  Cioc, 
therefore,  of  the  hypothenufe  CB  is  to  the  radius  as  the  fine  of 
the  fide  AC  is  to  the  fine  of  the  oppofite  angle  ABC.     (^E.  D. 

Cort  Of  thefe  three,  viz.  the  hypothenufe,  a  fide,  and  the 
angle  oppofite  to  that  Mc,  any  two  being  given,  th&  third  is  alfo^ 
given  l^  prop;  a . 


H4  PRO?; 
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PROP,  XIX.  Fig.  14. 

TN  right-angled  fpherical  triangles,  the  co-fine  of  thrf 
hypotbenufe  is  to  the  radius  as  the  co- tangent  of  ei- 
ther of  the  angles  is  to  the  tangent  of  the  reoiaining 
angle. 

Let  ABC  be  a  fpherical  triangle,  having  a  right  angle  at  A, 
the  co-fine  of  the  hypothenufe  BC  will  be  to  the  radius  as  the 
co-tangent  of  the  angle  ABC  to  the  tangent  of  the  angle  ACB. 
Defcribe  the  circle  DE,  of  which  B  b  the  polc;»  and  let  it 
meet  AC  in.F,  and  the  circle  BC  in  £ ;  and  fince  the  circle  BD 
pafles  through  the  pole  B  of  the  circle  DF,  DF  will  alfo  pals 
through  the  pole  of  BD.  (i  3.  1 8.  1 .  Theod.  fph.)  And  iioce 
AC  ii  perpendicular  to  BD»  AC  will  alfo  pafs  through  the  pole 
of  BD  ;  wherefore  the' pole  of  the  circle  BD  will  be  found  in 
the  point  where  the  circles  AC,  P£  mcet»  that  is,  in  the  point 
F  :  The  arches  FA,  FD  are  therefore  quadrants.  *  and  Ukewifc 
the  arches  BD,  BE  :  In  the  triangle  C£F,  right-angled  at  dsc 
point  £,  CE  IS  the  complement  of  the  hypotbenufe  BC  of  the 
triangle  ABQ,  £F  is  the  complement  of  the  arch  £D»  which  is 
the  meafure  of  the  angle  ABC,  and  FC  the  hypothenufe  of  the 
triangle  C£F,  is  the  complement  of  AC,  and  the  arch  AD^ 
which  is  the  meafure  of  the  angle  CFE,  is  the  complemeot  of 
AB. 

I  But  (r7«of  this)  in  the  triangle  C£F,  the  fine  of  the  fide 
C£  is  to  the  radius,  as  the  tangent  of  the  other  fide  is  to  the 
tangent  of  the  angle  £CF  oppofite  to  it,  that  is,  in  the  triaogjlc 
ABC,  the  co-fine  of  the  hypotbenufe  BC  is  to  the  radius,  as  the 
co-tangent  of  the  angle  ABC  i^  to  the  tangent  of  the  angle  ACB« 
(^E.  D. 

Cor.  I  •  Of  thefe  three,  viz.  the  hypotbenufe  and  the  two 
angles,  any  two  being  given,  the  third  will  alfo  be  given. 

Cor.  2.  And  fince  by  this  propofition  the  co-fine  of  the 
jbypotbenufe  BC  is  to  the  radius  as  the  co-tangent  of  the 
angle  ABC  to  the  tangent  of  the  angle  ACB.  But  as  the  ra- 
dius is  to  the  co*tangcnt  of  the  angle  ACB,  (b  is  the  tangent 
of  the  fame  to  the  radius ;  (Cor.  2.  def.  PI.  Tr.)  and,  ex 
ssquo^  the  co-fine  of  the  hypQtheaufe  BC  is  to  the  co*tangenc 
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•f  the  angle  ACB,  z%  the  co  tai^cot  of  the  angle  ABC  to  the 
radios* 

PROP-    XX.    Fig.  14. 

TN  right-angled  fpherical  triangles,  the  co-fine  of  an 
angle  is  to  the  radius,  as  the  tangent  of  the  ilde 
adjacent  to  that  angle  is  to  the  tangent  of  the  hypo* 
thenufe. 

The  lame  conftroAion  remaioing  ;  in  the  triangle  CBF* 
(17.  of  this)  the  fine  of  the  fide  £F  is  to  the  radius,  as  the 
taogeot  of  theother.fide  CE  is  to  the  taneent  of  the  angle  CPE 
oppofite  to  it ;  that  is,  in  the  triangle  ABC«  the  co-fine  of  the 
angte  ABC  is  to  the  radius  as  (the  co-tangcnt  of  che  hypothe- 
nule  EC  to  the  cotangent  of  the  fide  AB,  adjacent  to  ABC,  or 
as)  the  tangent  of  the  fide  AB  to  the  tangent  of  the  hypothe- 
nufe,  fince  the  tangents  of  two  arches  are  reciprocally  propor- 
tional to  their  co-tangents.     (Cor.  1 .  def.  PI.  !>•) 

Cor.  And  fince  by  this  propofition  the  co  fine  of  the  angle 
ABC  is  to  the  radius,  as  the  tangent  of  the  fide  AB  is  to  the 
tangent  of  the  hypothenufe  BC;  and  as  the  radius  is  to  the  co- 
tangent of  BC,  fo  is  the  tangent  of  BC  to  the  radius  ;  by  e- 
quality,  the  co-fine  of  the  angle  ABC  will  be  to  the  co-tangenc  ,■ 
of  the  hypothenufe  BC,  as  the  tangent  of  the  fide  AB,  adjacent 
to  the  angle  ABC  to  the  radius. 

PROP.    XXI.    Fig.  14. 

TN  right-angled  fpherical  triangles,  the  co-fine  of  ei- 
ther of  the  fides  is  to  the  radius,  as  the  co-fine  of 
the  hypothenufe  is  to  the  co  fine  of  the  other  fide. 

The  fame  cop(lru£lion  remaining ;  in  the  triangle  C£F,  the 
line  of  the  hypothenufe  CF  is  to  the  radius,  as  the  fine  of  the 
fide  CE  to  the  fine  of  the  oppofite  angle  CF£;  (18.  of  this)  that 
is,  in  the  triangle  ABC  the  co-fine  of  the  fide  CA  is  to  the  ra- 
dius as  the  co-fine  of  the  hypoihenufe  BC  to  the  co-fine  of  the 
other  fide  B A.    Q^E.  D. 


P  R  OP. 
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PROP.    XXn.    FiG.  14. 
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N  right  angled  fpherical  triangles,  the  co-fine  of  ci- 
ther of  the  fides  is  to  the  radius,  as  the  co-fine  of  the 
angle  oppofite  to  that  fide  is  to  the  fine  of  the  other 
angle. 

The  fame  conftru£b'on  remaining ;  in  the  triangle  C£F»  the 
fine  of  the  hypothenufe  CF  is  to  the  radius  as  the  fine  of  the 
fide  EF  is  to  the  fine  of  the  angle  ECF  oppofite  to  it ;  chat  is, 
in  the  triangle  ABC,  the  co-fine  of  the  fide  C  A  is  to  the  n^ 
dius,  as  the  co-fine  of  tKe  angle  ABC  oppofite  to  it^  u  to  thi 
fine  of  the  other  angle.    (^  £.  D. 
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Of   the    CIRCULAR    PARTS. 

TN  any  right  angled  (pherical  triangle  ABC,  the  complementFig.  15* 
-^  of  the  bypothenuie,  the  complements  of  the  angles,  and  the 
two  fides,  are  called  The  circular  parts  of  the  triangle^  as  if  it 
were  following  each  other  in  a  circular  order,  from  whatever 
part  we  begin  :  Thus,  if  we  begin  at  the  complement  of  the 
bypothenufe,  and  proceed  towards  the  fide  B  A,  the  parts  fol- 
lowing in  order  will  be  the  complement  of  the  hypothenufe,  the 
tompiement  of  the  angle  B,  the  fide  BA  the  fide  AC,  (for  the 
.  right  angle  at  A  is  not  reckoned  among  the  parts),  and,  laftly, 
the  complement  of  the  angle  C.  And  thus  at  whatever  part  we 
begin/  if  any  three  of  thefe  five  be  taken,  they  either  will  be 
all  contiguous  or  adjacent,  or  one  of  them  will  not  be  conti- 
guous to  either  of  the  other  two :  In  the  firft  cafe,  the  pare 
which  is  between  the  other  two  is  called  the  Middle  part^  and 
the  other  two  are  called  Adjacent  extremes.  In  the  fecond  cafe, 
the  part  which  is  not  contiguous  to  either  pf  the  other  two  is 
mlied  the  Middle  part,  and  the  other  two  Oppofite  extremes.- 
For  example,  if  the  three  parts  be  the  complement  of  the  hy- 

E^thenufe  BC,  the  complement  of  the  angle  fi,  an^l  the  fide 
A  ;  fince  thefe  three  are  contiguous  to  each  other,  the  com- 
plement of  the  angle  B  wilt' be  the  middle  part,  and  the  com- 
plement of  the  hypothenufe  BC  and  the  fide  BA  will  be  adjacent 
extremes  :  But  if  the  complement  of  the  hypothenufe  BC,  and 
the  fides  BA,  AC  be  taken  ;  fince  the  complement  of  the  hypo-* 
thenufe  is  not  adjacent  to  either  of  the  fides,  viz.  on  account 
k  of  the  complements  of  the  two  angles  B  and  C  intervening  be« 
tween  it  and  the  fides,  the  complement  of  the  hypothenufe  BC 
will  be  the  middle  part,  and  the  fides,  B  A,  AC  oppofite  ex- 
tremes. The  moft  acute  and  ingenious  Baron  Napier,  the  in- 
ventor of  Logarithms,  contriveu  the  two  following  rules  con- 
cerning thefe  parts,  by  means  of  which  all  the  cafes  of  right- 
angled  fpherical  triangles  ar^  refolved  with  the  greateft  eafe. 

RULE        I. 

The  rectangle  contained  by  the  radius  and  the  fine  of  the 

middle 
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,    middle  part,  is  equal  to  the  refbtngle  contained  by  the  taogenti 
of  the  adjacent  pans. 

RULE    n. 

The  refVangle  contained  by  the  radius,  and  the  flne  of  ihi 
middle  part  is  equal  to  the  re<5tangle  contained  by  che  cO' 
fines  of  the  oppotite  parts.  , 

Thcfe  rules  are  demon ftratcd  in  the  following  manner. 
Kg.  itf.  Firft,  Let  eiiher  of  the  iidcs,  as  BA,  be  che  middle  part; 
and  therefore  the  complement  of  (he  angle  B,  and  the  fide 
AC  will  be  adjacent  exrremcs.  And  by  Cor.  2.  prop.  17.  of 
this,  S,  BA  is  to  the  Co-T,  B,  as  T,  AC  is  to  the  radius,  and 
therefore  R  X  S,  BA  =  Co-T,  B  X'T.  AC. 

The  fame  (ide  BA  being  the  middle  part,  the  complement  of 
.  the  hypothenufe,  and   the  complement  of   the  angle  C,  are 
Gppofire   extremes;  and  by  prop.  18.  S.  BC  is  to   the  radiusi' 
asS,  BAtoS.C;  therefore  RXS,  BA  =  S,  BCXS,  C. 

Secondly,  Lee  the  complement  of  one  6f  the  angles,  m 
B,  be  the  middle  part,  and  the  complement  of  the  hypcthe* 
ziufe,  and  the  fid&  BA  will  be  adjacent  extremes :  And  bf 
Cor.  prop.  20.  Co  S,  B  is  to  Co-T,  BC,  as  T,  BA  is  to  the 
radius,  and  therefore  R  X  ^oS,  B  =Co-T,  BCXT.  BA. 

Again,  Let  the  complement  of  the  angle  B  be  the  middle 
part,  and  the  complement  of  the  arigle  C»  and  the  fide  AC 
will  be  oppoiite  extremes:  And  by  prop.  22.  CoS,  AC  is 
to  the  radius,  as  Co  S,  B  is  to  S,  C:  And  therefore  RXCoS, 
B  =  GoS,  ACXS,  C. 

Thirdly,  Let  the  complement  of  the  hypothenufe  be  the 
middle  part,  and  the  complements  of  the  angles  Is  C  wiS 
be  adjacent  extremes:  But  by  cor.  2.  prop.  19.  CoS,  BC  b 
to  Coif,  C  as  to  Co  T,  B  to  the  radius  :  Therefore  R  X  Co5 
BC  =  CoT,  B  X Co-T,  C 

Again,  Let  the  complement  of  the  hypothenufe  be  the 
middle  part,  and  the  fides  AB,  AC  will  be  oppofite  extremes : 
Bur  by  prop.  21.  CoS,  AC  is  to  the  radius,  Co  S*  BC  to 
CoS.  BA;  therefore  R  X  Co  S,  BCssCoS,  fiAXCoS, 
AC.      Q^  E.    D. 


;  sour 
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IBOLUTION  of  the  Sixteen  CASES  of  right ««••«. 
angled  Spherical  tr4angles. 

GENERAL    PROPOSITION. 

IN  a  right  angled  fphericj^l  triangle,  of  the  three  fides^ 
and  three  angles,  any  two  being  given  bcfides  the 
right  angle,  the  other  three  may  be  found. 

In  the  folloving  table  the  fo!u:ions  are  derived  from  the  pre- 
ceding propoiirions.  Ir  is  olwious  that  the  fame  foluiions 
may  lie  derived  from  Baron  Napier's  two  rules  above  demon- 
ftrac^d,  which,  as  they  are  e&fily  lemcmbered*  are  commoa- 
ly  ufcd  in  praAicr^ 

Cife 


Given   Sought 


AC.  C 


AC,  B 


B 


R  :  CoS.  AC  :  :S,  C  C>S,  B:  And  B  is 
of  the  fame  fpecies  with  C  A;  by  22.  and  13. 


B,  C 


AC 


CoS,AC:  R:  :CoS,B:S,C:  By 22. 


S.  C:CoS,B:  :R:CoS.  AC  :  By 22. and 
AC  is  of  the  fame  fpecies  widi  B.  1 3. 


BA,  AC  BC 


R  :CoS,  B  A : :  CoS,  AC :  CoS>  BC  2 1 .  and 
if  both  BA,  AC  be  greater  or  lefi  than  a 
quadrant,  BC  will  be  lefs  than  a  quadrant* 
But  if  they  be  of  difierent  affcAion,  BC 
will  be  greater  than  a  quadrant*  14. 


5    BA.  BC 


AC 


CoS.  BA:R::CoS,BC:  CoS.  AC21. 
and  if  BC  be  greater  or  le(s  than  a  qua- 
drant, BA,  AC  will  be  of  different  or  the 
fame  affeftion :  By  15. 


6    BA,  AC  B 


S,  BA:R:  :T,CA  :  XB.iy.  and  Bis 
of  the  fame  affeAion  with  AC,  13. 

CafiB 


i^""*" 


$^ 
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Cafe 

Given 

• 

7 

BA.  B 

8 

AC,B 

Sought 


10 


II 


12 


13 


14 


15 


i6 


BCC 


AC.C 


I 


AC 


BA 


AC 


BC 


BC,CA  C 


•mm    •• 


BC,B 


AC 


AC,  B    BC 


: 


BC.  C     B 


'     ♦ 


R:S,  BA::T,B:T,AC.  17.  And  ACi 
of  the  fame  affcAioo  with  B.  13. 


R:CoS,C:;T,BC:T,CA.2o.  IfBCbe 

lefs  or  greater  than  a  quadrant,  Cand  B 
wiU  be  of  the  fame  or  diScrent  affeOioo. 

15.13*  \ 


CoS,C:R::T,AC:T.BC.2o.  AndBCi 
(efs  or  greater  than  a  quadrantj  acco 
ing  as  C  and  AC  or  C  and  B  are  of 
fame  or  different  afieAions.   14.  i. 


T,  B;R::T,  CA:S,BA.  17. 


^"y 


T.BC:R::T,CA:CoS,C.  20.  If  B€ 
be  lefs  or  greater  tlian  a  quadrant,  CA 
and  AB>  and  therefore  CA  and  C,  an 
of  the  fame  or  different  affefkion.  15. 


R:S,BC::S,B:S,AC.  18.  AndACi 
of  the  fame  affedbion  with  B. 


S,  B-:  S.  AC :  :R  :  S,  BC  :   18. 


S,  BC:R::S,  AC:S,  B:  i8-  Andfil 

of  the  fame  affeAion  with  AC.  f 


■•«* 


T,  C:R::CoT,B:CoS,  BC.  19.  Ab4 
according  as  the  angles  B  and  C  are  ci 
different  or  the  fame  affeftion,  BC  ^ 
be  greater  or  left  than,  a  qoadr-ant.  14* 


R:CoS,BC::T,C:CoT,B.i9.  IfBt 
be  lefs  or  greater  than  a  quadrant,  C  and  l| 
win  be  of  the  fame  or  different  affeftion*  1^ 
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OThc  fecond>  eighth,  aod  thirteenth  cafes,   which  are  com^ 
I  nonly  called  ambiguous,  admit  of  two  folutioos  :  For  in  theft 
!  it  is  not  determined  whether  the  fide  or  meafure  of  the  angle 
fought  be  greater  or  lefs  than  a  quadrant. 

PROP.    XXIII.    Fig.  16. 

,  TN  fpherical  triangles,  whether  right  angled  or  oblique 
I  angled,  the  fines  of  the  fides  are  proportional  to  the 
I  fines  of  the  aDgle.s  oppofite  to  them. 

Firft,  Let  ABC  be  a  right-angled  triangle,  having  a  right 
I  ^ngle  at  A  ;  therefore  by  prop.  18.  the  fine  of  the  hypothe- 
I  oufe  BC  is  to  the  radius  (or  the  fine  of  the  right  angle  at  A) 
',  as  the  fine  of  the  iide  AC  to  the  fine  of  the  angle  B«     And,  in 

like  manner,  the  fine  of  BC  is  to  the  fine  of  the  afngle  A,  as 
I  the  fine  of  AB  to  the  fine  of  the  angle  C  ;  wherefore  (11.5.) 
I  the  fine  of  the  fide  AC  is  to  the  fine  of  the  angle  B,  as  the  fine 
'  of  AB  to  the  fine  of  the  angle  C* 

L      Secondly,  I^et  BCD  be  an  oblique-angled  triangle,  the  fincp;*.  j^.il 
*of  either  of  ihe  fides  BC,  will  be  to  the  fine  of  either  of  the  o-     '     '    * 
I  ther  two  CD,  as  the  fine  of  the  angle  D  oppofite  to  BC  is  to 
i.the  fine  of  the  angle  B  oppofite  to  the  fide  CD.    Through  the 
i  point  C,  let  there  be  drawn  an  arch  of  a  great  circle  CA  per- 
L  pendicular  upon  BD ;  and  in  the  right-angled  triangle  ABC 

(18.  of  this)  the  fine  of  BC  is  to  the  radius,  as  the  fine  of  AC 
^  to  the  fine  of  the  angle  B;  and  in  the  triangle  ADC  (by  i8.  of 
'  this  :)  And,  by  inverfion,  the  radius  is  to  the  fine  of  DC  as  the 

fine  of  the  angle  D  to  the  fine  of  AC :  Therefore,  ex  xquo  , 

perturbate,  the  fine  of  BC  is  to  the  fine  of  DC,  as  th«  fine  of 

the  angle  D  to  the.  fine  of  the  angle  B.    Q^£.  D. 

PROP.    XXIV.    Fic.  17.  !»• 

'  |N  oblique-angled  fpherical  triangles,  having  drawn  a 
^  perpendicular  arch  from  any  of  the  angles  upon  the 
oppofite  fide,  the  co-fines  of  the  angles  at  tlie  bale  are 
proportional  to  the  fines  of  the  vcrticle  angles* 
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Let  BCD  be  a 'triangle,  and  the  arch  CA  perpendicular  t9 
the  bafe  BD  ;  the  co-fine  of  the  angTe  B  will  be  to  the  co*(iQe 
of  the  vingle  D,  as  the  line  of  the  angle  BCA  to  the  fioe  of  ifae 
znph  DC  A. 

For  by  22.  the  co-fine  of  the  angle  B  is  to  the  fine  of  the 
angle  BCA  as  (the  co-fine  of  the  &dc  AC  is  to  the  radius; 
that  is,  by  Prop.  22.  as)  the  co-fine  of  the  angle  D  to  the 
fioe  of  the  angle  DCA ;  and,  by  permntation,  the  co  fine  of  the 
angle  B  is  to  the  co  fine  of  the  angle  D,  as  the  fine  of  the  an* 
glc  BCA  to  the  line  of  the  angle  DCA.     Q^  E.  D. 

PROP.    XXV.    Fig.  17.  18. 

rir^HE  fame  things  remaining,  the  co-fines  of  tlie 
J[     fiJes  BC,  CD,  are  proportional  to  the  co-finci 
ofthebafesBA,  AD.' 


For  by  21 .  the  co  fine  of  BC  is  to  the  co-fine  of  BA,  as  (tbi 
co-iine  of  AC  to  the  radius;  that   is,  by  21.  as)  the  co-fine c 
CD  is  to  the  co*fine  of  AD  :  Wherefore,   by  permutation,  thi' 
co-fines  of  the  fides  BC,  CD  are  proportional  to  the  co-fines  c 
the  bafcs  B A,  AD.    (^E.  D. 


PROP.    XXVL      Fig.  17.  18 

THE  fame  conftrntflion  remaining,  the  fines  of 
b:des  BA,  AD  are  reciprocally  proportional 
the  tangents  of  the  angles  Band  D  at  the  bafe. 


the 


tii 


For  by  17.  the  fine  of  BA  is  to  the  radius,  as  the  tangei 
of  AC  to   the   tangent  of  the   angle  B;  and  by  17.  and  ' 
verfion,  the  radius  is  to  the  fine  of  AD^  as  the  tangeoC  of  D 
the  tangent  of  AC  :    Therefore,  ex  aequo  perturbate»  the  ' 
of  B  A  is  to  the  fine  of  AD,  as  the   tangent  of  D  to  the 
gent  of  B. 


PHO 


i 

I 

il 
il 
.1 
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PROP.  XXyil.    Fig.  17.  18. 

^HE  co-fines  of  the  vertical  angles  are  reciprocally 
proportional  to  the  tangents  of  the  fides. 

For  by  prop.  2o.  the  co-fioe  of  the  angle  BCA,  is  to  the  ra- 
dius as  the  tangent  of  GA  is  to  the  tangent  of  BC  ;  and  by  che 
fame  prop.  20.  and  by  inverGon,  the  radius  is  to  the  co-fine  of 
the  angle  DC  A,  as  the  tangent  of  DC  to  the  tangent  of  CA: 
Therefore,  ex  aequo  perturbate,  .  the  co-fine  of  the  angle  BCA  is 
to  the  co-fine  of  the  angle  DCA^  as  the  tangent  of  DC  is  to  the 
tangent  of  BC«    Q^  E.  D. 

LEMMA.    Fig.  19.  20. 

TN  right-angled  plain  triangles,  the  hypothenufe  is  to 
the  radius,  as  the  excefs-  of  the  hypothenufe  above 
either  of  the  fides  to  the  verfed  fine  of  the  acute  angle 
adjacent  to  that  fide,  or  as  the  fum  of  the  hypothenufe, 
and  either  of  the  fides  to  the  verfed  fine  of  the  exterior 
angle  of  the  triangle. 

Let  the  triangle  ABC  have  a  right  angle  at  B  ;  AC  will  be  to 
the  radius  as  the  excefs,  of  AC  above  AB,  to  the  verfed  fine  of 
the  angle  A  adjacent  to  AB  ;  or  as  the  fum  of  AC»  AB  to  the 
verfed  fine  of  the  exterior  angle  CAK. 

With  any  radius  DE,  let  a  circle  be  defcribed»  and  from  D 
the  centre  let  DF  be  drawn  to  the  circumference»''  making  the 
angle  EDF  equal  to  the  angle  BAC,  and  from  the  point  F,  lee 
FG  be  drawn  perpendicular  to  D£  :  Let  AH,  AK  be  made  e- 
qoal  to  AC,  and  DL  to  DE  :  DG  therefore  is  the  collne  of 
the  angle  EDF  or  BAG,  and  G£  ics  verfed  fine  :  And  becaufe 
of  the  equiangular  triangles  ACB,  DFG,  AC  or  AH  is  to  DF 
or  DE,  as  AB  to  DG  :  Therefore  (19.  5.)  AC  is  to  the  radius 
DEas  BH  to  GE,  the  verfed  fine  of  the  angle  EDF  or  BAG  : 
And  fince  AH  is  to  DE,  as  AB  to  DG,  (12.  5.)  AH  or  AC 
will  be  to  the  radius  DE  as  KB  to  LG»  the  verfed  One  of  the 
angle  LDF  or  K  AC.    (^  E.  D. 


K  k  PROP. 
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PROP.    XXVIII.    Fig.  21.  22. 

IN  any  fpherical  triangle,  the  redtangle  contained  by 
the  fines  of  two  fides,  is  to  the  fquare  of  the  radius, 
as  the  excefs  of  the  verfed  fines  of  the  third  fide  or  bafe, 
and  the  arch,  which  is  the  excefs  of  the  fides,  is  to  the 
verfed  fine  of  the  angle  oppufite  to  the  bafe. 

Let  ABC  be  a  fpherical  triangle,  the  reAangle  contained  bjr 
the  fines  of  AB,  BC  will  be  to  the  fquare  of  the  radius,  as  the 
excefs  of  the  verfed  fines  of  the  bafe  AC,  and  of  the  arch»  which 
is  the  excefs  of  AR,  BC  to  the  verfed  fine  of  the  angle  ABC  op- 
pofite  to  the  bafe. 

Let  D  be  the  centre  of  the  fpbere,  and  let  AD,  BD,  CD  be 
joined,  and  let  the  fines  AE.  CF,  CG  of  the  arches  AB,  BC, 
AC  be  drawn  :  let  the  fide  BC  be  greater  than  BA>  and  let  BH 
be  made  equal  to  BC  ;  AH  will  therefore  be  the  excefs  of  the 
fides  BC,  B A ;  let  HK  be  drawQ  perpendicular  to  .AD,  and 
fince  AG  Is  the  verfed  fine  of  the  bafe  AC,  and  AK  the  verfed 
fine  of  the  arch  AH,  KG  is  the  excefs  of  the  verfed  fines  of  the 
bafe  AC,  and  of  the  arch  AH,  which  is  the  excefs  of  the  fides 
BC,  B  A  :  Let  GL  likewife  be  drawn  parallel  to  KH,  and  Ice 
it  meet  FH  in  L,  let  CL,  DH  be  joined,  and  let  AD,  FH  meet 
each  other  in  M. 

Since  therefore  in  the  triangles  CDF,  HDF,  DC,  DH 
are  equal,  DF  is  common,  and  the  angle  FDC  equal  to  the 
angle  FDH,  becaufe  of  ihe  equal  arches  BC,  BH,  the  bale 
HF  will  be  equal  to  the  bafe  FC,  and  the  angle  HFD  equal 
to  the  right  angle  CFD  :  The  Araight  line  DF  therefore  (4. 
ir.)  is  at  right  angles  to  the  plane  C'FH  :  Wherefore  the  plaoe 
CFH  is  at  right  angles  to  the  plane  BDH,  which  pafles  through 
DF.  (18.  1 1.)  In  like  manner,  fi^oce  DO  is  at  right  angles  to 
both  GC  and  GL,  DG  will  be  perpendicular  to  the  plane 
CGL  ;  ihercforc  the  plane  CGL  is  at  right  angles  to  the  plane 
BDH,  which  pafles  through  DG  :  And  it  was  fiiewn,  that  the 
plane  CFH  or  CFL,  was  perpendicular  to  the  fame  plane 
BDH ;  therefore  the  common  feAion  of  the  planet  CJ'L, 
CGL,  VIZ.  the  firaight  line  GL,  is  perpendicular  to  the  plane 
BDA,  (19.  II.)  and  therefoie  CLF  is  a  right  angle  :  In  the 
triangle  CFL  having  the  right  angles  CLF,  by  the  lemma  CF 
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is  to  the  radius  as  LH»  the  excefi,  viz*  of  CF  or  FH  above 
TLp  is  to  the  verfed  fine  of  the  angle  CFL;  but  the  angle 
CFL  is  the  inclination  of  tbe  planes  BCD,  BAD,  fince  FC, 
FL  are  drawn  in  them  at  right  angles  to  the  common  feAlon 
BF :  The  fpherical  angle  ABC  is  therefore  the  fame  with  the 
angle  CFL ;  and  therefore,  CF  is  to  the  radius  as  LH  to  the 
verfed  fine  of  the  fpherical  angle  ABC  ;  and  fince  the  triangle 
AED  is  equiangular  (to  the  triangle  MFD,  and  therefore)  to 
'  the  triangle  MGL,  A£  will  be  to  the  radius  of  the  fphere  AD, 
(as  MG  to  ML  ;  that  is,  becaufe  of  the  parallels  a$)-GK  to  LH : 
The  ratio  therefore  which  is  compounded  of  the  ratios  of  AE 
to  the  radius,  and  of  CF  tp  the  fame  radius;  that  is,  (23.  6.) 
the  ratio  of  the  rectangle  contained  by  AE,  CF  to  the  fquare  of 
Ac  radius,  is  the  (ame  with  the  ratio  compounded  of  the  ratio 
of  GK  to  LH,  and  the  ratio  of  LH  to  the  verfed  fine  of  the 
angle  ABC ;  that  is,  the  fame  with  the  ratio  of  GK  10  the  ver- 
fed fine  of  the  angle  ABC  ;  therefore,  the  re£langle  contained 
by  AE,  CF,  the  fiaes  of  the  fides  AB,  BC^  is  to  the  fquare  of 
the  radius  as  GK,  the  excefs  of  the  verfed  fines  AG,  AK,  of 
the  bafe  AC,  and  the  arch  AH,  which  is  the  excefs  of  the  fides 
to  the  verfed  fine  of  the  angle  ABC  oppofite  to  the  bafe  AC. 
<3[^  E.  D. 

PROP.     XXIX.     Fig.  23. 

'T^HE  rectangle  contained  by  half  of  the  radius,  and 
the  excefs  of  the  verfed  fines  of  two  arches,  is  e- 
qual  to  the  reftangle  contained  by  the  fines  of  half  the 
fum,  and  half  the  difference  of  the  fame  arches. 

Let  AB,  AC  be  any  two  arches,  and  let  AD  be  made  equal 
to  AC  the  lefs ;  the  arch  DB  therefore  is  the  fum,  and  the  arch 
CB  the  difference  of  AC,  AB  :  Through  E  the  centre  of  the 
circle,  let  there  be  drawn  a  diameter  DEF,  and  AE  joined,  and 
CD  Hkewife  perpendicular  to  it  in  G;  and  let  BH  be  perpendi* 
cular  to  AE,  and  AH  will  be  the  verfed  fine  of  the  arch  AB, 
and  AG  the  verfed  fine  of  AC,  and  HG  the  excefs  of  thcfc  ver- 
fed fines  :  Let  BD,  BC,  BF  be  joined,  and  FC  alfo  meeung 
BH  in  K. 

Since  therefore  BH,  CG  arc  parallel,  the  alternate  angles 
BKC,  KCG  will  be  equal ;  but  KCG  is  in  a  femitircle,  and 

K  k  z  therefore 


Si6  SPHERICAL    TRIGONOMETRY. 

therefore  a  right  angle ;  therefore  BKC  b  a  right  angle ;  and 
in  the  triangles  DFB,  CBK.  the  -angles  FDB,  BCK  in  the  fame 
fegment  are  equal,  and  FBD,  BKC  are  right  angles ;  the  tri- 
angles  DFB,  CBK  are  therefore  equiangular ;  wherefore  DF  is 
to  DB,  as  BC  to  CK»  or  HG ;  and  therefore  the  reftangle 
contained  by  the  diameter  DF>  and  HG  is  equal  to  that  con* 
tained  by  D3,  BC ;  wherefore  the  re^ngle  contained  by  a 
fourth  part  of  the  diameter,  and  HG.  is  equal  to  that  contained 
by  the  halves  of  DB,  BC :  But  half  the  chord  DB  is  the  fine  of 
half  the  arch  DAB,  that  is,  half  the  fum  of  the  arches  AB, 
AC  ;  and  half  the  chord  of  BC  is  the  fine  of  half  the  arch  BC» 
which  is  the  difference  of  AB>  AC«  Whence  the  propofiticNi 
is  manifeft. 

PROP.    XXX.    Fig.  19.  24. 

^HE  redlatigle  contained  by  half  of  the  radius,  and 
the  veried  fine  of  any  arch,  is  equal  to  the  fquare 
of  the  fine  of  half  the  fame  arch. 

Let  AB  be  an  arch  of  a  circle,  C  its  centre,  and  AC,  CB, 
BA  being  joined ;  Let  AB  be  bifc£ted  in  D,  and  let  CD  be 
joined,  which  will  be  perpendicular  to  BA,  and  bife£l  it  in  E. 
(4.  I.)  BE  or  A£  therefore  is  the  fine  of  the  arch  DB  or  AD» 
the  half  of  AB:  Let  BF  be  perpendicular  to  ACy  and  AF  will 
be  the  verfed  fine  of  the  arch  BA  ;  but,  becaufe  of  the  fimilir 
triangles  CA£,  BAF,  CA  is  to  A£  as  AB,  that  is,  twice  A£  to 
AF ;  and  by  halving  the  antecedents,  half  of  the  radiiu  CA  is 
to  A£  the  fine  of  the  arch  AD,  as  the  fame  AE  to  AF  the  ver- 
fed fine  of  the  arch  AB.  Wherefore  by  1 6.  6.  the  propofitioa 
is  manifeft, 

PROP.    XXXI.    Fig.  25. 

tN  a  fpberical  triangle,  the  redangle  contained  by  the 
•*  fines  of  the  two  lides,  is  to  the  fquare  of  the  radius, 
as  the  re (f tangle  contained  by  the  fine  of  the  arch  which 
is  half  the  fum  of  the  bafe,  and  the  excefs  of  the  fides, 
and  the  fine  of  the  arch,  which  is  half  the  difference  of 
the  fame  to  the  fouare  of  the  fipe  of  half  the  angle  op- 
ppfite  to  the  bafe, 

Let 
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Let  ABC  be  a  fpherical  trianglcy  olF  which  the  two  fides  are 
AB,  BCy  and  bafe  AC»  and  lee  the  )efs  fide  BA  be  produced, 
ib  chat  BD  (hall  be  equal  to  BC :  AD  therefore  is  the  ezcefs  of 
BC,  BA  ;  and  it  is  to  be  fliewn,  that  the  rectangle  contained 
by  the  fines  of  BC,  BA  is  to  the  fquare  of  the  radius^  as  the 
reAangle  contained  bj  the  fine  of  half  the  fum  of  AC,  ADj 
and  the  fine  of  half  the  difierence  of  the  fame  AC»  AD  to  the 
fquare  of  the  fine  of  half  the  angle  ABC>  oppofite  to  the  bafe 
AC. 

Smce  by  prop.  28.  the  reAangle  contained  by  the  fines  of 
the  fides  BC,  B  A  is*  to  the  fquare  of  the  radius,  as  the  exceit 
of  the  verfed  fines  of  the  bafe  AC  and  AD,  to  the  verfed  fine 
of  the  angle  B;  that  is,  (i.  6.)  as  the  redangle  contained  by 
half  the  radius,  and  that  excefs,  to  the  redangle  contained  by 
half  the  radius,  and  the  verfed  fine  of  B ;  therefore  (29.  30.  of 
this),  the  reAangle  contained  by  the  fines  of  the  fides  BC,  BA 
is  to  the  fquare  of  the  radius,  as  the  redlangle  contained  by  the 
^ne  of  the  arch,  which  is  half  the  fum  of  AC,  AD,  and  the 
^ne  of  the  arch  which  is  half  the  difference  of  the  fame  AC,  AD 
is  CO  the  fquare  of  (he  fine  of  half  the  angle  ABC*    (^  £•  D« 
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SOLUTION   of    the  twelve  Gases  of  ob- 
lique-angled Spherical  Triangles. 

GENERAL      PROPOSITION. 
TN  any  oblique  angled  fpherical  triangle,  of  the  three 
fides  and  three  angles,  any  three  being  given,  the 
other  three  may  be  found". 

Kfr»tf.*T.         Given.    Sought, 


B,D,and 
BC,  two  an- 
gles and  a- 
fide  oppo- 
fite  one  of 
them. 


B,  C,  and 
BC  two  an 

gles  and  the 
fidcbetween 
them. 


BC,  CD, 
and  B, 


BC,   DB 
and  B. 


C. 


D. 


BD. 


CD- 


CoS,  BC:R::CoT,  B;T,  BCA. 
19.  Likewifeb7  24.CoS,B:S.BCA: : 
Co  S,  D :  S,  DC  A ;  wherefore  BCD  is 
the  fum  or  difference  of  the  angles  DCA, 
BCA  according  a^  the  perpendicular CA 
falls  within  or  without  the  triangle 
BCD  ; .  that  is»  (16.  of  this,}  according 
as  the  angles  B,  D  aire  of  the  fiune  01 
different  affeftion. 


CoS,BC:  R:  ;CoT,  B:T,BCA, 
1 9.  and  alfo  by  24.  S,  BCA :  S,  DCA : : 
Co  S,  B :  CoS,  D ;  and  according  as  the 
angle  BCA  is  iefs  or  greater  thanBCD, 
the  perpendicular  CA  falls  within  or 
without  the  triangle  BCD  ;  and  there* 
fore  (16.  of  this,)  the  angles  B,  D  wiU 
be  of  the  fame  or  different  aSe£tioa. 


R:CoS,  B::T,  BC:T.BA.  204 
and  Co  S,  BC ;  Co  S,  B A  : :  Co  S,  DC : 
CoS,  DA.  25.  and  BD  is  the  fum  oi; 
difference  of  BA,  DA. 


R:CoS,  B:  :T,BC:  T,  BA.  20J 
cindCoS,BA:CoS,BC::CoS.DA; 
Co  S,DC.  25.  and  according  as  DA,  AC 
ire  of  the  fame  or  different  affection, 
DC  will  be  Iefs  or  greater  than  a  quad* 
frant.  14. 
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GiTEN.  Sought. 


II 


\ 


B^Daod 
BC. 


BCBD 
andB. 


BC,DC 
and  B» 


DB. 


D. 


B.Cand 
BC. 


C. 


R  :  Co  S,  B : :  T,  BC  :  T,  BA.  20. 
and  T,  D  :  T,  B  : :  S,  BA  :  S,  DA.  26 
and  BD  is  the  fum  or  differeace  of  BA 
DA. 


R  :  Co  S,  B  :  :  T,  BC  :  T,  BA.  20. 
and  S,  DA  :  S,  BA  :  :  T,  B  :T,D;  and 
according  as  BD  is  greater  or  left  than 
B  A,  the  angles  B,  D  are  of  the  {kme  or 
different  affection.  i6. 


CoS,  BC  :  R  :  :  Co  T,  B  :  T,  BCA. 
19.  and  T,  DC  :  T,  BC  : :  Co  8,  BCA  : 
Co  S,'  DC  A.  27.  the  fuoi  or^dtfiference  of 
the  angles  BCA,  DCA  b  equal  to  the 
angle  BCD. 


DC 


Co  S,  BC  :  R  : :  Co  T.  B  :  T,  BCA. 
19.  alfo  by  27.  CoS,DCA  :CoS,BCA  :: 
T,  BC  :  T,  DC.  27.  if  DCA  and  B  be 
of  the  fame  affe£tion ;  that  is,  (13.)  if 
AD  and  CA  be  fimiiar,  DC  will  be  lefs 
than  ai^uadrant,  14.  and  if  AD,  CA  be 
not  of  the  fame  affeAion,  DC  is  greater 
than  a  quadrant.  14. 


BC,DC    ^ 
and  B.  ^• 


10    [    B.Dand 
BC. 


BC,BA, 
AC. 

Fig.  25. 


DC. 


S,  CD  :  S,  B  :  :  S,  BC  :  S,  D- 


S,  D  :  S,  BC  :  :  S,  B  :  S,  DC. 


B. 


S,  ABXS,  BC:R?::S,AC-[-AD 

2 
X  S,  AC— AD  :  Sy,  ABC.   See  Fig.  25. 

2  2 

AD  being  the  difference  of  the  fides  BC, 
BA. 


^mi 


Given. 


5«> 


\ 


<\ 


X 
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Given.    Sought. 


'2jAt  B,  C. 
Fig.  7- 


The 
fides. 


Sec  Fig.  7. 
In  tht  triangle  DEF,  D£,  EF,  FD 
arerefpeftivelythe  fupplements  of  the. 
meafures  of  the  given  angles  B,  A,  C 
in  the  triangle  BAC ;  the  fides  of  the 
triangle  DEF  are  therefore  given,  and 
by  the  preceding  cafe  the  angles  D.  E, 
F  may  be  found,  and  the  fides  BQ  BA» 
AC  are  the  fupplements  of  the  mca- 
fiires  of  thefe,  angles. 


The  3d|  5th»  7th,  pth,  loth,  cafes,  vvhich  are  commonly 
called  ambiguous,  admit  of  two  folutions,  either  of  which  wiB 
anfwer  the  conditions  required ;  for,  in  thefe  cafes,  the  mea- 
fure  of  the  angle  or  fide  fought,  may  be  either  greater  or  left 
than  a  quadrant,  and  the  two  folutions  will  be  (upplements  to 
each  other,  (cor.  to  def.  4. 6.  Pi.  Tr.) 

If  from  any  of  the  angles  of  an  oblique-angled  fpheiical  tri- 
angle, a  perpendicular  arch  be  drawn  upon  the  oppiofite  fid<^ 
moft  of  the  cafes  of  oblique  angled  triangles  may  be  rcfotvcd 
by  means  of  Napier's  rules. 
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